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ABSTRACT 

This paper introduces a tool to discover key sectors of a national or regional economy whose shares should be adjusted to 
offer optimal economic development constrained by environmental protection. The suggested approach uses an 
appropriately structured input-output model to find the projected gradient of economic development and the projected 
antigradient of CO2 emissions. The former is measured as Gross Domestic Product (GDP), the latter, as energy 
consumption. A linear combination of the two, in a proportion corresponding to the relative importance of GDP and CO2 
emissions, determines the direction of optimal economic restructuring. It provides the maximum weighted difference 
between an increase in the GDP and a decrease in CO2 emissions. The main components of the direction vector show 
the key sectors. One of the advantages of the suggested approach is its reliance on gross output, final product, and 
energy consumption only; it does not use the intermediate inputs in the calculations. The United States case study is 
considered as an example. 
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INTRODUCTION  

Economic development and environmental protection have typically been at odds as they pursue different, often mutually 
exclusive goals. On the one hand, it is crucial to meet the basic needs of people in the developing world where millions 
live in poverty. On the other hand, environmental degradation, global warming, and climate change, which economic 
development partially stimulates, will heavily impact our wellbeing.  The latest figures state that if the rise in global average 
temperature exceeds 4°C above pre-industrial levels, catastrophic consequences on a global scale may be imminent. 
Thus, we need to achieve a reasonable sustainable balance between these two objectives. 

In this paper, we apply an input-output theory and methodology, Leontief [14], to serve both goals. A conventional input-
output model relates gross output, intermediate inputs, and final product in a single matrix equation. This equation allows 
us to estimate the total requirements in the gross output needed to satisfy a desired level of the final product. The total of 
the components of the final product taken by the sectors of the economy is referred to as the gross domestic product 
(GDP). The GDP is what the people of a given country can use to satisfy their needs and wants. 

The majority of current production processes that drive GDP take a toll on the environment. Among the most far-reaching 
detrimental byproducts of industry are CO2 and other gas emissions. As the U.S. Energy Information Agency (EIA) report 
[23]  states, anthropogenic CO2 emissions  stem primarily from energy consumption. Taking this into consideration, we 
arrive at the problem of decreasing energy use while producing the same or greater GDP. 

As was first suggested by W.W. Leontief in publication [13], the input-output methodology may be applied to 
environmental problems. The idea has been further developed since then; see, for example, publications [20]. The input-
output models were enhanced to include directly CO2 and other gas emissions. The energy-related and CO2-related 
models have been established in publications [1, 2, 3, 5, 7, 9, 11, 15, 20], to name a few. Publication [15] provides a 
review; articles [4, 6, 19, 29] are among the recent on the topic. These publications followed the conventional input-output 
approach and separated energy or CO2 emissions flows into three components, related to gross output, intermediate 
inputs, and final product. 

We intend to take a different route here. We consider an economic system as an object producing an undesirable product 
– CO2 emissions, and adjust an input-output model to this assumption. Since pricing of CO2 emissions is difficult to 
calculate, we approximate it by the amount of energy, in dollar value, consumed by economic sectors.  Though not all 
CO2 emissions are the result of energy consumption, and not every act of energy consumption results in CO2 emissions, 
this approximation is used widely in literature. In our case, it allows us to join two input-output models together to optimize 
the combined outcome.  

In this paper, we investigate how the sectoral composition of a national economy should be adjusted so that the same 
gross output would result in greatest final product and lowest possible CO2 emissions. More precisely, we intend to 
uncover the path for economic restructuring that produces the maximum difference between GDP growth and CO2 
emissions. We are interested in a timeframe of 5 to 15 years. At the scale of national and regional economies, these 
timeframes and corresponding changes are small, which allows us to use a gradient vector as the directional vector of 
optimal change. 

We start by transforming a conventional input-output model into a special structured form, whereby the only quantitative 
indicator is total gross output. All other elements of the model are relative indicators, such as shares of sectoral gross 
outputs in total or shares of sectoral final product in the corresponding gross output. The suggested approach is based on 
a mathematical tool developed in Vaninsky [24] that considers GDP as an objective function, with the structured input-
output model as a set of constraints imposed on its arguments. In that publication, it was shown that the projected gradient 
of the GDP is a multiple of a function of the structural arguments. It was also found that the components of the projected 
gradient, corresponding to the sectoral structure of the gross output, are proportional to the deviations of the 
corresponding final-product components from their average value.  This result is crucial for this paper’s objective: it 
enables us to find the gross-output components of the projected gradient without knowledge of the technological matrix. 
This is the basis behind the computational simplicity of the suggested approach. 
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The next step is reorganizing the conventional input-output model. After performing it, the energy consumption takes the 
place of the final product as an undesirable outcome of production processes that increase CO2 emissions. At this stage, 
the construction of the technological matrix may be obviated, since it is not used in the calculations. 

We proceed as follows. Given the data on gross output, energy consumption and final product, we calculate two gradient 
vectors: one for the GDP and one for energy consumption, the latter considered as an approximation of CO2 emissions. 
Since CO2 is the undesired byproduct, we take the antigradient, a vector in the opposite direction. In the objective 
function, the antigradient provides the direction of maximal decrease. A linear combination of the GDP gradient and the 
energy antigradient with the weight coefficients that correspond to the relative importance of the two factors, points us in 
the direction of optimal sectoral restructuring.  Following this direction yields the maximum difference between an increase 
in GDP and a decrease in CO2 emissions. The components of this linear combination, greatest in absolute values, 
determine the key sectors of the economy. These sectors have the greatest impact, so that economic restructuring should 
begin with them.  The signs and the magnitudes of the projected gradient components show the directions and proportions 
in which the structural changes should be made. The computational procedure is simple, as shown in the case study of 
the U.S. economy of 2011. 

The paper is organized as follows. Next section comprises the description of the suggested approach and formulas for 
computation. It is followed by the section comprising a case study of the U.S. economy.   

MATERIALS AND METHODS 

In this section, we find the vector of economic restructuring: changes in the shares of the sectors in the gross output that 
provide maximum possible increase in the GDP, while exerting the lowest toll possible on the environment. To achieve this 
goal, we find the gradient of the GDP and the antigradient of CO2 emissions, and obtain their linear combination with 
weight coefficients that reflect their relative importance. The largest and smallest components of this linear combination 
yield the key sectors that should be expanded or contracted in the first place.      

We use the input-output model, that is a matrix equation relating vectors of gross output X, final product Y, and a 
technological matrix A: 

X = AX + Y.                                                                                                     (1) 
Matrix A defines the relationships among the sectors of an economic system. Following Ghosh [10], we transform model 
(1) to a structured form. To do that, we divide each row of the matrix equation (1) by Xi , the gross output of i-sector, 
correspondingly. We get 

      
n

j

iij niUC
1

,...,1,1  ,             (2) 

where Cij = (AijXj)/Xi is a share of gross output of i-sector obtained from the j-sector for technological use, Ui=Yi/Xi is a 
share of i-final product in i-gross output, and n is the number of sectors in the economy. Each equation in formula (2) 
corresponds to a particular sector. The sectors are related through variables Di, the shares of i-gross output in total: 
      Di = Xi/X,                                                                          (3) 
where X is total gross output. As follows from the definition, 

n

1i
i 1D              (4) 

An input-output model, given by equations (2) - (4), is referred to below as a structured input-output model. 

In this paper, we follow [24] and append the structured input-output model (2) - (4) with an objective function. The model 
becomes a set of restrictions imposed on the arguments of the objective function. We use two objective functions in this 
paper: GDP and CO2 emissions, both expressed as functions of the model variables. The former objective function is 
subject to maximization, the latter, to minimization. 

Consider the GDP-objective function first. The GDP is a sum of the components of vector Y in equation (1). It was shown 
in [27] that  
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where Y- is GDP equal to the sum of the components of vector Y. The components of gradient Y of the objective 

function Y are as follows 
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It may be noted that the gradient components corresponding to the variables Cij are equal to zero, because these 
variables do not appear in the formula of function (5) explicitly. The gradient provides the direction and the magnitude of 
maximum increase in the function value per unit of distance. 

Since the arguments of the objective function (5) are interconnected by the equations of the structured input-output model 
(2) - (4), we use the projected gradient. It is known that a projection of a gradient of a function on a surface is the gradient 
of the restriction of the function to this surface, see [16] for detail. Keeping this observation in mind, we project gradient (5) 
on the hyperplane defined by equations (2) and (4). Using projected gradient in this type of problems may be traced to 
empirical formulas proposed in Meerovich [18] and Vaninsky and Meerovich [28], and mathematical theory developed in 
[25, 26]. A brief review may be found in [16]. 

As shown in [27], the projected gradient of the objective function (5) is    
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Where Y is a gradient of function Y, H is a hyperplane defined by equations (2) and (4), YProjH  is a projection of Y  

on H, and n/)UU(U n1   stands for the average value of variables Ui. The first n components of the projected gradient 

correspond to variables Di, the shares of i-gross output in total; next n
2
 components - to the variables Cij, elements of the 

technological matrix A; the following n components - to the variables Ui, shares of i-final product in the i-sector gross 
output, and the last component is zero. The latter corresponds to the total gross output X; its zero value means that in our 
case the structural changes do not affect total gross output.   

Since this paper’s objective is economic restructuring, that is the change in the sectoral composition of the economy, we 
focus on the first n components of the projected gradient vector only.  From formula (7), it follows that 

 
)UU(X

D

Y _

i
i            (8) 

This means that in the direction of the projected gradient, the impact of structural variable Di on the final product is 
proportional to the deviation of the corresponding share of the i-final product in the i-gross output from the average value. 
Since only relative magnitudes and the signs of structural change are important for the objectives of this paper, we can 
drop factor X, the total gross output, in formula (8). By doing so, we get the components of the projected gradient in terms 
of the total gross output X. It should be noted that the technological matrix A - the most methodologically and 

computationally complex element of the input-output models - does not appear in formula (8). This fact is an important 
advantage of the approach we suggest and the cause of its computational simplicity. 

To combine the production and emission processes in the input-output framework, we consider CO2 emissions as an 
undesirable byproduct of the economy, [8]. Furthermore, we use energy consumption for the approximation of CO2 
emissions. This approximation is widely used in literature though it is known that: (1) only approximately 80% of CO2 
emissions are due to energy consumption (in the United States it is 87%), (2) some energy consuming processes do not 
result in CO2 emissions, and (3) energy consumption expressed in monetary units has an additional error due to the 
difference in taxes and subsidies. The total energy requirements by sectors may be found based on energy intensities, as 
shown in [5]. In this paper  we use an approximation of  the vector of direct energy consumption E. We use the KLEMS 
(Capital, Labor, Energy, Materials, and Services) part of the input-output table and adjust the Energy component for the 
amount of energy transferred to or obtained from other sectors: 

EAdj = E - E' + E",           (9) 
where E' and E" are the vectors of energy transferred to or from the sectors, respectively. Our objective is to keep the 
balance of gross output rather than the energy balance. 

To find the amounts of energy transferred to or from a given sector, we start with the matrix of intermediate input M: 
 M = A·diag(X),           (10) 
Where A is the technological matrix, and diag(X) stands for a diagonal matrix with the values of sectoral gross output Xi on 
the diagonal. Using matrix M, we separated the energy component, in dollar amounts, from the intermediate input, 
resulting in matrix ME. The elements matrix ME were calculated as the gross-output proportions of sectoral energy 
consumptions:  
 (ME)ij = Ej · (M)ij /Xj = Ej ·(A)ij.           (11) 
The last term of formula (11) suggests a shorter way of calculating matrix ME as 
 ME = A·diag(E),           (12) 
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where diag(E) stands for a diagonal matrix with the values of sectoral energy consumption Ei on the diagonal. 
The amount of energy transferred from sector i to the other sectors equals  
 E'i = (ME)*i ,           (13) 
the amount of energy obtained by sector i from the other sectors equals      

E"i = (ME)i* ,           (14) 
where (ME)ij stands for the element of matrix ME located at the intersection of i-th row and j-th column, (ME)*i and (ME)i*, for 
the sum of the elements of the i-th column and i-th row, correspondingly, and E'i and E"i are the components of vectors E' 
and E", respectively. 

By doing so, we obtain an input-output model relating gross output and total energy consumption:  
  X = AEX + EAdj,                                                                                                      (15)  

where AE is a technological matrix corresponding to the non-energy intersectoral transfers. This matrix may be obtained 

from the Use and Make tables and the “Composition of Gross Output by Industry” table  [21], see, for example, [5,12].  For 
the objectives of this paper, this matrix is not needed however. 

Following [27] as above, we get 

)UU(X
D

E
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i

Adj

,          (16) 

where UEi is a share of the total energy consumption, in monetary units, in the gross output of i-sector, and ŪE is the 
average value of UEi 's.  Since CO2 emissions are an undesirable outcome, we use the antigradient in the calculations 

below, the vector  EojPr H , and the inverse of its components given by formula (16). The antigradient provides 

direction and magnitude of the maximum decrease in the total energy consumption per unit of distance. Similarly to what 
was said above, we drop factor X in our calculations. 

The economic restructuring that follows the direction of  

EojPrYojPrd HH           (17) 

provides the maximum difference between an increase in the GDP and decrease in CO2 emissions, the latter measured 
as total energy consumption.  

RESULTS AND DISCUSSION 

We apply the aforementioned approach to the 2011 data of the United States’ economy. The website of the U.S. Bureau 
of Economic Analysis, www.bea.gov, offers the necessary statistical information. The data are presented in Table 1, 
together with calculations. The names of some sectors were shortened for readability.  Gross output and energy data were 
collected from the table "Composition of Gross Output by Industry" [21]. The gross output is shown in column 2. The final 
product was calculated by using the Leontief inverse matrix T, referred to in the “Industry-by-Industry Total Requirements 
Table” [22]. With regard to formula (1), 

T = (I - A)
-1

,           (18) 
where I stands for the identity matrix.  Based on this formula, we calculated the final product as    

Y = T
-1

X.            (19) 
The final product is shown in column 3. Its value for the mining sector is negative. This observation does not prevent using 
formula (8) in the calculations, but requires a more detailed 

analysis beyond the scope of this paper. The sectoral energy consumptions were calculated by using formula (12), where 
the technological matrix A equals  
 A = I - T

-1
 .           (20) 

The values of sectoral energy consumption, in dollar amounts, adjusted for the intersectoral energy transfer are listed in 
column 4; they were used as approximations for CO2 emissions. 

The calculations began with finding the shares of the final product and energy in the gross output, columns 5 and 7, 

respectively. Corresponding average values are shown in the last row. Columns 6 and 8 show the deviations and inverses 

of the deviations from the corresponding average values. As follows from formulas (8) and (16), they are the components 

of the gradient of the final product and the antigradient of adjusted energy consumption, respectively, expressed in terms 

of gross output X.  

Using formula (17), we received the direction of optimal restructuring in column 9. Values shown in this column represent 
the proportions and the signs of change in the shares of sectors in the gross output that provide the maximum difference 
between the increase in the GDP and CO2 emissions. Note that the sums of the changes in columns 6, 8, and 9 are zero, 
because the shares of all sectors sum up to one.  

As follows from the results, the shares of the following key sectors should be changed first, according to the following 

directions and proportions: education (0.4678), retail trade (0.4477), and government (0.3906); mining (-0.8916), 
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agriculture (-0.4102), and services (-0.3792). Any prospective changes should add up to zero. The proposed change to 

the mining sector deserves special consideration because of the negative value of the final product that underlies it. The 

obtained results could have been made more exact if the CO2 input-output tables were available. 

In the light of the obtained results the rivalry of the two objectives - economic development and environment protection - 

may be reconsidered. The gradient of the GDP and antigradient of energy consumptions may be viewed as two vectors in 

plane, with an angle between them being an indicator of their relative position. The angle measure of 0º corresponds to 

the coincidence of the two objectives, 90º, to their independence, and 180º, to rivalry. A formula for the cosine of an angle 

between two vectors u and v is this:  

vu

vu
cos ,           (21) 

where u·v is the dot-product of the vectors - the sum of the component-wise products, and |u| and |v| are their lengths, 

respectively: 

 u·v = u1·v1 + u2·v2+…+ un·vn ,        

2
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2

n
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2

2

1
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Using these formulas for the gradient of the GDP and antigradient of energy consumption - columns 6 and 8 of the table 1, 
respectively - we got cos θ = 0.4734,  so that θ = 61.7º. Based on the value of the angle, we could conclude that for the 
U.S. economy of 2011 the two objectives were not rivals.  

This observation sheds the light on the possible strategies of economic restructuring expanding the one presented by 
formula (17) and column 9 of the table 1. The first way is to follow the GDP-gradient with a partial decrease in energy 
consumption.   The second way is to follow the energy-consumption antigradient at the expense of the GDP. The third is 
to pursue both goals simultaneously, partially satisfying both objectives. One of the versions of this strategy is economic 
restructuring directed by the bisector of the GDP - gradient and energy-consumption antigradient. The choice of the 
strategy depends on the goals of the economic development and the value assigned to the environment protection.    

 

Table 1. Key sectors of the U.S. economy, 2011 

Sectors
1
 Gross 

Output, 
Bln $ 

Final 
Product, 
Bln $

2
 

Energy, 
Bln $

3
 

Final 
Product, 
Share of 
Gross 
Output, 
r.u.

4
 

Final 
Product, 
Deviation 
from 
average, 
r.u.

4  

GDP 
gradient

5
 

Energy, 
Share 
of 
Gross 
Output, 
r.u.

4,6
 

Energy, 
Deviation 
from 
average, 
inverses, 
r.u.

4
  

Energy 
antigradient

5
 

Sum of the 
GDP gradient 
and Energy 
antigradient

5
 

(1) (2) (3) (4) (5) (6) (7) (8) (9) 

Calculations       (3)/(2) (5)-Avrg (4)/(2)   (7)-Avrg (6)+(8) 

Agriculture 420.0 61.7 25.7 0.1468 -0.3784 0.0613 -0.0318 -0.4102 
Mining 532.5 -184.5 26.3 -0.3465 -0.8717 0.0494 -0.0198 -0.8916 
Utilities 377.1 201.7 20.3 0.5349 0.0096 0.0540 -0.0244 -0.0148 
Construction 981.7 770.8 21.5 0.7852 0.2599 0.0219 0.0077 0.2676 
Manufacturing 5419.5 1881.7 129.1 0.3472 -0.1780 0.0238 0.0057 -0.1723 
Wholesale 
trade 1295.7 777.6 19.0 0.6002 0.0749 0.0147 0.0149 0.0898 
Retail trade 1354.8 1290.4 12.3 0.9525 0.4272 0.0091 0.0204 0.4477 
Transportation  845.7 357.8 94.3 0.4231 -0.1022 0.1116 -0.0820 -0.1842 
Information 1258.3 643.1 12.8 0.5110 -0.0142 0.0102 0.0193 0.0051 
Finance 4901.6 2653.6 48.1 0.5414 0.0161 0.0098 0.0197 0.0359 
Services 2769.6 394.2 71.4 0.1423 -0.3829 0.0258 0.0038 -0.3792 
Education 2121.2 2058.4 14.5 0.9704 0.4451 0.0069 0.0227 0.4678 
Art 1051.0 771.4 19.8 0.7339 0.2087 0.0188 0.0107 0.2194 
Other  572.1 363.5 6.4 0.6353 0.1101 0.0112 0.0184 0.1284 
Government 3354.1 3022.3 49.6 0.9011 0.3758 0.0148 0.0148 0.3906 
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Average 

   
0.5253 0.0000 0.0295 0.0000 0.0000 

Notes 
 
 1 

Agriculture includes
 
agriculture, forestry, fishing, and hunting sectors. Transportation includes transportation and 

warehousing sectors. Finance includes finance, insurance, real estate, rental, and leasing sectors. Services include 
professional and business services.  Education includes educational services, health care, and social assistance. Arts 
include arts, entertainment, recreation, accommodation, and food services sectors. Other services exclude government 
services. 
2
 Calculated as Y = T

-1
·X. 

3
 Adjusted for intersectoral energy transfer. 

4
 r.u. stands for relative units.  

5
 Gradient and antigradient in terms of total gross output X.  

6
 Energy is used as an approximation for the CO2 emissions. 

CONCLUSIONS  

The paper suggests an approach to finding the optimal economic restructuring of a national or regional economy adjusted 
for environmental protection. The proposed direction of economic restructuring provides the maximum difference between 
the growth of GDP and CO2 emissions, the last measured as energy consumption. A combination of two structured input-
output models allowed us to rank the sectors of the economy according to the suggested criteria, thus pointing out the key 
sectors. A case study of the United States’ economy of 2011 revealed that the best production-emissions results would be 
obtained if the shares of the education, retail trade, and government sectors were increased, accompanied by the 
corresponding decrease in the shares of the mining, agriculture, and services sectors.  
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