ISSN 2393-9257

Transient solution of Mm/G/l with Second Optional Service Subject to
Reneging during Vacation and Breakdown time

S.Suganya
Research scholar
Pondicherry Engineering College
Pondicherry

suganyaphd@hotmail.com

ABSTRACT

In this paper, we present a batch arrival non- Markovian queuing model with second optional service. Batches arrive in
Poisson stream with mean arrival rate A, such that all customers demand the first essential service, whereas only some of
them demand the second ‘optional’ service. We consider reneging to occur when the server is unavailable during the
system breakdown or vacations periods. The time-dependent probability generating functions have been obtained in terms
of their Laplace transforms and the corresponding steady state results have been derived explicitly. Also the mean queue
length and the mean waiting time have been found explicitly.
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1. INTRODUCTION

The research study on queuing systems with impatient customers has become an extensive and interesting area in
queuing theory literature. In many real life situations, the arriving customers may be discouraged due to long queue, and
decide not to join the queue and leave the system at once. This behavior of customers is referred as balking. Sometimes
customers get impatient after joining the queue and leave the system without getting service. This behavior of customer
recognizes as reneging. In the last few years, we see studies on queues with balking and reneging gaining significant
importance. We see applications of queue with reneging in emergency services in hospitals dealing serious patients,
communication systems, production and inventory system and many more. A queue with balking and reneging was initially
studied by Haight (1957), Barrer (1957). Since then, extensive amount of work has been done on queuing systems related
to impatient customers. Queues with balking and reneging have been studied by authors like Altman and Yechiali (2006),
Ancker et al. (1963), Choudhury and Medhi (2011), in the last few years.

Vacation queuing models has been modeled effectively in various situations such as production, banking service,
communication systems, and computer networks etc. Numerous authors are interested in studying queuing models with
various vacation policies including single and multiple vacation policies. Batch arrival queue with server vacations was
investigated by Yechiali (1975). An excellent comprehensive studies on vacation models can be found in Takagi (1991)
and Doshi (1986) research papers. One of the classical vacation model in queuing literature is Bernoulli scheduled server
vacation. Keilson and Servi(1987) introduced and studied vacation scheme with Bernoulli schedule discipline.

In this paper we consider queuing system such that the customers are arriving in batches according to Poisson
stream. The server provides a first essential service to all incoming customers and a second optional service will be
provided to only some of them those who demand it. We extend and develop this model by adding new assumptions
reneging and system breakdowns.

Customers may renege (leave the queue after joining) during server breakdowns or during the time when the server takes
vacation due to impatience. In real world, this is a very realistic assumption and often we come across such queuing
situations.

MATHEMATICAL DESCRIPTION OF THE MODEL

The following assumptions are to be used describe the mathematical model of our study:

< Customers arrive at the system in batches of variable size in a compound Poisson process and they are provided
service one by one on a ‘first come first served’ basis. Let Ac dt (& = 1,2.3....7 be the first order probability
that a batch of k customers arrives at the system during a short interval of time
(tt+ dtlwhere 0= cp = 1and BiL,cp.= 1and A = 0is the mean arrival rate of batches.

0,

% There is a single server which provides the first essential service to all arriving customers. Let By (1) and b (1)
respectively be the distribution function and the density function of the first service times respectively.

®,

% As soon as the first service of a customer is completed, then he may demand for the second service with
probability r, or else he may decide to leave the system with probability 1- r in which case another customer at
the head of the queue (if any) is taken up for his first essential service.

% The second service times as assumed to be general with the distribution function B,{1} and the density
function by(v). Further, Let u;(x)dx be the conditional probability density function of i"* service completion
during the interval (x, x +d x] given that the elapsed service time is x, so that

bl =12
ol o, W

and therefore
be(v) = s (w)elo s = 1.2

% As soon as the customer’s service is completed, the server may go for a vacation of random length V with
probability p({l =X g = 1jor it may continue to serve the next customer with probability (1-p).

< On returning from vacation the server instantly starts serving the customer at the head of the queue, if any.

% The vacation time of the server follows general (arbitrary) distribution with distribution function V(s) and the
density function v(s). Let ¥{x)dx be the condition probability of a completion of a vacation during the interval (x, x
+d x] given that the elapsed service time is x. so that

W(x)
M = Twm

and thus
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w(s) = y(s)eh 1t

The system may break down at random and breakdowns are assumed to occur according to a Poisson stream
with mean breakdown rate a > 0. Further the repair time follows general (arbitrary) distribution with distribution
function R (x) and the density function r{x). Let Bix)dx be the condition probability of a completion of a repair
process, so that
. R
Blx) = 1——R{x|

and thus

F(s) = B(s)el"*
In addition, customers arriving for service may become impatient and renege (leave the queue) after joining

during vacations and breakdown times. Reneging is assumed to follow exponential distribution with parameter y.
Thus fit) = ve~"dt,y = 0.Thus n dt is the probability that a customer can renege during a short interval of time

(t, t+d t]
Various stochastic processes involved in the system are independent of each others.

3. DEFINITIONS AND EQUATIONS GOVERNING THE SYSTEM

E;(x,t) = probability that at time 't' the server is active providing ith service and there are 'n' customers in the queue
including the one being served and the elapsed service time for this customer is x. Consequently E; (t) = denotes the
probability that at time't' there are 'n' customers in the queue excluding the one customer in i*® service irrespective of the
value of x.

< ¥(x,t) = probability that at time 't' the server is on vacation with elapsed vacation time x, and there are 'n' customers

in the waiting in the queue for service. Consequently ¥,(t] = probability that at time 't' there are 'n' customers in the
queue and the server is on vacation irrespective of the value of x.

% R,(x t) = Probability that at time t, the server is inactive due to break down and the system is under repair while there

are 'n' customers in the queue.

“ @it) =Probability that at time t, there are no customers in the system and the server is idle but available in the

system

The model is then, governed by the following set of differential-difference equations:

%Pr::ﬂ[x, £) + air B8 0 + (A4 u,(0) + @B ) = AT e (n ) nz 1 (3.1)
2 et + SRM ) + (A +u, ) + )R @ = 0 (3.2)
%Pr::::'{:r, £) + ai: BR ) + (A+u,(0) + B (0t) =ATE GRE(n ). n 1 (3.3)
2 pWee 4+ L p Dy gy 4 (A+ py0x) +2)B P (x ) =0 (3.4)
3x 0 SR gt R v 2\ g - = [
2V ) o+ 2= Vol Bk (A +7(x) + 1)Vl ) = A Dje, GV (8), m2 1 (3.5)
% Wix.t) + air plx.t)+ I:.»l + 7ix) :IP’D () = ¥4 (x t) (3.6)
2 Ro(xt) +3 Ry ) + (A + B(x)) Ro(x.t) = 0 3.7)
2 R )+ 2Ry (x,1) + (A + B(x) + PIR(x.1) = ATjey CuRpig (6.8 + YRpyp n 2 1 (3.8)
% Q(e) = —AQ(t) + (1 —r)(1—p) [} Bf (x, )y (¥)dx + (1 —p) [, P (x ), (x) dx
+ [ Vol tm(x) + [ Bo(x. 0B(x) dx

(3.9)
Equations are to be solved subject to the following boundary conditions:
BIY(0,8) = AcyQ + JJ Vol (D) dx + [ Ry (5 D0 (0)

+{1—pi{1l—17) _I': Pr::ﬂ{x, tus(x)dx + (1—p) _I': Prff_:'l{x, Husx)den=1 (3.10)
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By =7 [ BN e t) uy(de nz0

Val0.8) = p(1—7) [ B (x) w(dx +p [ B2 (. 8) wp(x)den 2 0
Ru(0.0) = |, B (e.ydx + a [ B, (xt)dx, nz1

Ry(0) =10

4. TIME DEPENDENT SOLUTION

Generating functions of the queue length

Now we define the probability generating function as follows

PRy =T Btz z002™ PH(zt) =T Btz 2] 2 1.2 =0

PO ) = ToB P (2. 00z™ PPz ) =T B Ptz |z 12> 0

Viz.t) = Epz™ir)  Rizo) = Fpz"R.0 Clz)=FpCnz™ |zl =1

Taking Laplace transforms of equations (3.1) to (3.14)

2 BPEs)+ (s+A+p, (8 + 0FF(xs) =AT5, GES s, nz1
% ﬁt::u[x, sS4+ (s+A+p =)+ Ujﬁl_,'l:'{x,s] =0
= PP s)+ (s +A+ 1y (%) + OBP(xs) = AT5 GE S xs) . n=1
% ﬁt:::j[x, S+ s+ A+, )+ UIIP_D':::'{:::, =0

%?ﬂ[x,s] + (2 +A+70) + ¥V 0s) = AN OV (0 50+ ¥Vpy, n=d
%?D[x,sj + (3 + A4+ nix) :I?D {x,5) = ¥V, (x. =)
%ﬁﬁ[x,sjl +i=+ A + Fx)) Bple.s) =R, (x.5)

%ﬁﬂ{x,s) + (z+4 + B(x) +¥R(x.5) = AX iy Ol g (3] + ¥Ry 0=l
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(3.11)
(3.12)

(3.13)

(3.14)

(4.1)

4.2)
4.3)
(4.4)
(4.5)
(4.6)
4.7)
(4.8)

(4.9)

AQ(s) = (1 =1 = p) [y B (eoshp, (D ddx + (1 = p) [ P (x, s)ry () + [ Ve s () die+ [ Rl s)Blagee

BN (0,50 = Ae,0(s) + _I':?n {x. s (x)dx + _I':ﬁﬂﬂ_{x, B (x)dx

+1—-p)(1—7) _I': Fr::ﬂ[x,s],u:[x] dx+ (1 —p) _I': P_r::_
BAs =1 [, BiMixs) wy(x)dx ,n=0
Tn(0.5) = p(1—1) [ B (xs) wy(0de +p ), B2 (05) wdde n =0

R (0.5) = af) B (es)dx + & [, B0, (x.8)dx, n= 1

S ldrn =1

(4.10)

(4.11)
4.12)
(4.13)

(4.14)

We multiply both sides of equations (4.2) and (4.3) by suitable powers of z, sum over n and use (4.1) and simplify. We

thus have after algebraic simplifications

2PNz s) + [s + 24— AC(2) + Uy (x) +alF P (xzs) =0

Performing similar operations on equations (4.4) and (4.5) and using (4.1), We have

%F Bz )+ [s+1—Ac(2) + 15, (%) + a]P Biy,zs) =0
Similar operations on equations (4.6),(4.7),(4.8) and (4.9) yields

2 - . . - e .
357Xz + [s +A—AC(z) +nlx) +¥ —é] Fle,2.50=0
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g = - - - ¥l = N
ER':L i)+ [s +A-AC(zZ)+nix) +y —ﬂR[x,z,s,l =0 (4.18)

Now we multiply both sides of equation (4.11),(4.12),(4.13) and (4.14) by =™ sum over n from 1to == ,yields.

zB(0,2,5) = AC(2) — 11§D + [1 - s§()] + (1 - 7)1 —p) Jy BV, z, sy ()dx + (1 — p) 5 PP (xz, s)uy(x)dx
V[xz,sm[xld.x+ | R[x,z,ﬂ'lﬁ[xldx—[l—rll 'Ll[x,vwll[xldx— | P l[x,-:'w (x)dx (4.19)
FU0,zs) = Iy “ PN (x, z, ), () dx (4.20)
= (0.z35) =(1—r)p| | 'L{:r,z, sy (x)dx +p | | s {:r, .5 )i (x) dx (4.21)
R(0,z.8) ==z | P,z )dy + ze | “FD(y, z,8)dx (4.22)

Integrating equations (4.15), (4.16) (4.17) and (4.18) between 0 and x, we get

'ﬂ[x zs) = B0, 2.5) E—Iﬁs+.1—.1r:ix)+n‘:lr—_l':=_u1:,:1: (4.23)
ﬁ':!:' (r.2.5) = FEE:II:D,Z,E':I g —(z+l-lciz] +n‘"_'lr—]?_u;:¢ Ar (4.24)
Plx.z5) = F(0,2,5)e ~(s+d-actz)+p-Lpe- Fria)de (4.25)
Rix,z,5) = B(0,z,5)e [+ A-Actzy+y—L e rlxdx (4.26)

Again integrating equation (4.23) w.r.to x , we have

511 v _ gl o [1-Fyfz+1-Ac(2)+a)
Pz, z) =PF'0,z.5) [—[3+.1—.1£|:xj+n“_'l ] (4.27)
where By (s + A—AC(z) + @) = _I';c g~ e+i-ALE+axg g (4 (4.28)
is the Laplace transform of first essential service time.
Now multiplying both sides of equation (4.27) by ,(x) and integrating over x, we get
. PNy, 2, 80, (X dx = FH(0,z,5)5, (s + 1 — AC(2) + @) (4.29)
Again integrating equation (4.24) w.r.to x, we have
LA + _ 500 o [L-Elz+ A-Ac0z)+a]
P*(z,z1=F"(0,z.5) [—-js+ PR q (4.30)
where B.{s + A— AC(z) +a) = _|';"E—n‘,z+.1—.1r:£xil+n:‘lrd§:{x-:l (4.31)
is the Laplace transform of second optional service time
Now multiplying both sides of equation (4.30) by u,{x} and integrating over x. we get
| “ By, z, Sy (x) dx = FY(0,2,5)5, (s + A — AC(Z) + a) (4.32)
Again integrating equation (4.25) w.r.to x , we have
7 o, 1- W'I'.3+.1 AClx‘l+,r——|
F El= o= .
(z.5) = V(0.7 |:s+.1 Atz +-‘_},-' (4.33)
where W{v +A—AC(Z) +y — —j = IDc _Ir'H'l —Ae(z+y— wdﬂ’{xl (4.34)
is the Laplace transform of vacation time.
Now multiplying both sides of equation (4.22) by 5 {x) and integrating over x. we get
I'; Flrzsmide =F0.zs) Wiz + 1 - AC(z) + a) (4.35)

Again integrating equation (4.26) w.r.to x , we have
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1-F(z+1-Aciz)+y-L)

R[z,s; = R{D.-Z.-S_.I m (436)
where W{v +Ad-AC(=h +y - —\:I = I N _r'H‘J‘ .1c'x‘|+.,_ FAdw (%) (4.37)
is the Laplace transform of vacation time.

Now multiplying both sides of equation (4.36) by B{x) and integrating over x. we get

I':E (r.z 2)fde = R0,z 5)Flzs + A = AC(z) + o) (4.38)
where F (s +A-AC(z) +y — 5] = _|': g '[‘3+‘1"1C':x:'+?"_::'xdf[xj (4.39)
is the Laplace transform of repair time.

Now using equations (4.29) (4.32), (4.35) and (4.38) in equation (4.19) —(4.22) we get

Sn - oy _ AR -1 gls)+{1-s()] |

FM(0,z,5) = = (4.40)
where DR = f,(z){z— [(1 —p) + pW(f2(@) )] [(1 - NIB (i@ +r(1 —p) B (fu(2) B (fi(2) ]}

—azF(f(2)(1 — (1 —r)B,(f.(@) )—r B, fr(2)) B[ fi(2))

filzZ) =s+i-3C(zZ)+ o and f{z) =s+ A -AC(z) +¥ —;

=) -y _ PREACE)-1)g(E)+ [ 1-sQ(a)) |5 (=]

P¥(0,z5) = i (4.41)
— L B AEACCEY -0+ [ 1-20(2) } || (L-r)B [ i (2D }+r By [ £ (2D )5, f; (2]}

Vi0,z.35) = L [ JL!'E L7 L1 LA (=) (4.42)
Using (4.27)& (4.30) in (4.22) we get,

Fi@A0,2,5) = ez PN 0,2, 5)[1 — By(s + A — AC(z) + a) By + A —AC(z) +a)] (4.43)

Substituting the value from equation (4.40),(4.41) and (4.42) in equations (4.27), (4.30) ,(4.33)& (4.36) we get
FO(z,5) = M[ﬁ[c{z| — 1)3(s) + (1 —s8(s)) ] (4.44)

v 25, (20 [1-B (020 )]
DR

Pz 5 = [,{[C[zl 1=+ I:l - s@{s]:l ] (4.45)

= ez[t-(-¥IE (R () ) —r B (205 R (2] pr-FlED)
R(=s) = = ol (4.46)
= . e [(1-r) B, [fla )+ & (2))E(f (22)]  1- W f(=D)
Vl:z,j',lzw z)[(1-r 1[4’131_);? 1 (2] [1’13.][ E'EJ;)Z. ] (4.47)

In this section we shall derive the steady state probability distribution for our Queuing model. To define the steady state
probabilities, suppress the arguments where ever it appears in the time dependent analysis. By using well known

Tauberian property,

lélﬂ‘sf[s; = ‘g'{;}:f'if?'

Pl:ﬂ[z':l — |_1 B:.U:.lx"l ]A[C[zl 1 IQ (448)
Pz = ”:Ul'ix‘-‘.;l)lﬁ-ﬁamiﬂ Il AC(z) —1)Q (4.49)

o _ PI-0-rIE (A=)} -8, (f ())& (f (=)} r1-Ff (2])
R(z)= D& [ R ] (4.50)
pron _ EE[(L-v¥)E[f; (20} 4rE,(f; (2050 (20) 11— W(f(=])
V(z) = = [ e ] (4.51)

In order to determine F'*(z),P*¥(z),R(z) completely, we have yet to determine the unknown ¥(1)which appears in the
numerator of the right sides of equations (4.34), (4.35) and (4.36). For that purpose, we shall use the normalizing

condition.
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PU+ PP+ V) +R() =1 (4.52)
P':ﬂ[lju _ Ac'[i:l[:;fn“li 4] (4.53)
P':::'{l'j _ Arr:'iﬂfﬂzi(i—ﬁ;ic)} (4.54)
R(1) = Acc'mzi.—'sj.ji.—-ji—rdﬁfli &) =8, (&) B (5] 0 (4.55)
V(1) = Apec LEY IZL—i‘_;iilic:l+r§1i|:'2'§;if-'f':l 0 (4.56)

where dr = —1:,-115"[1] + trI:,-lC'[l'j - }f] E[Rj] + [tr + .-IC'[l'j + tr[:,-lﬂ"[l'j - }r] E(R)— p:rli.-lﬁ"[ljl - }f] E[Vj]E_,_ () B, (a)

P13, P91y and R(1) denote the steady state probabilities that the server is providing first stage of service, second

stage of service and server under repair without regard to the number of customers in the queue. Now using equations
(4.53), (4.54), (4.55) and (4.56) into the normalizing condition (4.52) and simplifying, we obtain

ACCL[L + @E(R)} — {1+ aE(R) — peE(V)Y((1— )5, (a) ++5, (2)B;(a))]

e=1- ayE I[Rj(l — (1 —r)8,(e) — r5,(x) 5, [cr]:l +pa[(l— )8, () + 8, (2) 5 (x)]
(4.57)
and hence, the utilization factor p of the system is given by
AT L +erEC R {1 +eE R) —paE (W} (11—r) B, () +rE, ()5 (e)] (4.58)

T yE(RN1- (-1 E, (&) —rE, () B (a) }+pal(1-v)E, (o) +rE, (2) 5y (a]]

where p <1 is the stability condition under which the steady states exits.

5. The Mean queue size and the mean system size

Let F;(Z) denote the probability generating function of the queue size irrespective of the server state. Then
adding equation (4.27), (4.28) and (4.29) we obtain

Pz = PREE + PR + R+ V(D)
E Miz)

22 = T (5.1)

Let Lz denote the mean number of customers in the queue under the steady state. Then we have

d .
Ly = Iz [Pq.I:Z,I] atz=1
. DIONTY-NILDTLY
fo = = te 52)

where primes and double primes in (4.36) denote first and second derivative at z = 1, respectively. Carrying out the
derivative at z = 1 we have

N'(1) = QIA E(Y{1+ aE(R)} — AE(I{1 + aE(R) — paE(VI][(1 — ©)5, (&) + 75, (a) B (a)]

(5.3)
- 17 [1 - (1 —r)B;(e) — rB,(a) By(a)]
AEU/T =11, ae(R)[1 — (1 —1)B (@) — 7B,(@) B, ()] + pel(1 — )5, (@) +75,(a) Et:.:a:.]E{v:.]
N{1=¢ —AE(N{1+ aE(R) — paE(V)}(1 - )5 + (B (&) B5(c) + 5, (a) B ()]
a(AE (I) — Y)E(R*)[1 — (1 — r)By(a) — B (a)F;(a)]
+(AE(I) —Y)E(VH[1 — (1 - r)By(a) — rB, (a)B;(2)]
(5.4)
D{1) = —{AE(D) + a(AE(I) —¥)E(R)} + {AE(N) + w(AE(I) — ¥)E(R) — pa{AE(I) — ¥VIEWV) + of
[(1-£)B, () + rB (a) B (a)] (5.5)
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D(1)= —AE(I/I = 1)[(1 + aE(R)) — [(1 — 1), (&) + 75, (2)5;(2)]{1 — aE (R) + paE(V)}]
—2ayE(RI[1 — (1 — )5, (&) —vB,(a) By(a)] + a(AE() — ¥)*E(RY[L — (1 —1)5, (&) — rBy(e) By (a]]
—pa{2yE(V)— (AE(D) — ¥ EV I — 1) By () + vB,(a) B, (a)]
+AE + a{AE(I) = VIE(R) — pa{AE(I) — V) E(VII(L — )8y +r(F y(a) Bo(e) + 5, (o) 55 (e)] (5.6)
Then if we substitute the values from (5.3), (5.4), (5.5) and (5.6) into (5.2) we obtain L; in the closed form. Further we find
the mean system size L using Little’s formula. Thus we have
L=Ig+p

where L has been found by equation (5.2) and p is obtained from equation (4.58).

6. Conclusion

In this paper we have studied an M™/G/1 with Second Optional Service, reneging to occur when the server is

unavailable during the system breakdown or vacations periods. The probability generating function of the number of
customers in the queue is found using the supplementary variable technique. This model can be utilized in large scale
manufacturing industries and communication networks.
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