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Abstract

This is the necessary and sufficient conditions to the regularity of solution of elliptic problems on non
smooth domains in R? . I study a boundary value problem for elliptic partial differential equation.
I study the regularity of solution to the problem in non smooth domain. I obtain the necessary and

sufficient conditions of the problem to belong to Cy424q-
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1. Introduction

The regularities of the solutions on nonsmooth domains are typically described in terms of usual
Sobolev spaces and the asymptotic expansions where the solutions are decomposited into regular

and singular parts (see [1-12]).

In engineering applications many problems in R? are characterized by partial differential equa-
tions with piecewise analytic data such as nonsmooth domains, abruptly changes of types of bound-
ary conditions, piecewise analytic coefficients and boudary conditions, etc., for instance, the physical
domains of structral mechanical problems often have edges and vertices, interfaces between di?erent
materials and material cracks [13-15]. The solutions of these problems have strong sin- gularities at
the edges and vertices and around the cracks, which make the conventional numerical approximation
extremely difficult and inefficient. Hence comprehensive study on the regularity of the solutions of
elliptic problems in R? with piecewise analytic data is of great significance not only for theoretical
reasons but also for the desigh of effective computations and the optimal convergence of numerical

method for these problems [16-20].
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These regularity results are important and useful for the regularity theory for elliptic problems
on nonsmooth domains and for solving these problems by conventional numerical approaches. But
these results do not characterize sufficiently the class of solutions of the problems in applications.
The conformal mapping and boundary value problems for harmonic functions; see, Lubuma [21],
Maz’ya [22] or Maz'ya [23] was the earliest impetus. And the physical applications; examples can
be found in [24], [25] and other standard monographs see also [26] and [27]. Also those problems
play a role in numerical analysis, particulary in the study of the accuracy of finite element and finite
difference approximation, acceleration of convergence, general convergence analysis, subtraction of

singularities and other numerical techniques [28].
Theorem

Consider the initial Dirichlet problem

Au—ug = f(x,y,t), (x,y,t) € Q, (1)
u(z,y,0) = K(z,y),
ulp, = ¢(y,t)  On Ty xJ
ulp, = ¥(r,t) onT, xJ (2)

where 1= (2 + yz)%~

The necessary and sufficient conditions for the solutions of problem (1) - (2) to belong to

Cmt2+a(82) are:

(Z) f(CE,y,t) S Om-‘roe(Q): gb(y,t) € Cm+2+a(FO X J) and U)w(r, t) S Cm+2+a(F1 X J)

(i) ¢(y,0) = K(0,y) $(0,1) = 4(0,1)
(i) P09 = (=1) 3" + Z{i > EEHTH () - cos"P wsin? ij(fI%_Qj’W_er%)—
p=2 j=1 k= 0
( 1)W+k( ) d)’yq Qk]}a 7:1323 a[m+q2+a]

The necessity of conditions (i) and (ii) is obvious. To prove the necessity of condition (iii), we

notice that



Vg
ulD(r,t) = Z(;jq) cos”I7P wsin® w uPITP) (2, y, t),
p=0

and form equation (5) we obtain

)+ (7% cos" T wsinw w1 (2, y, 1)+

ulD (r,t) = cos™? wul07D (z,y,

Vg 5 57

Z(;q) cos”q_pwsinpw[z (_1)k(§+a l)f(p 2k—2j,vq—p+2k) (z,y,t)—
p=2 j=1 k=0

2
I
(M)

5 . BT .
Z(—l)k(z)u,(cp_zf_%ﬁq_p—k%)(x, y,t) =Lf — Z(gz) cos717 %P wsin® w Z(—l)k(g)ug)"m*%)

k=0 p=0 k=0
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=D DTG ) cos P s w S (<R (g
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(e}
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y 5\ 1 (0,vq—2k)
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where (cosw + isinw)?? = (—1)7 and
%
Lf= ZZZ kﬂ 1)cos”q‘pwsinpwfj(lz%ﬂmquwk).
p=2 j=1 k=0

Proof

The sufficiency of the conditions depends on a constructed function (c.f. lemma 2). This function
is constructed to remove the discontinuities at the boundary I'y. These discontinuities are appeared
where we continue the solution by symmetry across the boundary I'g. The new boundary functions
and right hand side of the equation are then shown to satisfy the compatibility condition (7/). By
repeating this process we can extend the domain until the angle is 7, with the boundary function

belonging to Cit24a-
We first prove
Lemma 1.

By the function f(z,y,t) € Cpia(Q), we can construct functions fo(z,y,t), P = 0,1, ,m,
defined on the whole plane and having the properties.

L fr(0,yt)= 20080 g <y <a t>0,

I fy(-=,y,t) = f}(z,9,1),



II1. f;(ma Y, t) € Cm—p-‘ra (Q)y

i O fh(zyt) A S
Iv. Zamjlpayw € Crp—jrita(§), i2>7,

9291433 £2(0,y,t) 9291138 £2(0,y.t)
V. 8x2i1*2i5y2i6tis = ? az%%tﬁ's » 0sy=<a, A? > 0.
Proof
For simplicity we prove the lemma only for p = 0, the same proof can be used for p =1,2,--- ,m.
Consider an averaging kernel K(s) € Cy, — 00 < s < 00, with the properties

(a) K(s)>0if|s|<1, K(s)=0if|s|>1,
(b) K (s) is an even function,

() [T K(s)ds =
Setting f(z,y,t) = 0 if (z,y,t) & Q, we define f*(z,y,t) = f3(x,y,t) as follows

(z,y,t) / K(s)f(0,y — xs,t — xs)ds. (3)

Setting n =y — s, £ =t — xs, using the mean value theorem, we obtain from (3)

1
(z,y,t / K(s)f(0 y—xs,t—xs)ds:f(O,y—xso,t—xso)/ K(s)ds = f(0,y—xzsg,t—xs0),
-1

(4)
where so € (—1,1). Letting = tends to zero we obtain property I.
Changing s to —s in (3), and noting that K(s) is even, we obtain property II.
It is clear that f*(z,y,t) € Cy(Q), for
1
|[ (22,92, t2) — f*(z1, 91, t1)] < / K(s)[f(0,y2 — z2s,ta — x25) — f(0,41 — z18, 11 — 15)|ds
—1
< B{[(y2 — w25) — (y1 — 215)]* + [(t2 — w25) — (t1 — 215)]*} 2.
But (a—sb)? < (2(a® + s2b%) < 2(a® +b%), |s| < 1.
Then
(If* (@2, y2,t2) — f*(z1, 91, t1)] < M[(w2 — 1) + (y2 — 1) + (t2 — t1)?] 2,
where fil K(s)ds =1, and for any K < m,
0" f*(x,y,1) * tR K (s) O
Dk Oyk2 Oths /, Dokiayrs o) (09— st = sr)ds
MK (s), OFzths
= /OO 9k Loyragh f(0,y — sz, t — sx)]ds (5)



okt Hkatks

/ K(s Z( 1)87)’“ 0 G20k [0,y — sz, t — sx)ds,

and this may be shown as before to belong to C,(Q. This proves property II1. Equation (5) may be

written as
akf* 32‘ y7 ok kgt Ok2tks
D1 Dyka dtks / K Z( ) giag ) o) g £ (0o )ds
k k ak
| KO ot o gds
Then
0" f*(z,y,1)
k ' I _ k2+k
x k1 Gyk= Oths - d/ K 5 kf<0 m, 5)
which, after integrating by parts k times, gives
8kf*(56 Y t) 1 dk
k e — _1 kl/ . K kl
o = U [ K@) 1700 ds, (6)
where
dkfn i anfl L
K 1 — =1.2.... = > 1.
[dsk,n[ (8)(8) ]&Sn,lf(oﬂlaf)]—l 07 n Pl 7ka k‘(S) ’ |3| fetl
As before this may be shown to belong to Cp, 14 (Q)
k p* —
i.e. x’“afkfaéiﬁ;%’?ﬂs € Crmta(Q).
Property IV follows since
o7 & f*(x,y, OF f*(x,y,t
(' L Zﬂ fot ky k)
Oz Jyt2 Ot's 5’xﬂ13y328t73 Oxk10ykz Oths

where  gb Sl o Crmta(Q), then i 2@t € Crnp—jtita(Q), >3]

ozk10yk20tks Ox91 9yi2 Oti3 =
From (11) we obtain
k £x t 0o k
dxkioykpths — | an’f 3863

Jj=

82k1+k3f*(g;7y’t) ; 8kf(0,y7x50,t7(E50) ! 1—2¢
Ox2k1—2i9y2i Gths = [Z(?) o i0¢) ][I[K(S)(S)zk 2 Jds

b R0,y — -
Lyt O T o)

where sp € (—1,1) and, af = fil[K(s)(s)zk]ds > 0.

Letting x tends to zero we obtain



62k1+ksf* 0,y,t k akf 0,y,t
2k1—2i (22' k) = ak*i[z(k)%
Qx?F1=21 gyt Otks Oyk—iot

B

put ¢ = 0, then

62k1+k3 f* (0, n t) 0 62k1+k3

— =A .
a$2k172zay2zatk3 k 92k 93 f(07 Y, t)

From this, property V follows with A9 = =1 (0 < A? < 1. Then the lemma is proved.

oy

Lemma 2.

There exist functions g,(z,y,t) € Crni2+a(Q), p=0,1,...,m with the property that

n—1ln—1—j
(A*%) f(pOO) 0,5.0+3 S a Z,p+2+2k+2j{ [ FEOTHD (0 y )
7=0 k=0
& (P:0,3+1) m
f (0,9, 8)]} + o(a™),

where ai, j are some constants.
Proof.
We construct g,(z,y,t) as follows

n—

.

n
(p,0,3)
(z,y,1) Z a pr+2+2k+2j oo [f* (z,y,1)],
7=0 k=0
where ag; = Grarap and we fined the other coefficients aj; by induction
2P (p.0.0) 2’I'p+1 o (9.0.0) $p+2 agf*(p‘o,o) 8Qf*(p,(),o)
Agpzﬁf*p (L%ﬂﬂLm% - (:z:,y,t)+<p+2>'[ oz T 992 ]
9 f*“"°’°’ 0% oo
+afol(p+ 4)(p + 3)a? P 1+4 Z afr? P T (e D)+
P12 L(5,0,0) (x ) t) N 2P +3 g *(p"o’l)(x y t) N rPt4 82f*(p’°‘1) . 62f*(p,o,1)]
(p+2)! e (p+3)! 0z e (p+4)! 022 0y?
2 px(P:0,1) 3 px(P:0,1) 64f*(:07011) a4f*(p10,1)
P 6 5) Pt f 2 6)xPTo f p+6
p+a42k o *(P:0.1) 2 P, p+2+2k+2j " x(P:0:9)
+A{Zak x ,I2k [f ( + Zakjir 8132k [f (l’,y,t)]}
7j=2 k=0



Expanding the functions involved and using the properties of f;(z,y,t) we obtain

P (,0,0) 22 0% (o0 2P +1 wazf(p’om (0,y,1)

(1 + Alli)xp+2 o2 (9,0,0) » bio 2f<p,0,0) (O,y,t)
W[@ 0,y,8) + -]+ ajpllp+4)(p+3)z 922 +..]

P2 o 22 0% o 2P T3 :E@Qf(p’o’l)((),y,t)
0 L2 0.9 t) 4+ -+ ..

(14 ANzt 9?2 oo

[ xp+z4w
(p+4)! 022

5 T

(0,y,8) + -] +af;[(p +6)(p +5)

- p . p+2+2k oo = P, p+a+2k O o
+A{Z Ao W[f ('7;7 Y, t)] + Z A m[f (37, Y, t)]

k=2 k=2
n n—j 2k
.0 (2.0.9)
242k+2 ik
+ E ai]ﬂ?p+ HRkE 8$2k [f* ($7y7t)]}
j=2 k=0

2
We choose af, such that the coefficient of xp”afdi(o’yt) vanishes, and then we choose af,

from the relation

1 2 (1+ AD)
5 6)a?, =d,.
A+ pral | pray P TIETO =a,
Suppose now that af,ab, - ,al(’s_l)0 have been already found, such that the coefficients of
(p,0,0)
xp-&-?kW’ k=1,2,---,s5—1 vanish and then we choose aZ’jH, k=1,2,3---,5s—2—

j & j=0,1,2,--- s — 2 such that

1 2 (1+ A?)
O +2+2) k= Dp+3+2)) | @2k—2)pL4)!

Z {[( p+6+2))(p+5+2i)  2(p+6+2i) (L+AY ;1) Ja?_ -
2k +2j—2—2)0 (2k— —2i—3) ' (2k +2j — 2i — 4)1 " VimiHLatl

i=J

Then Ag,(z,y,t) may be written as

0% (0.0
Ox2s f

(p,0,0)

xP X
Agp(z,y,t) = Ef (0,,t) + agzPt?s 0,y,1t)

242k O (w00 S 242642 O
FAY el ) + iyt

k=s j=0 k=0

(p,0,5+1)

(z,y,1)]

EN|



n n—j 2%k
.0 (9,0,5) 949
FAD D ap e S [ ()] 4 O(a? ),
j=s k=0

(p,0,0)

Choosing a¥, = —5—5%——— the coefficient of a:p+29 828 = f will vanish and then choose

s0 7 (p+2s+2)(p+2s+1)’
akj+1,wherekf1,2,3, s—1—-7 & j:0,1,2,3,~~,571.

Then, we get
(p,0,0) n2n 1 p p+2+2k+2j 9 an (p,0,5+1)
Agp(w,y,t) = 7f Oy t)+> > da ozl (0,y,8)] + O(z™).
p: 7=0 k=0
Noting that
n n—j n n—1-—j n—1
Z Ay ki T AL -ig T
=0 k=0 j=0 k=0 =

Then, the proof of lemma is complete.

We now complete the proof of the theorem. In Q we define a function ¢(z,y,t) € Criiata(Q),
that coincides on x = 0 with ¥ (y, ) i.e.

¢(x7yat)|r0 =Y(y,t).

The function V(x,y,t) = u(x,y,t) — ¢(x,y,t) satisfies in Q the Dirichlet problem

AV — Vvt = g*(.’IT, y?t)a

V =9y*(x,t) on T,

V=¢1(y,t) =0 on Ty,

where

R(l‘,y,t) = Ad) - ¢ta

g*(a?,y,t) = f(xvyvt) - R(xvyat)v

w*(T7 t) = Qﬁ(ﬁ t) - f(?“, t)
Then R € Cruia(2), £(0,t) =1(0,t), and form the compatibility condition (III), we get
E(Uq) — LR — Z v+k gv(l—zk. (7)
Then the functions ¢g*(x,y,t), ¥* and ¢ satlsfy the compatibility conditions

*(va)

v, =Lg" (8)



Thus to prove the theorem, it is sufficient to consider the problem

AU - U, = f(z,y,t), Ulr, =v(rt), Ulr,, (9)
where f and 1 satisfy the compatibility condition

(va)
¢, =Lf, (10)
consider the function g(x, y,t) € Cryora(Q) given by g(z,y,t) = Z;n:() gp(x,y,t), where gp(z,y,1t)

are the function constructed in lemma 2. Now

9 «

n—ln—1-—j

(POO) P p+2+2k+2j a2k (p,0,5+1)
R*(x,y,t) Z{ " (0, H+> Y alaw prels 0,9,1)

j=0 k=0
— " @y, O]} + O™, (11)

Consider the function V' (z,y,t) = U(z,y,t)—g(z,y,t). This function satisfies in {2 the initial Dirichlet
problem

AV =V, = h(z,y,t), where
h(xﬁ%t) = f(l‘,y,t) - R*(l‘,y,t),

V =v¢*(x,t) = ¢(z,t) — g(z,0,t) on T;.

Since for the function g(x,y,t) € Cpio14()) we can prove that

(5]
gD (0,1) = LR* = > (=1)" () gp 74(0,0,4). (12)
k=0

From (11) and g(z,y,t) = O(z?), we have

g92(0,y,6) =0, v=1,23,---,n+1, r=0,1,2,3,---,m+2,  and

PG00, 8) — g 0(0,0,8) = L(f — RY),

h(z,y) and * satisfy the compatibility condition (10), which may now be written in the form

2
0= (0,) = 0, U:O,l,~~,[W]. (13)



Consider now the sector of cylinder €2, bounded by the two planes (Y1 xJ), Y1 = {y: y = x cotw}
and (Y x J), Yz ={y: y = xcotw} and the surface y = r(z,t). In ; we define the functions
up(z,y,t) and fi1(z,y,t) as follows

V(z,y,t) if (2,y,t) €Q
ul(m?yvt) =

—V(—it,y,t) if ¢ Qa

h(z,y,t) if (z,y,t) €Q
fl(xay) =
—h(—z,y,t) if ¢ Q.

In Q1, ui(z,y,t) €Cy and fi(z,y,t) € Crnta(R) and

Au:fl(xayat)7 (14)

10
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