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Abstract:

Electromagnetism is expressed from two basic postulates. They are light invariance and charge conservation. At this
work one extends the Maxwell scenario from macroscopic to microscopic electromagnetism by following the elementary
particles electric charge microscopic behavior. It yields a triune electric charge interrelationship. Three charges
{+, 0,−} be exchanged through a vector bosons quadruplet. It is called Four Bosons Electromagnetism.

A systemic EM physics appears to be understood. Maxwell photon is not enough for describing the microscopic electric
charge physics. An extension for electromagnetic energy is obtained. The fields quadruplet {Aµ, Uµ, V ±

µ } are the
porters of electromagnetic energy. They are the usual photon Aµ, massive photon Uµ and two charged photons V ±

µ . A
new understanding on EM phenomena has to be considered. A set determinism based on granular and collective fields
is developed. A space-time evolution associated to a whole.

Conservation laws are studied. The EM phenomena is enlarged to three charges interchanges to {+, 0,−}. Two
novelties appear. New features on nonlinear fields acting as own sources and on electric charge physics. Properties as
conservation, conduction, transmission, interaction are extended to a systemic electromagnetism. A whole conservation
law for electric charge emerges from three charges interwoven. Electric charge has a systemic behavior. Although there
is no Coulomb law for zero electric charge, the Four Bosons Electromagnetism contains an EM energy which provides a
neutral electromagnetism. Particles with zero charge {Aµ, Uµ} are carrying EM energy.

Another consideration is on EM energy being transported by four nonlinear fields. A new physicality appears. The
abelian nonlinearity generates fields charges. Fields are working as own sources through mass terms, trilinear and
quadrilinear interactions, spin couplings. Consequently the photon is more than being a consequence from electric
charge oscillations. It is able to generate its own charge. Introduce the meaning of photonics.

Thus, electric charge is no more the isolate electromagnetic source. There are another conservation laws. Fields sources
appear through corresponding equations of motion, Bianchi identities, energy-momentum, Noether laws and angular
momentum conservation laws. They move EM to a fields charges dependence. Together with electric charge they carry
the electromagnetic flux. Supporting the Ahranov-Bohm experiment of potential fields as primitive entities.

1 Introduction

Electromagnetism phenomena was first observed through electric charge and magnets. During centuries we have
been aggregating a more deep understanding on its meaning. From greek amber and magnets, electrostatic machines,
condensers, batteries, the 18th started to understand on charges and currents. At 19th century, currents effects were
studied by Oersted, Biot-Savart, Ampere, Ohm. A qualitative change happened for this first phase in 1831 when

40



Journal of Advances in Physics Vol 19 (2021) ISSN: 2347-3487 https://rajpub.com/index.php/jap

Faraday understood the existence of EM fields. From wires EM moved to invisible lines of force. This second phase
takes form when Maxwell in 1864 wrote his equations in terms of fields as variables and charges as sources[1].

Maxwell equations express not only the relationship between charges and fields as a track for exploring fields as a
physical entity. It preludes a physics beyond electric charge. It includes Faraday law and the displacement current.
Given that, the 19th century heritage was a field physics responsible for moving motors, energy distribution and light.
Maxwell opened the door for something more than electric charge as source. For instance, it shows through Poynting
vector that the EM flux does not follow the same direction of the electric charge current.

Nevertheless, a third EM phase is still being expected. Manifest an EM based on spin, nonlinear EM fields, photonics.
There is an EM beyond Maxwell and QED to be discovered. A physics where fields generates fields. Current literature
displays nearly 50 models beyond Maxwell [2]. Between them are 15 nonlinear models [3]. Most of them are effective
theories indicating that a fundamental physics should exist. In this class of nonlinear models the Four Bosons
Electromagnetism is being investigated [4].

A fundamental nonlinear EM is prospected. Its discovery was through the electric charge microscopic behaviour exposed
by elementary particles. A nonlinear antireductionist abelian model which introduces four bosons quadruplet in order
to promote the charge exchange ∆Q = 0,±1. It performs a new relationship between charges and fields. It opens the
possibility for understanding EM beyond electric charge. A physics where EM fields are acting as own sources.

Physics laws are not only understood by equations of motion and interaction but also through conservation laws. This
microscopic electromagnetism flows based on the interchange between three charges {+, 0,−} to be studied through
four intermediate bosons Aµ I ≡ {Aµ, Uµ, V ±

µ }. Interlaced nonlinear relationships between EM fields to be understood
through conservation laws. Aµ means the usual photon, Uµ a massive photon, V ±

µ represent charged photons. Five
types of conservation laws are obtained. They are from equations of motion, Bianchi identities, energy momentum
tensor, Noether theorem, total momentum angular conservation. Their fluxes create sources depending on fields. They
will show an EM flux beyond electric charge conservation and with the presence of potential fields as predicted by
Aharanov-Bohm [5].

Our effort at this work is to explore the four bosons electromagnetism conservation laws. The understanding of this
nonlinear behaviour beyond electric charge is a challenge to be analysed through conservation laws. At section 1,
the Spin-Valued Four Bosons EM is rewritten [6]. Continuity equations are studied at sections 2 and 3. The energy
momentum tensor is analysed at sections 5-9. At section 10, Noether conservation laws are considered. The angular
momentum conservation law is observed at section 11. At conclusion, one discusses on perspectives from an EM moved
by nonlinear fields.

2 Lagrangian

Electromagnetism contains a third element beyond charges and currents which is spin. Electron is also depending on
spin- 1

2 [7]. Stern-Gerlach experiment [8], Dirac equation [9] and spintronics [10] are showing the spin importance of EM
phenomena. At this way through Four Bosons EM spin is incorporated as ab initio. It associates the four potentials
responsible for EM energy transmissions to the Lorentz Group generators, AIµ = AIµ,κ,λΣκ,λ. As consequence, from first
principles, the subsequent set of nonlinear Maxwell equations will derive the interactions between magnetic moment
and EM fields.
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The four bosons EM composes the fields set {Aµ, Uµ, V ±
µ } integrated into a common symmetry. The charge conservation

interconnect them through an abelian gauge the U(1) × SO(2)global symmetry. Considering the spin presence one
associates each field to the Lorentz Group generator. It gives the following spin-valued Lagrangian

Lspin = Lspin
K + Lspin

M + Lspin
I (2.1)

The kinect sector is

Lspin
K = LspinA

K + LspinS
K (2.2)

where the antisymmetric part is
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which gives,
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LspinS
K = LSK + ∆S

K

(2.7)

where
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with the following definitions for the granular field strength tensors

Fµν ≡ ∂µAν − ∂νAµ, Uµν ≡ ∂µUν − ∂νUµ, V ±
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which gives,
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The interacting sector is

Lspin
I = Lspin
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4 (2.15)

The trilinear part is
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Making the simplifications, we have
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At Appendix A the collective fields zµν are defined.
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The trilinear symmetric sector LspinS
3 is given by
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The trilinear semitopological antisymmetric term Lspin st
3 , is
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The quadratic sector is
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4 (2.22)
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The antisymmetric part LspinA
4 is
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where the term LA4 is defined in [?]. Simplifying, we have
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The symmetric part LspinS
4 is
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Using the relations in the previous section, we have
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µ

(11)
z ν

ν−
(22)
z µ
µ

(22)
z ν

ν − 2
(11)
z µ
µ

(22)
z ν

ν − 4
(12)
z µ
µ

(12)
z ν

ν +

−2
(11)
z µ
µ

(12)
z ν

ν − 4
(22)
z µ
µ

(12)
z ν

ν − 4
( (11)
z µ
µ+

(22)
z µ
µ

)+−3
z ν

ν − 4
(11)
ω µ
µ

(11)
ω ν

ν +

−4
(22)
ω µ
µ

(22)
ω ν

ν − 16
(11)
ω µ
µ

(12)
ω ν

ν − 16
(12)
ω µ
µ

(12)
ω ν

ν − 16
(22)
ω µ
µ

(12)
ω ν

ν +

−2
(11)
z µ
µ

(11)
ω ν

ν − 4
(22)
z µ
µ

(22)
ω ν

ν − 8
(12)
z µ
µ

(11)
ω ν

ν − 8
(12)
z µ
µ

(22)
ω ν

ν − 8
(12)
z µ
µ

(12)
ω ν

ν +

−4
(13+)
z µ

µ

(13−)
z ν

ν − 4
(23+)
z µ

µ

(23−)
z ν

ν − 8
(13+)
z µ

µ

(23−)
z ν

ν

−4i
(13+)
z µ

µ

(24−)
ω ν

ν + 4i
(13−)
z µ

µ

(24+)
ω ν

ν − 4i
(23+)
z µ

µ

(14−)
ω ν

ν + 4i
(23−)
z µ

µ

(14+)
ω ν

ν +

−16i
(13+)
ω µ

µ

(24−)
ω ν

ν + 16i
(13−)
ω µ

µ

(24+)
ω ν

ν − 4i
(14+)
z µ

µ

(23−)
z ν

ν + 4i
(14−)
z µ

µ

(23+)
z ν

ν +

+16i
(14+)
ω µ

µ

(23−)
ω ν

ν − 16i
(14−)
ω µ

µ

(23+)
ω ν

ν + 2i
(13+)
z µ

µ

(24−)
z ν

ν − 2i
(13−)
z µ

µ

(24+)
z ν

ν +

+4i
(14+)
z µ

µ

(23−)
ω ν

ν − 4i
(14−)
z µ

µ

(23+)
ω ν

ν + 4i
(24+)
z µ

µ

(13−)
ω ν

ν − 4i
(24−)
z µ

µ

(13+)
ω ν

ν +

−8
(12)
z µ
µ

+−3
z ν

ν − 4
+−3
z µ
µ

+−4
z ν

ν (2.27)

The semitopological part is Lspin stS
4

Lst4 =

(
− 1

24
(Σµν)

ρ
σ (Σµν)

σ
ρ

)
εµνρσ

{
4

[12]
z µν

[12]
z ρσ +

+4
[12]
z µν

(
[+−]
z ρσ +

[−+]
z ρσ

)
+

(
[+−]
z µν +

[−+]
z µν

)(
[+−]
z ρσ +

[−+]
z ρσ

)}
.

(2.28)

Summarizing, by taking fields Lorentz algebra valued, one derives a spin-valued Four Bosons Lagrangian

Lspin = LFour EM +4spin algebra valued (2.29)

where only trilinear and quadrilinear symmetric terms receive spin algebra valued contributions.

Thus, considering the three EM elements, which are electric charge, nonlinear fields and spin, it yields new Faraday
lines of force getting through space. Currents flow and continuity equations are expressed. Two sets of conservation
laws are inherent. They are the continuity equations and energy momentum tensor conservation. They will be studied
at next chapters.
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3 Conserved currents

New sources are introduced to be understood through conservation laws. Given that electric charge physics should be
understood from the interchange between positive, negative and zero charges, a new performance for transmitting EM
energy happens throught a fields set {Aµ, Uµ, V ±

µ }. It includes new aspects as nonlinearity, spin, photonics.

Distinctly from QED [11], eq.(2.1) composes a system for electric charge transmission without external source. It
yields a nonlinear electromagnetism where fields are their own charges and currents. While at QED the photon is just
a messenger, a passive particle, eq.(2.1) derives a generic equation of motion by introducing nonlinear fields with a
dependency beyond electric charge. It gives the generic expression

∂ν

(
F νµI + zνµI + gµν

(
S αα I + z αα I

))
−m2

IA
µ
I = JµI (3.1)

where I is the flavour index. For the case, I varies from 1 to 4. F νµI and zνµI are the corresponding granular and
collective antisymmetric fields strengths; S α Iα and z αα the corresponding granular and collective symmetric fields
strengths; mI is the mass of the field AµI , and J

µ
I (AI) are nonlinear currents depending on fields set {AµI }.

Eq.(3.1) can be decomposed on transverse and longitudinal sectors. Taking ATµ I = ΘµνA
ν
I and ALµ I = ωµνA

nu
I where

the transverse and longitudinal operators are Θµν = ηµν −
∂µ∂ν
�

and ωµν =
∂µ∂ν
�

For spin-1 dynamics:

∂ν

(
F νµI + z

[νµ]
I

)
−m2

I (AµI )
T

= (JµI )
T (3.2)

For spin-0 dynamics:

∂µ

(
S αα I + z αα I

)
−m2

I (AµI )
L

= (JµI )
L (3.3)

where these equations produce the following continuity equations

∂ ·
(
m2
I (AI)

T − (JI)
T
)

= 0 (3.4)

and

� (S αα I + z αα I) = ∂ · (JI)L (3.5)
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Thus the quadruplet Aµ I ≡ {Aµ, Uµ, V ±
µ } develops (4 + 4) internal charges just depending on fields. They correspond

to spin-1 and spin-0 fields. Notice that eq.(3.4) contains a dependence on mass term and on LI3 and LI4 through
JµI . While eq.(3.5) introduce longitudinal sources depending on LSK , LI3, LI4 and mass. They are showing a physics
expliciting the presence of potential fields according to the expected physics beyond Maxwell [12].

A new photon appears which is no more an eletric charge consequence. It contains its own charge. The vectorial and
longitudinal photons are distinguished by eqs.(3.2) and (3.3). Each of them contains its own source. A fact to consider
a photonics without electric charge. As consequence photon-photon interaction beyond Breit-Wheeler [13], Adler [14],
and Delbruck approaches [15].

4 Bianchi identities

Given the Bianchi collective antisymmetric identities

∂µz[νρ] + ∂ρz[µν] + ∂νz[ρµ] = γ[IJ]A
I
µF

J
ρν + γ[IJ]A

I
νF

J
µρ + γ[IJ]A

I
ρF

J
νµ (4.1)

which can be rewritten as

∂µz̃
[µν] = jνB (4.2)

one gets the continuity equation

∂νj
ν
B = 0 (4.3)

Eqs.(4.2) and (4.3) are introducting a kind of collective fields monopole. Instead of Dirac puntiform magnetic charge [16]
this compositon is more near to t’Hooft and Polyakov monopoles on Higgs fields [17]. It shows a collective fields charge
based on the interaction between potential fields and electric and magnetic fields. Exposing a collective nonlinearity
beyond Euler-Heisenberg [18] and Born-Infeld [19]. Eq.(4.1) introduces a Bianchi identity for the polarization and
magnetization vectors [20].

5 Energy-Momentum Tensor

We should now analyze on the corresponding improved energy momentum tensor Θµν . It follows the general conservation
law [21]

∂µΘµν = 0 (5.1)

which is guaranteed by translation invariance Splitting in parts according to the Lagrangian, one gets
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Θµν = ΘK
µν + ΘM

µν + ΘGF
µν + ΘI

µν (5.2)

The kinect contribution is

ΘK
µν = ΘA

µν + ΘS
µν (5.3)

where

ΘA
K µν =

1

2
a1 FαβF

αβgµν − a1FµαF
α
ν − a1 FναF

α
µ

+
1

2
a2 UαβU

αβgµν − a2UµαU
α
ν − a2 UναU

α
µ

+a3 V
−
αβV

+αβgµν − 2 a3V
−
µαV

+α
ν − 2 a3 V

−
ναV

+α
µ (5.4)

and

ΘS
K µν =

1

2
b11 S1αβS

αβ
1 gµν − b11 S1µαS

α
1ν − b11 S1ναS

α
1µ

+
1

2
b22 S2αβS2

αβgµν − b22 S2µαS2
α
ν − b22 S2ανS2αµ +

+b33 S
−
αβS

+αβgµν − 2 b33 S
−
µαS

+α
ν − 2 b33 S

−
ναS

+α
µ +

1

2
c11 S

α
1αS

β
1β gµν − 2 c11S1µ νS

α
1α +

+
1

2
c22 S

α
2αS

β
2β gµν − 2 c22S2µ νS

α
2α +

+c12S
α
1αS

β
2βgµν − 2c12S1µνS

α
2α − 2c12S

α
1αS2µν +

+c33S
+α
α S−β

β gµν − 2c33S
+
µνS

−α
α − 2c33S

−
µνS

+α
α (5.5)

The mass term is

ΘM
µν = −1

4
µU

2UαU
αgµν +

1

2
µU

2UµUν +

−1

2
µ±

2V −
β V

+
β gµν +

1

2
µ±

2V −
µ V

+
ν +

1

2
µ±

2V −
ν V

+
µ (5.6)

The gauge fixing term contribution is

ΘGF
µν =

1

4
ξ11 S

α
1αS

β
1β gµν −

1

2
ξ11S1µ νS

α
1α +

+
1

4
ξ22 S

α
2αS

β
2β gµν −

1

2
ξ22S2µ νS

α
2α +

+
1

4
ξ12S

α
1αS

β
2βgµν −

1

2
ξ12S1µνS

α
2α −

1

2
ξ12S

α
1αS2µν +

+
1

4
ξ33S

+α
α S−β

β gµν −
1

2
ξ33S

+
µνS

−α
α − 1

2
ξ33S

−
µνS

+α
α (5.7)

The interaction term is
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ΘI
µν = Θ3I

µν + Θ4I
µν (5.8)

The trilinear contribution is

Θ3I
µν = Θ3A

µν + Θ3S
µν (5.9)

The trilinear antisymmetric contribution is

Θ3A
µν = 2 b1 Fαβ

[12]
z αβgµν − 4 b1Fµα

[12]
z α
ν − 4 b1Fνα

[12]
z α
µ +

+2 b2 Uαβ
[12]
z αβgµν − 4 b2Uµα

[12]
z α
ν − 4 b2Uνα

[12]
z α
µ +

+2 b1 Fαβ
[+−]
z αβgµν − 4 b1Fµα

[+−]
z α
ν − 4 b1Fνα

[+−]
z α
µ +

+2 b2 Uαβ
[+−]
z αβgµν − 4 b2Uµα

[+−]
z α
ν − 4 b2Uνα

[+−]
z α
µ +

+2β1 Fαβ
(+−)
z αβgµν − 4β1Fµα

(+−)
z α

ν − 4β1Fνα
(+−)
z α

µ +

+2β2 Uαβ
(+−)
z αβgµν − 4β2Uµα

(+−)
z α

ν − 4β2Uνα
(+−)
z α

µ +

+2 b3 V
+
αβ

[−1]
z αβgµν − 4 b3 V

+
µα

[−1]
z α
ν − 4 b3 V

+
να

[−1]
z α
µ +

+2 b3 V
+
αβ

[−2]
z αβgµν − 4 b3 V

+
µα

[−2]
z α
ν − 4 b3 V

+
να

[−2]
z α
µ +

+2 b3 V
−
αβ

[+1]
z αβgµν − 4 b3 V

−
µα

[+1]
z α
ν − 4 b3 V

−
να

[+1]
z α
µ +

+2 b3 V
−
αβ

[+2]
z αβgµν − 4 b3 V

−
µα

[+2]
z α
ν − 4 b3 V

−
να

[+2]
z α
µ (5.10)
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The trilinear symmetric contribution is

Θ3S
µν = β1 S

1
αβ

(11)
z αβgµν − 2β1S

1
µα

(11)
z α
ν − 2β1S

1
να

(11)
z α
µ +

+2β1 S
1
αβ

(12)
z αβgµν − 4β1S

1
µα

(12)
z α
ν − 4β1S

1
να

(12)
z α
µ +

+β1 S
1
αβ

(22)
z αβgµν − 2β1S

1
µα

(22)
z α
ν − 2β1S

1
να

(22)
z α
µ +

+β2 S
2
αβ

(11)
z αβgµν − 2β2S

2
µα

(11)
z α
ν − 2β2S

2
να

(11)
z α
µ +

+2β2 S
2
αβ

(12)
z αβgµν − 4β2S

2
µα

(12)
z α
ν − 4β2S

2
να

(12)
z α
µ +

+β2 S
2
αβ

(22)
z αβgµν − 2β2S

2
µα

(22)
z α
ν − 2β2S

2
να

(22)
z α
µ +

+2β3 S
+
αβ

(−1)
z αβgµν − 4β3S

+
µα

(−1)
z α
ν − 4β3S

+
να

(−1)
z α
µ +

+2β3 S
+
αβ

(−2)
z αβgµν − 4β3S

+
µα

(−2)
z α
ν − 4β3S

+
να

(−2)
z α
µ +

+2β3 S
−
αβ

(+1)
z αβgµν − 4β3S

−
µα

(+1)
z α
ν − 4β3S

−
να

(+1)
z α
µ +

+2β3 S
−
αβ

(+2)
z αβgµν − 4β3S

−
µα

(+2)
z α
ν − 4β3S

+
να

(−1)
z α
µ +

+2β1 S
1
αβ

(+−3)
z αβgµν − 4β1S

1
µα

(+−3)
z α

ν − 4β1S
1
να

(+−3)
z α

µ +

+2β2 S
2
αβ

(+−3)
z αβgµν − 4β2S

+
µα

(+−3)
z α

ν − 4β2S
2
να

(+−3)
z α

µ +

+ρ1 S
1α
α

(11)
z β
β gµν − 2 ρ1S

1
µν

(11)
z α
α − 2 ρ1S

1α
α

(11)
z µν +

+2ρ1 S
1α
α

(12)
z β
β gµν − 4 ρ1S

1
µν

(12)
z α
α − 4 ρ1S

1α
α

(12)
z (µν) +

+ρ1 S
1α
α

(22)
z β
β gµν − 2 ρ1S

1
µν

(22)
z α
α − 2 ρ1S

1α
α

(22)
z µν +

+ρ2 S
2α
α

(11)
z β
β gµν − 2 ρ2S

2
µν

(11)
z α
α − 2 ρ2S

2α
α

(11)
z µν +

+2ρ2 S
2α
α

(12)
z β
β gµν − 4 ρ2S

2
µν

(12)
z α
α − 4 ρ2S

2α
α

(12)
z (µν) +

+ρ2 S
2α
α

(22)
z β
β gµν − 2 ρ2S

2
µν

(22)
z α
α − 2 ρ2S

2α
α

(22)
z µν +

+
(
β1 + 4ρ1

)
S1α
α

(11)
ω β
β gµν − 2

(
β1 + 4ρ1

)
S1
µν

(11)
ω α
α − 2

(
β1 + 4ρ1

)
S1α
α

(11)
ω µν +

+2
(
β1 + 4ρ1

)
S1α
α

(12)
ω β
β gµν − 4

(
β1 + 4ρ1

)
S1
µν

(12)
ω α
α − 4

(
β1 + 4ρ1

)
S1α
α

(12)
ω (µν) +

+
(
β1 + 4ρ1

)
S1α
α

(22)
ω β
β gµν − 2

(
β1 + 4ρ1

)
S1
µν

(22)
ω α
α − 2

(
β1 + 4ρ1

)
S1α
α

(22)
ω µν +

+
(
β2 + 4ρ2

)
S2α
α

(11)
ω β
β gµν − 2

(
β2 + 4ρ2

)
S2
µν

(11)
ω α
α − 2

(
β2 + 4ρ2

)
S2α
α

(11)
ω µν +

+2
(
β2 + 4ρ2

)
S2α
α

(12)
ω β
β gµν − 4

(
β2 + 4ρ2

)
S2
µν

(12)
ω α
α − 4

(
β2 + 4ρ2

)
S2α
α

(12)
ω (µν) +

+
(
β2 + 4ρ2

)
S2α
α

(22)
ω β
β gµν − 2

(
β2 + 4ρ2

)
S2
µν

(22)
ω α
α − 2

(
β2 + 4ρ2

)
S2α
α

(22)
ω µν+
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+2ρ3 S
+α
α

(−1)
z β
β gµν − 4 ρ3S

+
µν

(−1)
z α
α − 4 ρ3S

+α
α

(−1)
z (µν) +

+2ρ3 S
+α
α

(−2)
z β
β gµν − 4 ρ3S

+
µν

(−2)
z α
α − 4 ρ3S

+α
α

(−2)
z (µν) +

+2ρ3 S
−α
α

(+1)
z β
β gµν − 4 ρ3S

−
µν

(+1)
z α
α − 4 ρ3S

−α
α

(+1)
z (µν) +

+2ρ3 S
−α
α

(+2)
z β
β gµν − 4 ρ3S

−
µν

(+2)
z α
α − 4 ρ3S

−α
α

(+2)
z (µν) +
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(
β3 + 4ρ3

)
S+α
α
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ω β

β gµν − 4
(
β3 + 4ρ3

)
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µν

(−1)
ω α
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(
β3 + 4ρ3

)
S+α
α

(−1)
ω µν +
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(
β3 + 4ρ3
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S+α
α
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ω β
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(
β3 + 4ρ3
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S+
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(−2)
ω α
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(
β3 + 4ρ3

)
S+α
α

(−2)
ω µν +

+2
(
β3 + 4ρ3

)
S−α
α
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ω β

β gµν − 4
(
β3 + 4ρ3

)
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(+1)
ω α

α − 4
(
β3 + 4ρ3

)
S−α
α
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ω µν +

+2
(
β3 + 4ρ3

)
S−α
α

(+2)
ω β

β gµν − 4
(
β3 + 4ρ3

)
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(+2)
ω α

α − 4
(
β3 + 4ρ3

)
S−α
α

(+2)
ω µν +

+2ρ1 S
1α
α

+−3
z β
β gµν − 4 ρ1S

1
µν

+−3
z α
α − 4 ρ1S

1α
α

+−3
z µν +

+2ρ2 S
2α
α

+−3
z β
β gµν − 4 ρ2S

2
µν

+−3
z α
α − 4 ρ2S

2α
α

+−3
z µν +

+2
(
β1 + 4ρ1

)
S1α
α

+−3
ω β

β gµν − 4
(
β1 + 4ρ1

)
S1
µν

+−3
ω α

α − 4
(
β1 + 4ρ1

)
S1α
α

+−3
ω µν +

+2
(
β2 + 4ρ2

)
S2α
α

+−3
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β gµν − 4
(
β2 + 4ρ2

)
S2
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+−3
ω α

α − 4
(
β2 + 4ρ2

)
S2α
α

+−3
ω µν

(5.11)

The four-linear contribution is

Θ4I
µν = Θ4A

µν + Θ4S
µν (5.12)

where the antisymmetric term is
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Θ4A
µν =

[12]
z αβ

[12]
z αβgµν−

[12]
z αµ

[12]
z αν−

[12]
z αν

[12]
z αµ−

[12]
z µα

[12]
z α
ν −

[12]
z να

[12]
z α
µ +
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[12]
z αβ

[21]
z αβgµν−

[12]
z αµ

[21]
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[12]
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[21]
z αµ−

[12]
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[21]
z α
ν −

[12]
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[21]
z α
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[13+]
z αβ

[13−]
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[13+]
z αµ
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z α
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[13−]
z α

µ − 2
[13+]
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z α
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[13−]
z α
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[23−]
z α

µ − 2
[23+]
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z α
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[23+]
z να
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z α

µ +
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[13+]
z αβ

[23−]
z αβgµν − 4

[13+]
z αµ

[23−]
z α

ν − 4
[13+]
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[23−]
z α
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[13+]
z µα

[23−]
z α
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z να
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z α

µ +
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z αβ

[+−]
z αβgµν − 2
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z αµ
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z µα
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[12]
z να

[+−]
z α
µ +

+2
[12]
z αβ

[−+]
z αβgµν − 2

[12]
z αµ

[−+]
z α

ν − 2
[12]
z αν

[−+]
z α

µ − 2
[12]
z µα

[−+]
z α
ν − 2

[12]
z να

[−+]
z α
µ +

+
[+−]
z αβ

[+−]
z αβgµν−

[+−]
z αµ

[+−]
z α

ν−
[+−]
z αν

[+−
z α

µ−
[+−]
z µα

[+−]
z α
ν −

[+−]
z να

[+−]
z α
µ +

−
[+−]
z αβ

[−+]
z αβgµν+

[+−]
z αµ

[−+]
z α

ν+
[+−]
z αν

[−+]
z α

µ+
[+−]
z µα

[−+]
z α
ν +

[+−]
z να

[−+]
z α
µ +

−2
[13+]
z α

α

[13−]
z β

β gµν + 4
[13+]
z (µν)

[13−]
z α

α + 4
[13−]
z (µν)

[13+]
z α

α +

−2
[23+]
z α

α

[23−]
z β

β gµν + 4
[23+]
z (µν)

[23−]
z α

α + 4
[23−]
z (µν)

[23+]
z α

α +

−2
[13+]
z α

α

[23−]
z β

β gµν + 4
[13+]
z (µν)

[23−]
z α

α + 4
[23−]
z (µν)

[13+]
z α

α +

+2
[13−]
z α

α

[23+]
z β

β gµν − 4
[13−]
z (µν)

[23+]
z α

α − 4
[23+]
z (µν)

[13−]
z α

α +

+2i
[13−]
z α

α

[24+]
z β

β gµν − 4i
[13−]
z (µν)

[24+]
z α

α − 4i
[24+]
z (µν)

[13−]
z α

α +

−2i
[13+]
z α

α

[24−]
z β

β gµν + 4i
[13+]
z (µν)

[24−]
z α

α + 4i
[24−]
z (µν)

[13−]
z α

α +

−2
[+−]
z α
α

[+−]
z β
β gµν + 4

[+−]
z (µν)

[+−]
z α
α + 4

[+−]
z (µν)

[+−]
z α
α (5.13)

The symmetric contribution is
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Θ4S
µν =

1

2

(11)
z αβ

(11)
z αβgµν−

(11)
z αµ

(11)
z α
ν −

(11)
z αν

(11)
z α
µ +

+
1

2

(22)
z αβ

(22)
z αβgµν−

(22)
z αµ

(22)
z α
ν −

(22)
z αν

(22)
z α
µ +

+
(11)
z αβ

(11)
ω αβgµν − 2

(11)
ω αµ

(11)
z α
ν − 2

(11)
z αν

(11)
ω α
µ +

+
(22)
z αβ

(22)
ω αβgµν − 2

(22)
ω αµ

(22)
z α
ν − 2

(22)
z αν

(22)
ω α
µ +

+2
(11)
ω αβ

(11)
ω αβgµν − 4

(11)
ω αµ

(11)
ω α
ν − 4

(11)
ω αν

(11)
ω α
µ +

+2
(22)
ω αβ

(22)
ω αβgµν − 4

(22)
ω αµ

(22)
ω α
ν − 4

(22)
ω αν

(22)
ω α
µ +

+2
(11)
z αβ

(12)
z αβgµν − 4

(11)
z αµ

(12)
z α)

(ν − 4
(11)
z αν

(12)
z α)

(µ +

+2
(22)
z αβ

(12)
z αβgµν − 4

(22)
z αµ

(12)
z α)

(ν − 4
(22)
z αν

(12)
ω α)

(µ +

+4
(11)
ω αβ

(12)
z αβgµν − 8

(11)
ω αµ

(12)
z α)

(ν − 8
(11)
ω αν

(12)
z α)

(µ +

+4
(22)
ω αβ

(12)
z αβgµν − 8

(22)
ω αµ

(12)
z α)

(ν − 8
(22)
ω αν

(12)
z α)

(µ +

+8
(11)
ω αβ

(12)
ω αβgµν − 16

(11)
ω αµ

(12)
ω α)

(ν − 16
(11)
ω αν

(12)
ω α)

(µ +

+8
(22)
ω αβ

(12)
ω αβgµν − 16

(22)
ω αµ

(12)
ω α)

(ν − 8
(22)
ω αν

(12)
ω α)

(µ +

+
(22)
z αβ

(11)
z αβgµν − 2

(11)
z αµ

(11)
z α
ν − 2

(22)
z αν

(11)
z α
µ +

+
(12)
z αβ

(12)
z αβgµν−

(12)
z αµ

(12)
z α

ν−
(12)
z αν

(12)
z α

µ−
(12)
z µα

(12)
z α
ν −

(12)
z να

(12)
z α
µ +

+4
(12)
ω βα

(12)
z αβgµν − 4

(12)
z αµ

(12)
ω α
ν − 4

(12)
z αν

(12)
ω α
µ − 4

(12)
z µα

(12)
ω α

ν − 4
(12)
z να

(12)
ω α

µ +

+8
(12)
ω βα

(12)
ω αβgµν − 8

(12)
ω αµ

(12)
ω α
ν − 8

(12)
ω αν

(12)
ω α
µ − 8

(12)
ω µα

(12)
ω α

ν − 8
(12)
ω να

(12)
ω α

µ +

+
(12)
z βα

(12)
z αβgµν−

(12)
z αµ

(12)
z α
ν −

(12)
z αν

(12)
z α
µ −

(12)
z µα

(12)
z α

ν−
(12)
z να

(12)
z α

µ +

+2
(11)
z αβ

+−3
z αβgµν − 4

(11)
z αµ

+−3
z α)

(ν − 4
(11)
z αν

+−3
z α)

(µ +

+2
(22)
z αβ

+−3
z αβgµν − 4

(22)
z αµ

+−3
z α)

(ν − 4
(22)
z αν

+−3
z α)

(µ +

+2
(13+)
z αβ

(13−)
z αβgµν − 2

(13+)
z αµ

(13−)
z α

ν − 2
(13+)
z αν

(13−)
z α

µ − 2
(13+)
z µα

(13−)
z α

ν − 2
(13+)
z να

(13−)
z α

µ +

+2
(23+)
z αβ

(23−)
z αβgµν − 2

(23+)
z αµ

(23−)
z α

ν − 2
(23+)
z αν

(23−)
z α

µ − 2
(23+)
z µα

(23−)
z α

ν − 2
(23+)
z να

(23−)
z α

µ +

+4
(13+)
z αβ

(23−)
z αβgµν − 4

(13+)
z αµ

(23−)
z α

ν − 4
(13+)
z αν

(23−)
z α

µ − 4
(13+)
z µα

(23−)
z α

ν − 4
(13+)
z να

(23−)
z α

µ +

+2
(12)
z αβ

+−3
z αβgµν − 2

(12)
z αµ

+−3
z α

ν − 2
(12)
z αν

+−3
z α

µ − 2
(12)
z µα

+−3
z α
ν − 2

(12)
z να

+−3
z α
µ +

−2
(12)
z αβ

−+3
z αβgµν + 2

(12)
z αµ

−+3
z α

ν + 2
(12)
z αν

−+3
z α

µ + 2
(12)
z µα

−+3
z α
ν + 2

(12)
z να

−+3
z α
µ +
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+4i
(13+)
z αβ

(24−)
ω αβgµν − 4i

(13+)
z αµ

(24−)
ω α

ν − 4i
(13+)
z αν

(24−)
ω α

µ − 4i
(13+)
z µα

(24−)
ω α

ν +

−4i
(13+)
z να

(24−)
ω α

µ +

−4i
(13−)
z αβ

(24+)
ω αβgµν + 4i

(13−)
z αµ

(24+)
ω α

ν + 4i
(13−)
z αν

(24+)
ω α

µ + 4i
(13−)
z µα

(24+)
ω α

ν +

+4i
(13−)
z να

(24+)
ω α

µ +

+2i
(14−)
ω αβ

(23+)
z βαgµν − 2i

(23+)
z αµ

(14−)
ω α

ν − 2i
(23+)
z αν

(14−)
ω α

µ − 2i
(23+)
z µα

(14−)
ω α

ν +

−2i
(23+)
z να

(14−)
ω α

µ +

+2i
(14+)
ω αβ

(23−)
z βαgµν − 2i

(23−)
z αµ

(14+)
ω α

ν − 2i
(23−)
z αν

(14+)
ω α

µ − 2i
(23−)
z µα

(14+)
ω α

ν +

−2i
(23−)
z να

(14+)
ω α

µ +

+8i
(24−)
ω αβ

(13+)
ω βαgµν − 8i

(13+)
ω αµ

(24−)
ω α

ν − 8i
(13+)
ω αν

(24−)
ω α

µ − 8i
(13+)
ω µα

(24−)
ω α

ν +

−8i
(13+)
ω να

(24−)
ω α

µ +

−8i
(24+)
ω αβ

(13−)
ω βαgµν + 8i

(13−)
ω αµ

(24+)
ω α

ν + 8i
(13−)
ω αν

(24+)
ω α

µ + 8i
(13−)
ω µα

(24+)
ω α

ν +

+8i
(13−)
ω να

(24+)
ω α

µ +

+8i
(23+)
ω αβ

(14−)
ω βαgµν − 8i

(14−)
ω αµ

(23+)
ω α

ν − 8i
(14−)
ω αν

(23+)
ω α

µ − 8i
(14−)
ω µα

(23+)
ω α

ν +

−8i
(14−)
ω να

(23+)
ω α

µ +

−8i
(23−)
ω αβ

(14+)
ω βαgµν + 8i

(14+)
ω αµ

(23−)
ω α

ν + 8i
(14+)
ω αν

(23−)
ω α

µ + 8i
(14+)
ω µα

(23−)
ω α

ν +

+8i
(14+)
ω να

(23−)
ω α

µ +

+i
(24+)
z αβ

(13−)
z βαgµν − i

(13−)
z αµ

(24+)
z α

ν − i
(13−)
z αν

(24+)
z α

µ − i
(13−)
z µα

(24+)
z α

ν +

−i
(13−)
z να

(24+)
z α

µ +

−i
(24−)
z αβ

(13+)
z βαgµν + i

(13+)
z αµ

(24−)
z α

ν + i
(13+)
z αν

(24−)
z α

µ + i
(13+)
z µα

(24−)
z α

ν +

+i
(13+)
z να

(24−)
z α

µ +

+i
(23−)
z αβ

(14+)
z βαgµν − i

(14+)
z αµ

(23−)
z α

ν − i
(14+)
z αν

(23−)
z α

µ − i
(14+)
z µα

(23−)
z α

ν +

−i
(14+)
z να

(23−)
z α

µ +

−i
(23+)
z αβ

(14−)
z βαgµν + i

(14−)
z αµ

(23+)
z α

ν + i
(14−)
z αν

(23+)
z α

µ + i
(14−)
z µα

(23+)
z α

ν +

+i
(14−)
z να

(23+)
z α

µ+
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+2i
(23+)
ω αβ

(14−)
z βαgµν − 2i

(14−)
z αµ

(23+)
ω α

ν − 2i
(14−)
z αν

(23+)
ω α

µ − 2i
(14−)
z µα

(23+)
ω α

ν +

−2i
(14−)
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(23+)
ω α

µ +

−2i
(23−)
ω αβ

(14+)
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z αµ

(23−)
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(14+)
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(23−)
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µ + 2i
(14+)
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(23−)
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ν +
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(14+)
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(23−)
ω α

µ +
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(24−)
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(24−)
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ω α

µ +

−2i
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ω αβ
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z αµ

(13−)
ω α

ν + 2i
(24+)
z αν

(13−)
ω α

µ + 2i
(24+)
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(13−)
ω α
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+2i
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ω α
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+
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z αβ
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+−3
z αµ
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z αν

+−4
z α
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+−3
z µα

+−4
z α
ν −

+−3
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+
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z αβ
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+−3
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z α

ν−
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z αν

(−+)
ω α

µ − 4
(+−)
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+2
(11)
z αβ
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ω αβgµν − 4

(11)
z µν
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ω α
α − 4

(11)
z α
α
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ω µν +

+4
(11)
ω αβ
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ω αβgµν − 8
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ω µν
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ω α
α − 8

(11)
ω α
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(13+)
z αβ

(13−)
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α

(13−)
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(23+)
z αβ

(23−)
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α

(23−)
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(13+)
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(13−)
ω α
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(13+)
z α

α

(13−)
ω µν +

+8
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z αβ

(23−)
ω αβgµν − 16

(23+)
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(23−)
ω α
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(23+)
z α

α

(23−)
ω µν +
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(13+)
ω αβ
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(23−)
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(23−)
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α

(23−)
z µν +

−4
(13−)
z αβ

(23+)
z αβgµν + 8

(13−)
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(23+)
z α
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(13−)
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α

(23+)
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(13+)
z αβ
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(13+)
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(13−)
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α

(13−)
ω µν +

−8
(13+)
z αβ
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(13+)
z µν
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α + 16
(13+)
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α

(13−)
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+16
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(23−)
ω αβgµν − 32

(13+)
ω µν

(23−)
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−2
(+−)
z αβ
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(+−)
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(+−)
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(+−)
z αβ
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ω αβgµν + 4
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α + 4
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ω αβgµν + 16
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(+−)
ω α

α + 16
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ω α

α

(+−)
ω µν +

(5.14)

The above relationships satisfy the expected relationship

Θµν = Θνµ (5.15)

For spliting the spin-1 and spin-0 sectors the energy momentum tensor can also be rewritten in terms of transverse and
longitudinal pieces [22].

6 Vectorial Energy-Momentum Tensor

The physical content for Faraday invisible lines is to rewrite the energy-momentum conservation law (5.1) in its vectorial
expression. It yields the following conservation laws
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∂U

∂t
+ ~∇ · ~S = 0

∂S

∂t
+ ~∇ · T~

~

= 0

(6.1)

Eqs.(6.1) are differentials describing the EM flow through energy density, Poynting Vector and Stress tensor. We should
write down the fields strengths in vectorial form. Defining

F [µν] =


0 Ex Ey Ez

−Ex 0 −Bz By

−Ey Bz 0 −Bx
−Ez −By Bx 0

 , z[µν] =


0 ex ey ez

−ex 0 −bz by

−ey bz 0 −bx
−ez −by bx 0

 ,

Sµν =


S Sx Sy Sz

Sx Sxx
↔

Sz
↔

Sy

Sy
↔

Sz Syy
↔

Sx

Sz
↔

Sy
↔

Sx Szz

 , z(µν) =


s sx sy sz

sx sxx
↔
sz

↔
sy

sy
↔
sz syy

↔
sx

sz
↔
sy

↔
sx szz


we have

F0i ≡ ~EA i, Fij ≡ εijk ~BAk, U0i ≡ ~EU i, Uij ≡ εijk ~BU k, V ±
0i ≡ ~E± i, V ±

ij ≡ εijk ~B± k,

S1
00 ≡ SA, S1

0i ≡ ~SA, S1
ij ≡

↔

SA, S
2
00 ≡ SU , S2

0i ≡ ~SU , S2
ij ≡

↔

SU , S±
00 ≡ S± i,

S±
0i ≡ ~S±, S±

ij ≡
↔

S±, z[0i] ≡ ~ei, z[ij] ≡ εijk~bk, z(00) ≡ s, z(0i) ≡ ~s, z(ij) ≡
↔
s

ω[0i] ≡ ~eω i, ω[ij] ≡ εijk~bω k, ω(00) ≡ sω, ω(0i) ≡ ~sω, ω(ij) ≡
↔
sω (6.2)

7 Energy Density in Vectorial Form

The energy density of the system is

U = UK + UM + UGF + UI (7.1)

Working out (5.2), one gets for LAK

UAK = a1(| ~EA|2 + | ~BA|2) + a2(| ~EU |2 + | ~BU |2) + a3( ~E+ · ~E− + ~B+ · ~B−)

(7.2)

which is positively well defined.
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For LSK :

USK = −3

2
b(11)S

2
A − b11

~SA · ~SA +
1

2

↔

SA ·
↔

SA +

−3

2
b(22)S

2
U − b(22)

~SU · ~SU +
1

2
b(22)

↔

SU ·
↔

SU − 3b(33)S+S− − 2b(33)
~S+ · ~S− + b33

↔

S+ ·
↔

S−

−5

2
c(11)S

2
A − 3c(11)SAS

i
i A −

1

2
c(11)S

i 2
i A −

5

2
c(22)S

2
U − 3c(22)SUS

i
i U −

1

2
c(22)S

i 2
i U +

−3c(33)S+S− − 4c(33)S+S
i
− i − 4c(33)S−S

i
+ i + c(33)S

i
i+S

j
j−

(7.3)

which is not well defined positively. Its positive analysis is shown at Appendix B. Consequently, it yields that eqs.(7.2)
and eq.(7.3) are showing a health ground state. Saying that, the model is stable. Limited by below.

For LM :

UM =
3

4
m2
Uφ

2
U −

1

4
m2
u|~U |2 +

3

2
m2

±φ+φ− −
1

2
m2

±
~V+ · ~V−

(7.4)

For LGF :

UGF = −5

8
ξ(11)S

2
A −

3

4
ξ(11)SAS

i
A i −

1

8
ξ(11)S

2 i
A i −

5

8
ξ(22)S

2
U −

3

4
ξ(22)SUS

i
U i −

1

8
ξ(22)S

i 2
U i +

−3

2
ξ(12)SASU − 2ξ(12)SAS

i
U i − 2ξ(12)SUS

i
A i +

1

2
ξ(12)S

i
A iS

j
U j +

−3

2
ξ(33)S+S− − 2ξ(33)S+S

i
− i − 2ξ(33)S−S

i
+ i +

1

2
ξ(33)S

i
+ iS

j
− j

(7.5)

For L3A
I :

U3A
I = 4 b1

(
~EA · ~e [12] + ~BA ·~b [12]

)
+ 4 b2

(
~EU · ~e [12] + ~BU ·~b [12]

)
+

+4 b1

(
~EA · ~e [+−] + ~BU ·~b [+−]

)
+ 4 b2

(
~EU · ~e [+−] + ~BU ·~b [+−]

)
+

+4β1

(
~EA · ~e (+−) + ~BU ·~b (+−)

)
+ 4β2

(
~EU · ~e (+−) + ~BU ·~b (+−)

)
+

+4 b3

(
~E+ · ~e [−1] + ~B+ ·~b [−1] + ~E+ · ~e [−2] + ~B+ ·~b [−2]

)
+

+4 b3

(
~E− · ~e [+1] + ~B− ·~b [+1] + ~E− · ~e [+2] + ~B− ·~b [+2]

)
(7.6)

For L3S
I :
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U3S
I = −3β1S1s

(11) − 2β1
~S1 · ~s(11) + β1

↔

S1 ·
↔
s

(11)
+

−3β1S1s
(22) − 2β1

~S1 · ~s(22) + β1

↔

S1 ·
↔
s

(22)
+

−3β1S1s
(12) − 2β1

~S1 · ~s(12) + β1

↔

S1 ·
↔
s

(12)
+

−3β1S1s
+−3 − 2β1

~S1 · ~s+−3 + β1

↔

S1 ·
↔
s

+−3
+

−3β2S2s
(11) − 2β2

~S2 · ~s(11) + β2

↔

S2 ·
↔
s

(11)
+

−3β2S2s
(22) − 2β2

~S2 · ~s(22) + β2

↔

S2 ·
↔
s

(22)
+

−3β2S2s
(12) − 2β2

~S2 · ~s(12) + β2

↔

S2 ·
↔
s

(12)
+

−3β2S2s
+−3 − 2β2

~S2 · ~s+−3 + β2

↔

S2 ·
↔
s

+−3
+

−6β3S+s
(−1) − 4β3

~S+ · ~s(−1) + 2β3

↔

S+ ·
↔
s

(−1)
+

−6β3S+s
(−2) − 4β3

~S+ · ~s(−2) + 2β3

↔

S+ ·
↔
s

(−2)
+

−6β3S−s
(+1) − 4β3

~S− · ~s(+1) + 2β3

↔

S− ·
↔
s

(+1)
+

−6β3S−s
(+2) − 4β3

~S− · ~s(+2) + 2β3

↔

S− ·
↔
s

(+2)
+

−3ρ1S1s
(11) − 4ρ1S1s

(11) i
i − 4ρ1s

(11)Si1 i + ρ1S
i
1 is

(11)j
j

−3ρ1S1s
(22) − 4ρ1S1s

(22) i
i − 4ρ1s

(22)Si1 i + ρ1S
i
1 is

(22)j
j

−3ρ1S1s
(12) − 4ρ1S1s

(12) i
i − 4ρ1s

(12)Si1 i + ρ1S
i
1 is

(12)j
j

−3ρ1S1s
+−3 − 4ρ1S1s

+−3 i
i − 4ρ1s

+−3Si1 i + ρ1S
i
1 is

+−3j
j

−3
(
ρ1 + 4β1

)
S1s

(11)
ω − 4

(
ρ1 + 4β1

)
S1s

(11) i
ω i − 4

(
ρ1 + 4β1

)
s(11)
ω Si1 i +

(
ρ1 + 4β1

)
Si1 is

(11)j
ω j

−3
(
ρ1 + 4β1

)
S1s

(22)
ω − 4

(
ρ1 + 4β1

)
S1s

(22) i
ω i − 4

(
ρ1 + 4β1

)
s(22)
ω Si1 i +

(
ρ1 + 4β1

)
Si1 is

(22)j
ω j

−6
(
ρ1 + 4β1

)
S1s

(12)
ω − 8

(
ρ1 + 4β1

)
S1s

(12) i
ω i − 8

(
ρ1 + 4β1

)
s(12)
ω Si1 i + 2

(
ρ1 + 4β1

)
Si1 is

(12)j
ω j

−6
(
ρ1 + 4β1

)
S1s

+−3
ω − 8

(
ρ1 + 4β1

)
S1s

+−3 i
ω i − 8

(
ρ1 + 4β1

)
s+−3
ω Si1 i + 2

(
ρ1 + 4β1

)
Si1 is

+−3j
ω j

−3ρ2S2s
(11) − 4ρ2S2s

(11) i
i − 4ρ2s

(11)Si2 i + ρ2S
i
2 is

(11)j
j

−3ρ2S2s
(22) − 4ρ2S2s

(22) i
i − 4ρ1s

(22)Si1 i + ρ2S
i
2 is

(22)j
j

−3ρ2S2s
(12) − 4ρ2S2s

(12) i
i − 4ρ1s

(12)Si1 i + ρ2S
i
2 is

(12)j
j

−3ρ2S2s
+−3 − 4ρ2S2s

+−3 i
i − 4ρ2s

+−3Si2 i + ρ2S
i
2 is

+−3j
j

−3
(
ρ2 + 4β2

)
S2s

(11)
ω − 4

(
ρ2 + 4β2

)
S1s

(11) i
ω i − 4

(
ρ2 + 4β2

)
s(11)
ω Si2 i +

(
ρ2 + 4β2

)
Si2 is

(11)j
ω j

−3
(
ρ2 + 4β2

)
S2s

(22)
ω − 4

(
ρ2 + 4β2

)
S2s

(22) i
ω i − 4

(
ρ2 + 4β2

)
s(22)
ω Si2 i +

(
ρ2 + 4β2

)
Si2 is

(22)j
ω j

(7.7)
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−6ρ3S+s
(−1) − 8ρ3S+s

(−1) i
i − 8ρ3s

(−1)Si+ i + 2ρ3S
i
+ is

(−1)j
j

−6ρ3S+s
(−2) − 8ρ3S+s

(−2) i
i − 8ρ3s

(−2)Si+ i + 2ρ3S
i
+ is

(−2)j
j

−6
(
ρ3 + 4β3

)
S+s

(−1)
ω − 8

(
ρ3 + 4β3

)
S+s

(−1) i
ω i − 8

(
ρ3 + 4β3

)
s(−1)
ω Si+ i + 2

(
ρ3 + 4β3

)
Si+ is

(−1)j
ω j

−6
(
ρ3 + 4β3

)
S+s

(−2)
ω − 8

(
ρ3 + 4β3

)
S+s

(−2) i
ω i − 8

(
ρ3 + 4β3

)
s(−2)
ω Si+ i + 2

(
ρ3 + 4β3

)
Si+ is

(−2)j
ω j

−6ρ3S−s
(+1) − 8ρ3S−s

(+1) i
i − 8ρ3s

(+1)Si− i + 2ρ3S
i
− is

(+1)j
j +

−6ρ3S−s
(+2) − 8ρ3S−s

(+2) i
i − 8ρ3s

(+2)Si− i + 2ρ3S
i
− is

(+2)j
j +

−6
(
ρ3 + 4β3

)
S−s

(+1)
ω − 8

(
ρ3 + 4β3

)
S−s

(+1) i
ω i − 8

(
ρ3 + 4β3

)
s(+1)
ω Si− i + 2

(
ρ3 + 4β3

)
Si− is

(+1)j
ω j

−6
(
ρ3 + 4β3

)
S−s

(+2)
ω − 8

(
ρ3 + 4β3

)
S−s

(+2) i
ω i − 8

(
ρ3 + 4β3

)
s(+2)
ω Si− i + 2

(
ρ3 + 4β3

)
Si− is

(+2)j
ω j

(7.8)

For L4A
I :

U4A
I = 2

(
|~e [12]|2 + |~b [12]|2

)
+ 2
(
~e [12] · ~e [21] +~b [12] ·~b [21]

)
+

+4
(
~e [13+] · ~e [13−] +~b [13+] ·~b [13−]

)
+ 4
(
~e [23+] · ~e [23−] +~b [23+] ·~b [23−]

)
+

+8
(
~e [13+] · ~e [23−] +~b [13+] ·~b [23−]

)
+ 4
(
~e [12] · ~e [+−] +~b [12] ·~b [+−]

)
−8
(
~e (12) · ~e (12)

ω +~b (12) ·~b (12)
ω

)
− 16

(
|~e (12)
ω |2 + |~b (12)

ω |2
)

+

+4
(
~e (13+) · ~e (13−) +~b (13+) ·~b (13−)

)
+ 4
(
~e (23+) · ~e (23−) +~b (23+) ·~b (23−)

)
+

+8
(
~e (13+) · ~e (23−) +~b (13+) ·~b (23−)

)
− 4i

(
~e (13+) · ~e (24−)

ω +~b (13+) ·~b (24−)
ω

)
+

+4i
(
~e (13−) · ~e (24+)

ω +~b (13−) ·~b (24+)
ω

)
− 4i

(
~e (23+) · ~e (14−)

ω +~b (23+) ·~b (14−)
ω

)
+

+4i
(
~e (23−) · ~e (14+)

ω +~b (23−) ·~b (14+)
ω

)
− 16i

(
~e (13+)
ω · ~e (24−)

ω +~b (13+)
ω ·~b (24−)

ω

)
+

+16i
(
~e (13−)
ω · ~e (24+)

ω +~b (13−)
ω ·~b (24+)

ω

)
− 16i

(
~e (14−)
ω · ~e (23+)

ω +~b (14−)
ω ·~b (23+)

ω

)
+

+16i
(
~e (14+)
ω · ~e (23−)

ω +~b (14+)
ω ·~b (23−)

ω

)
− 2i

(
~e (13−) · ~e (24+) +~b (13−) ·~b (24+)

)
+

+2i
(
~e (13+) · ~e (24−) +~b (13+) ·~b (24−)

)
− 2i

(
~e (14+) · ~e (23−) +~b (14+) ·~b (23−)

)
+

+2i
(
~e (14−) · ~e (23+) +~b (14−) ·~b (23+)

)
− 4i

(
~e (14−) · ~e (23+)

ω +~b (14−) ·~b (23+)
ω

)
+

+4i
(
~e (14+) · ~e (23−)

ω +~b (14+) ·~b (23−)
ω

)
− 4i

(
~e (24−) · ~e (13+)

ω +~b (24−) ·~b (13+)
ω

)
+4i

(
~e (24+) · ~e (13−)

ω +~b (24+) ·~b (13−)
ω

)
− 16

(
~e (+−) · ~e (+−)

ω +~b (+−) ·~b (+−)
ω

)
+

−32
(
~e (+−)
ω · ~e (+−)

ω +~b (+−)
ω ·~b (+−)

ω

)
(7.9)

For L4S
I :
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U4S
I = −3s[12] 2 − 2|~s [12]|2 + |↔s [12]|2 − 3s[12]s[21] − 2~s [12] · ~s [21] +

↔
s

[12] · ↔s [21]
+

−6s[13+]s[13−] − 4~s [13+] · ~s [13−] + 2
↔
s

[13+] · ↔s [13−] − 6s[23+]s[23−] − 4~s [23+] · ~s [23−] + 2
↔
s

[23+] · ↔s [23−]
+

−12s[13+]s[23−] − 8~s [13+] · ~s [23−] + 4
↔
s

[13+] · ↔s [23−] − 6|s[+−]|2 − 4|~s [+−]|2 + 2|↔s [+−]|2 +

−3s(11) 2 − 2|~s (11)|2 + |↔s (11)|2 − 3s(22) 2 − 2|~s (22)|2 + |↔s (22)|2 +

−6s(11)s(11)
ω − 4~s (11) · ~s (11)

ω + 2
↔
s

(11) · ↔s (11)

ω − 6s(11)s(22)
ω − 4~s (22) · ~s (22)

ω + 2
↔
s

(22) · ↔s (22)

ω +

−6s(11) 2
ω − 4|~s (11)

ω |2 + 2|↔s (11)

ω |2 − 6s(22) 2
ω − 4|~s (22)

ω |2 + 2|↔s (22)

ω |2 +

−3s(11)s(12) − 2~s (11) · ~s (12) +
↔
s

(11) · ↔s (12) − 3s(22)s(12) − 2~s (22) · ~s (12) +
↔
s

(22) · ↔s (12)
+

−12s(12)s(11)
ω − 8~s (12) · ~s (11)

ω + 4
↔
s

(12) · ↔s (11)

ω − 12s(12)s(22)
ω − 8~s (12) · ~s (22)

ω + 4
↔
s

(12) · ↔s (22)

ω +

−24s(11)
ω s(12)

ω − 16~s (11)
ω · ~s (12)

ω + 8
↔
s

(11)

ω · ↔s (12)

ω − 24s(22)
ω s(12)

ω − 16~s (22)
ω · ~s (12)

ω + 8
↔
s

(22)

ω · ↔s (12)

ω +

−3s(11)s(22) − 2~s (11) · ~s (22) +
↔
s

(11) · ↔s (22) − 6s(11)s+−3 − 4~s (11) · ~s+−3 + 2
↔
s

(11) · ↔s+−3
+

−6s(22)s+−3 − 4~s (22) · ~s+−3 + 2
↔
s

(22) · ↔s+−3 − 6s(12) 2 − 4|~s (12)|2 + 2|↔s (12)|2 +

−12s(12)s(12)
ω − 8~s (12) · ~s (12)

ω + 4
↔
s

(12) · ↔s (12)

ω − 24s(12) 2
ω − 16|~s (12)

ω |2 + 8|↔s (12)

ω |2 +

−6s(13+)s(13−) − 4~s (13+) · ~s (13−) + 2
↔
s

(13+) · ↔s (13−)
+

−6s(23+)s(23−) − 4~s (23+) · ~s (23−) + 2
↔
s

(23+) · ↔s (23−)
+

−12s(13+)s(23−) − 8~s (13+) · ~s (23−) + 4
↔
s

(13+) · ↔s (23−)
+

−12s(12)s+−3 − 8~s (12) · ~s+−3 + 4
↔
s

(12) · ↔s+−3
+

−6s+−3s+−4 − 4~s+−3 · ~s+−4 + 2
↔
s

+−3 · ↔s+−4
+

−6is(13+)s(24−)
ω − 4i~s (13+) · ~s (24−)

ω + 2i
↔
s

(13+) · ↔s (24−)

ω +

+6is(13−)s(24+)
ω + 4i~s (13−) · ~s (24+)

ω − 2i
↔
s

(13−) · ↔s (24+)

ω +

−6is(23+)s(14−)
ω − 4i~s (23+) · ~s (14−)

ω + 2i
↔
s

(23+) · ↔s (14−)

ω +

+6is(23−)s(14+)
ω + 4i~s (23−) · ~s (14+)

ω − 2i
↔
s

(23−) · ↔s (14+)

ω +

−24is(13+)
ω s(24−)

ω − 16i~s (13+)
ω · ~s (24−)

ω + 8i
↔
s

(13+)

ω · ↔s (24−)

ω +

+24is(13−)
ω s(24+)

ω + 16i~s (13−)
ω · ~s (24+)

ω − 8i
↔
s

(13−)

ω · ↔s (24+)

ω +

−3is(14+)s(23−) − 2i~s (14+) · ~s (23−) + i
↔
s

(14+) · ↔s (23−)
+

−3is(14−)s(23+)
ω − 2i~s (14−) · ~s (23+)

ω + i
↔
s

(14−) · ↔s (23+)
+

+24is(14+)
ω s(23−)

ω + 16i~s (14+)
ω · ~s (23−)

ω − 8i
↔
s

(14+)

ω · ↔s (23−)

ω +

−24is(14−)
ω s(23+)

ω − 16i~s (14−)
ω · ~s (23+)

ω + 8i
↔
s

(14−)

ω · ↔s (23+)

ω +

+3is(13+)s(24−) + 2i~s (13+) · ~s (24−) − i↔s (13+) · ↔s (24−)
+

−3is(13−)s(24+) − 2i~s (13−) · ~s (24+) + i
↔
s

(13−) · ↔s (24+)
+
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+6is(14+)s(23−)
ω + 4i~s (14+) · ~s (23−)

ω − 2i
↔
s

(14+) · ↔s (23−)

ω +

−6is(14−)s(23+)
ω − 4i~s (14−) · ~s (23+)

ω + 2i
↔
s

(14−) · ↔s (23+)

ω +

+6is(24+)s(13−)
ω + 4i~s (24+) · ~s (13−)

ω − 2i
↔
s

(24+) · ↔s (13−)

ω +

−6is(24−)s(13+)
ω − 4i~s (24−) · ~s (13+)

ω + 2i
↔
s

(24−) · ↔s (13+)

ω +

+10s[13+]s[13−] + 6s[13+]s
[13−] i
i + 6s[13−]s

[13+] i
i − 2s

[13+] i
i s

[13−] j
j +

+10s[23+]s[23−] + 6s[23+]s
[23−] i
i + 6s[23−]s

[23+] i
i − 2s

[23+] i
i s

[23−] j
j +

+10s[+−] 2 + 12s[+−]s
[+−] i
i − 2

(
s

[+−] i
i

)2

+

+10s[13+]s[23−] + 6s[13+]s
[23−] i
i + 6s[23−]s

[13+] i
i − 2s

[13+] i
i s

[23−] j
j +

−10s[13−]s[23+] − 6s[13−]s
[23+] i
i − 6s[23+]s

[13−] i
i + 2s

[13−] i
i s

[23+] j
j +

+10s[13+]s[24−] + 6s[13+]s
[24−] i
i + 6s[24−]s

[13+] i
i − 2s

[13+] i
i s

[24−] j
j +

−10s[13−]s[24+] − 6s[13−]s
[24+] i
i − 6s[24+]s

[13−] i
i + 2s

[13−] i
i s

[24+] j
j +

−10s(11)s(22)
ω − 6s(11)s

(22) i
ω i − 6s(22)

ω s
(11) i
i + 2s

(11) i
i s

(22) j
ω j +

−20s(11)
ω s(22)

ω − 12s(11)
ω s

(22) i
ω i − 12s(22)

ω s
(11) i

ω i
+ 4s

(11) i

ω i
s

(22) j
ω j +

−10s(13+)s(13−) − 6s(13+)s
(13−) i
i − 6s(13−)s

(13+) i
i + 2s

(13−) i
i s

(13+) j
j +

−10s(23+)s(23−) − 6s(23+)s
(23−) i
i − 6s(23−)s

(23+) i
i + 2s

(23−) i
i s

(23+) j
j +

−40s(13+)s(13−)
ω − 24s(13+)s

(13−) i
ω i − 24s(13−)

ω s
(13+) i
i + 8s

(13−) i
ω i s

(13+) j
j +

−40s(23+)s(23−)
ω − 24s(23+)s

(23−) i
ω i − 24s(23−)

ω s
(23+) i
i + 8s

(23−) i
ω i s

(23+) j
j +

−80s(13+)
ω s(13−)

ω − 48s(13+)
ω s

(13−) i
ω i − 48s(13−)

ω s
(13+) i
ω i + 16s

(13−) i
ω i s

(13+) j
ω j +

−80s(23+)
ω s(23−)

ω − 48s(23+)
ω s

(23−) i
ω i − 48s(23−)

ω s
(23+) i
ω i + 16s

(23−) i
ω i s

(23+) j
ω j +

−10s(13+)s(23−) − 6s(13+)s
(23−) i
i − 6s(23−)s

(13+) i
i + 2s

(23−) i
i s

(13+) j
j +

+10s(13−)s(23+) + 6s(13−)s
(23+) i
i + 6s(23+)s

(13−) i
i − 2s

(23+) i
i s

(13−) j
j +

−40s(13+)s(23−)
ω − 24s(13+)s

(23−) i
ω i − 24s(23−)

ω s
(13+) i
i + 8s

(23−) i
ω i s

(13+) j
j +

+40s(13−)s(23+)
ω + 24s(13−)s

(23+) i
ω i + 24s(23+)

ω s
(13−) i
i − 8s

(23+) i
ω i s

(13−) j
j +

−80s(13+)
ω s(23−)

ω − 48s(13+)
ω s

(23−) i
ω i − 48s(23−)

ω s
(13+) i
ω i + 16s

(23−) i
ω i s

(13+) j
ω j +

+80s(13−)
ω s(23+)

ω + 48s(13−)
ω s

(23+) i
ω i + 48s(23+)

ω s
(13−) i
ω i − 16s

(23+) i
ω i s

(13−) j
ω j +

+10s(+−)
ω s(+−)

ω + 12s(+−)
ω s

(+−) i
ω i − 2s

(+−) i
ω i s

(+−) j
ω j +

−20s+−3s+−4
ω − 12s+−3s+−4 i

ω i − 12s+−4
ω s+−3 i

i + 4s+−3 i
i s+−4 j

ω j +

−40s+−3
ω s+−4

ω − 24s+−3
ω s+−4 i

ω i − 24s+−4
ω s+−3 i

ω i + 8s+−3 i
ω i s+−4 j

ω j +

−20s(11)s+−3
ω − 12s(11)s+−3 i

ω i − 12s+−3
ω s

(11) i
i + 4s

(11) i
i s+−3 j

ω j +

−20s(22)s+−3
ω − 12s(22)s+−3 i

ω i − 12s+−3
ω s

(22) i
i + 4s

(22) i
i s+−3 j

ω j +

−40s(11)
ω s+−3

ω − 24s(11)
ω s+−3 i

ω i − 24s+−3
ω s

(11) i
ω i + 8s

(11) i
ω i s+−3 j

ω j +

−40s(22)
ω s+−3

ω − 24s(22)
ω s+−3 i

ω i − 24s+−3
ω s

(22) i
ω i + 8s

(22) i
ω i s+−3 j

ω j +

−40s(12)s+−3
ω − 24s(12)s+−3 i

ω i − 24s+−3
ω s

(12) i
i + 8s

(12) i
i s+−3 j

ω j +

−80s(12)
ω s+−3

ω − 48s(12)
ω s+−3 i

ω i − 48s+−3
ω s

(12) i
ω i + 16s

(12) i
ω i s+−3 j

ω j +

(7.10)
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Notice that above equations are showing the energies for particles with spin-1 and spin-0.

8 Poynting Vector in Vectorial Form

The total flux density of the system is

~S = ~SK + ~SM + ~SGF + ~SI (8.1)

For LAK :

~SAK = −2a1
~EA × ~BA − 2a2

~EU × ~BU − 4a3
~E+ × ~B−

, (8.2)

For LSK :

~SSK = −2b(11)SA~SA − 2b(11)
~SA ·

↔

SA − 2b(22)SU ~SU − 2b(22)
~SU ·

↔

SU

−2b(33)S+
~S− − 2b(33)S−~S+ − 2b(11)

~S+ ·
↔

S− − 2b(11)
~S− ·

↔

S+

−2c(11)
~SASA − 2c(11)

~SAS
i
i A − 2c(22)

~SUSU − 2c(22)
~SUS

i
i U +

−2c(33)
~S+S− − 2c(33)

~S−S+ − 2c(33)
~S+S

i
i− − 2c(33)

~S−S
i
i+

(8.3)

For LM :

~SM =
1

2
m2
Uφ~U +

1

2
m2

±φ+
~V− +

1

2
m2

±φ−~V+

(8.4)

For LGF :

~SGF = −1

2
ξ(11)

~SASA −
1

2
ξ(11)

~SAS
i
A i −

1

2
ξ(22)

~SUSU −
1

2
ξ(22)

~SUS
i
U i +

−ξ(12)
~SASU − ξ(12)

~SUSA − ξ(33)
~SAS

i
U i − ξ(33)

~SUS
i
A i

−ξ(33)
~S+S− − ξ(33)

~S−S+ − ξ(33)
~S+S

i
− i − ξ(33)

~S−S
i
+ i

(8.5)

For L3A
I :
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~S3A
I = −4 b1

(
~EA ×~b [12] + ~BA × ~e [12]

)
− 4 b2

(
~EU ×~b [12] + ~BU × ~e [12]

)
+

−4 b1

(
~EA ×~b [+−] + ~BU × ~e [+−]

)
− 4 b2

(
~EU ×~b [+−] + ~BU × ~e [+−]

)
+

−4β1

(
~EA ×~b (+−) + ~BU × ~e (+−)

)
− 4β2

(
~EU ×~b (+−) + ~BU × ~e (+−)

)
+

−4 b3

(
~E+ ×~b [−1] + ~B+ × ~e [−1] + ~E+ ×~b [−2] + ~B+ × ~e [−2]

)
+

−4 b3

(
~E− ×~b [+1] + ~B− × ~e [+1] + ~E− ×~b [+2] + ~B− × ~e [+2]

)
(8.6)

Notice that eq.(8.6) introduces new terms for Poynting vectors beyond that ones derived from constitutive Maxwell
equations [23].
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For L3S
I :

~S3S
I = −2β1S1~s

(11) − 2β1s
(11)~S1 − 2β1

~S1 ·
↔
s

(11) − 2β1~s
(11) ·

↔

S1

−2β1S1~s
(22) − 2β1s

(22)~S1 − 2β1
~S1 ·

↔
s

(22) − 2β1~s
(22) ·

↔

S1

−4β1S1~s
(12) − 4β1s

(12)~S1 − 4β1
~S1 ·

↔
s

(12) − 4β1~s
(12) ·

↔

S1

−4β1S1~s
+−3 − 4β1s

+−3~S1 − 4β1
~S1 ·

↔
s

+−3 − 4β1~s
+−3 ·

↔

S1

−2β2S2~s
(11) − 2β2s

(11)~S2 − 2β2
~S2 ·

↔
s

(11) − 2β2~s
(11) ·

↔

S2

−2β2S2~s
(22) − 2β2s

(22)~S2 − 2β2
~S2 ·

↔
s

(22) − 2β2~s
(22) ·

↔

S2

−4β2S2~s
(12) − 4β2s

(12)~S2 − 4β2
~S2 ·

↔
s

(12) − 4β2~s
(12) ·

↔

S2

−4β2S2~s
+−3 − 4β2s

+−3~S2 − 4β2
~S2 ·

↔
s

+−3 − 4β2~s
+−3 ·

↔

S2

−4β3S+~s
(−1) − 4β3s

(−1)~S+ − 4β3
~S+ ·

↔
s

(−1) − 4β3~s
(−1) ·

↔

S+

−4β3S+~s
(−2) − 4β3s

(−2)~S+ − 4β3
~S+ ·

↔
s

(−2) − 4β3~s
(−2) ·

↔

S+

−4β3S−~s
(+1) − 4β3s

(+1)~S− − 4β3
~S− ·

↔
s

(+1) − 4β3~s
(+1) ·

↔

S−

−4β3S−~s
(+2) − 4β3s

(+2)~S− − 4β3
~S− ·

↔
s

(+2) − 4β3~s
(+2) ·

↔

S−

−2ρ1
~S1s

(11) − 2ρ1S1~s
(11) − 2ρ1

~S1s
(11) i
i − 2ρ1~s

(11)Si1 i

−2ρ1
~S1s

(22) − 2ρ1S1~s
(22) − 2ρ1

~S1s
(22) i
i − 2ρ1~s

(22)Si1 i

−4ρ1
~S1s

(12) − 4ρ1S1~s
(12) − 4ρ1

~S1s
(12) i
i − 4ρ1~s

(12)Si1 i

−4ρ1
~S1s

+−3 − 4ρ1S1~s
+−3 − 4ρ1

~S1s
+−3 i
i − 4ρ1~s

+−3Si1 i

−2
(
ρ1 + 4β1

)
~S1s

(11)
ω − 2

(
ρ1 + 4β1

)
S1~s

(11)
ω − 2

(
ρ1 + 4β1

)
~S1s

(11) i
ω i − 2

(
ρ1 + 4β1

)
~s(11)
ω Si1 i

−2
(
ρ1 + 4β1

)
~S1s

(22)
ω − 2

(
ρ1 + 4β1

)
S1~s

(22)
ω − 2

(
ρ1 + 4β1

)
~S1s

(22) i
ω i − 2

(
ρ1 + 4β1

)
~s(22)
ω Si1 i

−4
(
ρ1 + 4β1

)
~S1s

(12)
ω − 4

(
ρ1 + 4β1

)
S1~s

(12)
ω − 4

(
ρ1 + 4β1

)
~S1s

(12) i
ω i − 4

(
ρ1 + 4β1

)
~s(12)Si1 i

−4
(
ρ1 + 4β1

)
~S1s

+−3
ω − 4

(
ρ1 + 4β1

)
S1~s

+−3
ω − 4

(
ρ1 + 4β1

)
~S1s

+−3 i
i − 4

(
ρ1 + 4β1

)
~s+−3Si1 i

−2ρ2
~S2s

(11) − 2ρ2S2~s
(11) − 2ρ2

~S2s
(11) i
i − 2ρ2~s

(11)Si2 i

−2ρ1
~S2s

(22) − 2ρ2S2~s
(22) − 2ρ2

~S2s
(22) i
i − 2ρ2~s

(22)Si2 i

−4ρ1
~S2s

(12) − 4ρ2S2~s
(12) − 4ρ2

~S2s
(12) i
i − 4ρ2~s

(12)Si2 i

−4ρ1
~S2s

+−3 − 4ρ2S2~s
+−3 − 4ρ2

~S2s
+−3 i
i − 4ρ2~s

+−3Si2 i

−2
(
ρ2 + 4β2

)
~S2s

(11)
ω − 2

(
ρ2 + 4β2

)
S2~s

(11)
ω − 2

(
ρ2 + 4β2

)
~S2s

(11) i
ω i − 2

(
ρ2 + 4β2

)
~s(11)
ω Si1 i

−2
(
ρ2 + 4β2

)
~S2s

(22)
ω − 2

(
ρ2 + 4β2

)
S2~s

(22)
ω − 2

(
ρ2 + 4β2

)
~S2s

(22) i
ω i − 2

(
ρ2 + 4β2

)
~s(22)
ω Si2 i

−4
(
ρ2 + 4β2

)
~S2s

(12)
ω − 4

(
ρ2 + 4β2

)
S2~s

(12)
ω − 4

(
ρ2 + 4β2

)
~S2s

(12) i
ω i − 4

(
ρ2 + 4β2

)
~s(12)Si2 i

−4
(
ρ2 + 4β2

)
~S2s

+−3
ω − 4

(
ρ2 + 4β2

)
S2~s

+−3
ω − 4

(
ρ2 + 4β2

)
~S2s

+−3 i
i − 4

(
ρ2 + 4β2

)
~s+−3Si2 i

(8.7)
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−4ρ3
~S+s

(−1) − 2ρ3S+~s
(−1) − 2ρ3

~S+s
(−1) i
i − 2ρ3~s

(−1)Si+ i

−4ρ3
~S+s

(−2) − 2ρ3S+~s
(−2) − 2ρ3

~S+s
(−2) i
i − 2ρ3~s

(−2)Si+ i

−4
(
ρ3 + 4β3

)
~S+s

(−1)
ω − 2

(
ρ3 + 4β3

)
S+~s

(−1)
ω − 2

(
ρ3 + 4β3

)
~S+s

(−1) i
ω i − 2

(
ρ3 + 4β3

)
~s(−1)
ω Si+ i

−4
(
ρ3 + 4β3

)
~S+s

(−2)
ω − 2

(
ρ3 + 4β3

)
S+~s

(−2)
ω − 2

(
ρ3 + 4β3

)
~S+s

(−2) i
ω i − 2

(
ρ3 + 4β3

)
~s(−2)Si+ i

−4ρ3
~S−s

(+1) − 2ρ3S−~s
(+1) − 2ρ3

~S−s
(+1) i
i − 2ρ3~s

(+1)Si− i

−4ρ3
~S−s

(+2) − 2ρ3S−~s
(+2) − 2ρ3

~S−s
(+2) i
i − 2ρ3~s

(+2)Si− i

−4
(
ρ3 + 4β3

)
~S−s

(+1)
ω − 2

(
ρ3 + 4β3

)
S−~s

(+1)
ω − 2

(
ρ3 + 4β3

)
~S−s

(+1) i
ω i − 2

(
ρ3 + 4β3

)
~s(+1)
ω Si− i

−4
(
ρ3 + 4β3

)
~S−s

(+2)
ω − 2

(
ρ3 + 4β3

)
S−~s

(+2)
ω − 2

(
ρ3 + 4β3

)
~S−s

(+2) i
ω i − 2

(
ρ3 + 4β3

)
~s(+2)Si− i

(8.8)

For L4A
I :

~S4A
I = −2

(
~e [12] ×~b [12]

)
− 2
(
~e [12] ×~b [21] + ~e [21] ×~b [12]

)
+

−4
(
~e [13+] ×~b [13−] + ~e [13−] ×~b [13+]

)
− 4
(
~e [23+] ×~b [23−] + ~e [23−] ×~b [23+]

)
+

−8
(
~e [13+] ×~b [23−] + ~e [23−] ×~b [13+]

)
− 4
(
~e [12] ×~b [+−] + ~e [12] ×~b [+−]

)
+

−16
(
~e (12) ×~b (12)

ω + ~e (12)
ω ×~b (12)

)
− 32

(
~e (12)
ω ×~b (12)

ω

)
+

−8
(
~e (13+) ×~b (13−) + ~e (13−) ×~b (13+)

)
− 8
(
~e (23+) ×~b (23−) + ~e (23−) ×~b (23+)

)
+

−16
(
~e (13+) ×~b (23−) + ~e (23−) ×~b (23+)

)
+ 8i

(
~e (13+) ×~b (24−)

ω + ~e (24−)
ω ×~b (13+)

)
−8i

(
~e (13−) ×~b (24+)

ω + ~e (24+)
ω ×~b (13−)

)
+ 8i

(
~e (23+) ×~b (14−)

ω + ~e (14−)
ω ×~b (23+)

)
+

+8i
(
~e (23−) ×~b (14+)

ω + ~e (14+)
ω ×~b (23−)

)
+ 32i

(
~e (13+)
ω ×~b (24−)

ω + ~e (24−)
ω ×~b (13+)

ω

)
+

−32i
(
~e (13−)
ω ×~b (24+)

ω + ~e (24+)
ω ×~b (13−)

ω

)
+ 32i

(
~e (14−)
ω ×~b (23+)

ω + ~e (23+)
ω ×~b (14−)

ω

)
+

−32i
(
~e (14+)
ω ×~b (23−)

ω + ~e (23−)
ω ×~b (14+)

ω

)
+ 4i

(
~e (13−) ×~b (24+) + ~e (24+) ×~b (13−)

)
+

−4i
(
~e (13+) ×~b (24−) + ~e (24−) ×~b (13+)

)
+ 8i

(
~e (14+) ×~b (23−) + ~e (23−) ×~b (14+)

)
+

−8i
(
~e (14−) ×~b (23+) + ~e (23+) ×~b (14−)

)
+ 8i

(
~e (14−) ×~b (23+)

ω + ~e (23+)
ω ×~b (14−)

)
+

−8i
(
~e (14+) ×~b (23−)

ω + ~e (23−)
ω ×~b (14+)

)
+ 8i

(
~e (24−) ×~b (13+)

ω + ~e (13+)
ω ×~b (24−)

)
+

−8i
(
~e (24+) ×~b (13−)

ω + ~e (13−)
ω ×~b (24+)

)
+ 16

(
~e (+−) ×~b (+−)

ω + ~e (+−)
ω ×~b (+−)

)
(8.9)

For L4S
I :
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~S4S
I = −4s [12]~s [12] − 4~s [12] · ↔s [12] − 8s [+−]~s [+−] − 8~s [+−] · ↔s [+−]

+

−2s [12]~s [21] − 2s [21]~s [12] − 2~s [12] · ↔s [21] − 2~s [21] · ↔s [12]
+

−4s [13+]~s [13−] − 4s [13−]~s [13+] − 4~s [13+] · ↔s [13−] − 4~s [13−] · ↔s [13+]
+

−4s [23+]~s [23−] − 4s [23−]~s [23+] − 4~s [23+] · ↔s [23−] − 4~s [23−] · ↔s [23+]
+

−8s [13+]~s [23−] − 8s [23−]~s [13+] − 8~s [13+] · ↔s [23−] − 8~s [23−] · ↔s [13+]
+

−2s (11)~s (11) − 2~s (11) · ↔s (11) − 2s (22)~s (22) − 2~s (22) · ↔s (22)
+

−2s (11)~s (11)
ω − 2s (11)

ω ~s (11) − 2~s (11) · ↔s (11)

ω − 2~s (11)
ω · ↔s (11)

+

−2s (22)~s (22)
ω − 2s (22)

ω ~s (22) − 2~s (22) · ↔s (22)

ω − 2~s (22)
ω · ↔s (22)

+

−8s (11)
ω ~s (11)

ω − 8~s (11)
ω · ↔s (11)

ω − 8s (22)
ω ~s (22)

ω − 8~s (22)
ω · ↔s (22)

ω +

−4s (11)~s (12) − 4s (12)~s (11) − 4~s (11) · ↔s (12) − 4~s (12) · ↔s (11)
+

−4s (22)~s (12) − 4s (12)~s (22) − 4~s (22) · ↔s (12) − 4~s (12) · ↔s (22)
+

−8s (11)
ω ~s (12) − 8s (12)~s (11)

ω − 8~s (11)
ω · ↔s (12) − 8~s (12) · ↔s (11)

ω +

−8s (22)
ω ~s (12) − 8s (12)~s (22)

ω − 8~s (22)
ω · ↔s (12) − 8~s (12) · ↔s (22)

ω +

−16s (11)
ω ~s (12)

ω − 16s (12)~s (11)
ω − 16~s (11)

ω · ↔s (12)

ω − 16~s (12)
ω · ↔s (11)

ω +

−16s (22)
ω ~s (12)

ω − 16s (12)
ω ~s (22)

ω − 16~s (22)
ω · ↔s (12)

ω − 16~s (12)
ω · ↔s (22)

ω +

−2s (11)~s (22) − 2s (22)~s (11) − 2~s (11) · ↔s (22) − 2~s (22) · ↔s (11)
+

−4s (11)~s+−3 − 4s+−3~s (11) − 2~s (11) · ↔s +−3 − 2~s+−3 · ↔s (11)
+

−4s (22)~s+−3 − 4s+−3~s (22) − 2~s (22) · ↔s +−3 − 2~s+−3 · ↔s (22)
+

−8s (12)~s (12) − 8~s (12) · ↔s (12)
+

−8s (12)~s (12)
ω − 8s (12)

ω ~s (12) − 8~s (12) · ↔s (12)

ω − 8~s (12)
ω · ↔s (12)

+

−16s (12)
ω ~s (12)

ω − 8~s (12)
ω · ↔s (12)

ω +

−4s (13+)~s (13−) − 4s (13−)~s (13+) − 4~s (13+) · ↔s (13−) − 4~s (13−) · ↔s (13+)
+

−4s (23+)~s (23−) − 4s (23−)~s (23+) − 4~s (23+) · ↔s (23−) − 4~s (23−) · ↔s (23+)
+

−8s (13+)~s (23−) − 8s (23−)~s (13+) − 8~s (13+) · ↔s (23−) − 8~s (23−) · ↔s (13+)
+

−8s (12)~s+−3 − 8s+−3~s (12) − 8~s (12) · ↔s +−3 − 8~s+−3 · ↔s (12)
+

−4s+−3~s+−4 − 4s+−4~s+−3 − 4~s+−3 · ↔s +−4 − 4~s+−4 · ↔s +−3
+

−4is (13+)~s (24−)
ω − 4is (24−)

ω ~s (13+) − 4i~s (13+) · ↔s (24−)

ω − 4i~s (13+) · ↔s (24−)

ω +

+4is (13−)~s (24+)
ω + 4is (24+)

ω ~s (13−) + 4i~s (13−) · ↔s (24+)

ω − 4i~s (13−) · ↔s (24+)

ω +

−4is (23+)~s (14−)
ω − 4is (14−)

ω ~s (23+) − 4i~s (23+) · ↔s (14−)

ω − 4i~s (23+) · ↔s (14−)

ω +

+4is (23−)~s (14+)
ω + 4is (14+)

ω ~s (23−) + 4i~s (23−) · ↔s (14+)

ω − 4i~s (23−) · ↔s (14+)

ω +

70



Journal of Advances in Physics Vol 19 (2021) ISSN: 2347-3487 https://rajpub.com/index.php/jap

−16is (13+)
ω ~s (24−)

ω − 16is (24−)
ω ~s (13+)

ω − 16i~s (13+)
ω · ↔s (24−)

ω − 16i~s (13+)
ω · ↔s (24−)

ω +

+16is (13−)
ω ~s (24+)

ω + 16is (24+)
ω ~s (13−)

ω + 16i~s (13−)
ω · ↔s (24+)

ω − 16i~s (13−)
ω · ↔s (24+)

ω +

−2is (14+)~s (23−) − 2is (23−)~s (14+) − 2i~s (14+) · ↔s (23−) − 2i~s (23−) · ↔s (14+)

ω +

+2is (23+)~s (14−) + 2is (14−)~s (23+) + 2i~s (23+) · ↔s (14−) − 2i~s (14−) · ↔s (23+)

ω +

−16is (14−)
ω ~s (23+)

ω − 16is (23+)
ω ~s (14−)

ω − 16i~s (14−)
ω · ↔s (23+)

ω − 16i~s (23+)
ω · ↔s (14−)

ω +

+16is (14+)
ω ~s (23−)

ω + 16is (23−)
ω ~s (14+)

ω + 16i~s (14+)
ω · ↔s (23−)

ω − 16i~s (23−)
ω · ↔s (14+)

ω +

−2is (13−)~s (24+) − 2is (24+)~s (13−) − 2i~s (13−) · ↔s (24+) − 2i~s (24+) · ↔s (13−)

ω +

+2is (13+)~s (24−) + 2is (24−)~s (13+) + 2i~s (13+) · ↔s (24−) − 2i~s (24−) · ↔s (13+)

ω +

−4is (14−)~s (23+)
ω − 4is (23+)

ω ~s (14−) − 4i~s (14−) · ↔s (23+)

ω − 4i~s (14−) · ↔s (23+)

ω +

+4is (14+)~s (23−)
ω + 4is (23−)

ω ~s (14+) + 4i~s (14+) · ↔s (23−)

ω − 4i~s (23−)
ω · ↔s (14+)

+

−4is (24−)~s (13+)
ω − 4is (13+)

ω ~s (24−) − 4i~s (24−) · ↔s (13+)

ω − 4i~s (24−) · ↔s (13+)

ω +

+4is (24+)~s (13−)
ω + 4is (13−)

ω ~s (24+) + 4i~s (24+) · ↔s (13−)

ω − 4i~s (13−)
ω · ↔s (24+)

+

+4~s [13+]s [13−] + 4~s [13−]s [13+] + 4~s [13+]s
[13−] i
i + 4~s [13−]s

[13+] i
i +

+4~s [23+]s [23−] + 4~s [23−]s [23+] + 4~s [23+]s
[23−] i
i + 4~s [23−]s

[23+] i
i +

+4~s [13+]s [13−] + 4~s [13−]s [13+] + 4~s [13+]s
[13−] i
i + 4~s [13−]s

[13+] i
i +

+8~s [+−]s [+−] + 8~s [+−]s
[+−] i
i +

+4~s [13+]s [23−] + 4~s [23−]s [13+] + 4~s [13+]s
[23−] i
i + 4~s [23−]s

[13+] i
i +

−4~s [13−]s [23+] − 4~s [23+]s [13−] + 4~s [13−]s
[23+] i
i + 4~s [23+]s

[13−] i
i +

−4i~s [13−]s [24+] − 4i~s [24+]s [13−] − 4i~s [13−]s
[24+] i
i − 4i~s [24+]s

[13−] i
i +

+4i~s [13+]s [24−] + 4i~s [24−]s [13+] + 4i~s [13+]s
[24−] i
i + 4i~s [24−]s

[13+] i
i +

−4~s (11)s (22)
ω − 4~s (22)

ω s (11) − 4~s (11)s
(22) i
ω i − 4~s (22)

ω s
(11) i
i +

−8~s (11)
ω s (22)

ω − 8~s (22)
ω s (11)

ω − 8~s (11)
ω s

(22) i
ω i − 8~s (22)

ω s
(11) i
ω i +

−4~s (13+)s (13−) − 4~s (13−)s (13+) − 4~s (13+)s
(13−) i
i − 4~s (13−)s

(13+) i
i +

−4~s (23+)s (23−) − 4~s (23−)s (23+) − 4~s (23+)s
(23−) i
i − 4~s (23−)s

(23+) i
i +

−16~s (13+)s (13−)
ω − 16~s (13−)

ω s (13+) − 16~s (13+)s
(13−) i
ω i − 16~s (13−)

ω s
(13+) i
i +

−16~s (23+)s (23−)
ω − 16~s (23−)

ω s (23+) − 16~s (23+)s
(23−) i
ω i − 16~s (23−)

ω s
(23+) i
i +

−32~s (13+)
ω s (13−)

ω − 32~s (13−)
ω s (13+)

ω − 32~s (13+)
ω s

(13−) i
ω i − 32~s (13−)

ω s
(13+) i
ω i +

−32~s (23+)
ω s (23−)

ω − 32~s (23−)
ω s (23+)

ω − 32~s (23+)
ω s

(23−) i
ω i − 32~s (23−)

ω s
(23+) i
ω i +

−4~s (13+)s (23−) − 4~s (23−)s (13+) − 4~s (13+)s
(23−) i
i − 4~s (23−)s

(13+) i
i +

+4~s (13−)s (23+) + 4~s (23+)s (13−) + 4~s (13−)s
(23+) i
i + 4~s (23+)s

(13−) i
i +
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−16~s (13+)s (13−)
ω − 16~s (13−)

ω s (13+) − 16~s (13+)s
(13−) i
ω i − 16~s (13−)

ω s
(13+) i
i +

+16~s (13−)s (13+)
ω + 16~s (13+)

ω s (13−) + 16~s (13−)s
(13+) i
ω i + 16~s (13+)

ω s
(13−) i
i +

−32~s (13+)
ω s (13−)

ω − 32~s (13−)
ω s (13+)

ω − 32~s (13+)
ω s

(13−) i
ω i − 32~s (13−)

ω s
(13+) i
ω i +

+32~s (13−)
ω s (13+)

ω + 32~s (13+)
ω s (13−)

ω + 32~s (13−)
ω s

(13+) i
ω i + 32~s (13+)

ω s
(13−) i
ω i +

+8~s (+−)s (+−) + 8~s (+−)s
(+−) i
i +

−8~s+−3s+−4
ω − 8~s+−4

ω s+−3 − 8~s+−3s+−4 i
ω i − 8~s+−4

ω s+−3 i
i +

−16~s+−3
ω s+−4

ω − 16~s+−4
ω s+−3

ω − 16~s+−3
ω s+−4 i

ω i − 16~s+−4
ω s+−3 i

ω i +

−8~s (11)s+−3
ω − 8~s+−3

ω s (11) − 8~s (11)s+−3 i
ω i − 8~s+−3

ω s
(11) i
i +

−8~s (22)s+−3
ω − 8~s+−3

ω s (22) − 8~s (22s+−3 i
ω i − 8~s+−3

ω s
(22) i
i +

−16~s (11)
ω s+−3

ω − 16~s+−3
ω s (11)

ω − 16~s (11)
ω s+−3 i

ω i − 16~s+−3
ω s

(11) i
ω i +

−16~s (22)
ω s+−3

ω − 16~s+−3
ω s (22)

ω − 16~s (22)
ω s+−3 i

ω i − 16~s+−3
ω s

(22) i
ω i +

−16~s (12)s+−3
ω − 16~s+−3

ω s (12) − 16~s (12)s+−3 i
ω i − 16~s+−3

ω s
(12) i
i +

−32~s (12)
ω s+−3

ω − 32~s+−3
ω s (12)

ω − 8~s (12)
ω s+−3 i

ω i − 8~s+−3
ω s

(12) i
ω i

(8.10)

The above expressions are extending the Poynting vector physics. Showing on the presence of an EM flux propagation
larger than Maxwell supposes. Enlarging the literature [23].

9 Stress Tensor in Vectorial Form

The global stress tensor of the system is

T ij = T ijK + T ijM + ~T ijGF + T ijI (9.1)

For LAK :

TAKij = a1

(
| ~EA|2 + | ~BA|2

)
δij − 2a1

(
~EA i ~EAj + ~BA i ~BAj

)
+

+a2

(
| ~EU |2 + | ~BU |2

)
δij − 2a2

(
~EU i ~EU j + ~BU i ~BU j

)
+2a3

(
~E+

~E− + ~B+
~B−

)
δij − 4a1

(
~E+ i

~E− j + ~B+ i
~B− j

)
(9.2)

For LSK :
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TSKij = −1

2
b(11)

(
S2
A + |~SA|2 +

↔

SA ·
↔

SA

)
δij − 2b(11)

~SA i~SAj − 2b(11)SA ikS
k
A j

−1

2
b(22)

(
S2
U + |~SU |2 +

↔

SU ·
↔

SU

)
δij − 2b(22)

~SU i~SU j − 2b(11)SU ikS
k
U j +

−b(33)

(
S+S− + ~S+ · ~S− +

↔

S+ ·
↔

S−

)
δij +

−2b(33)
~S+ i

~S− j − 2b(33)
~S− i

~S+ j + 2b(33)S+ ikS− kj + 2b(33)S− ikS+ kj +

+
c(11)

2

(
SA + SkkA

)2

δij − 2c(11)SA ij

(
SA + SkkA

)
+

+
c(22)

2

(
SU + Skk U

)2

δij − 2c(22)SU ij

(
SU + Skk U

)
+

+c(33)

(
S+ + Skk+

)(
S− + Sll−

)
δij − 2c(33)S+ ij

(
S− + Skk−

)
− 2c(33)S− ij

(
S+ + Skk+

)
(9.3)

For LM :

TMij =
1

4
m2
U

(
φ2
U − |~U |2

)
δij +

1

2
m2
U
~Ui~Uj +

+
1

2
m2

±

(
φ+φ− − ~V+ · ~V−

)
δij +

1

2
m2

±

(
~Vi~Vj + ~Vi~Vj

)
(9.4)

For LGF :

TAGFij =
ξ(11)

8

(
SA + SkAk

)2

δij −
1

2
ξ(11)SA ij

(
SA + SkAk

)
+

+
ξ(22)

8

(
SU + SkU k

)2

δij −
1

2
ξ(22)SU ij

(
SU + SkU k

)
+

+
ξ(12)

4

(
SA + SkAk

)
(SU + SlU l

)
δij − ξ(12)SA ij

(
SU + SkU k

)
− ξ(12)SU ij

(
SA + SkAk

)
+

+
ξ(33)

4

(
S+ + Sk+ k

)
(S− + Sl− l

)
δij − ξ(33)S+ ij

(
S− + Sk− k

)
− ξ(33)S− ij

(
S+ + Sk+ k

)
(9.5)

For L3A
I :
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T 3A
I ij = 4b1

(
~EA · ~e [12] + ~BA ·~b [12]

)
δij − 8b1

(
~EA i~e

[12]
j + ~e

[12]
i

~EAj + ~BA i~b
[12]
j +~b

[12]
i

~BAj

)
+4b2

(
~EU · ~e [12] + ~BU ·~b [12]

)
δij − 8b2

(
~EU i~e

[12]
j + ~e

[12]
i

~EU j + ~BU i~b
[12]
j +~b

[12]
i

~BU j

)
+

+4b1

(
~EA · ~e [+−] + ~BA ·~b [+−]

)
δij − 8b1

(
~EA i~e

[+−]
j + ~e

[+−]
i

~EAj + ~BA i~b
[+−]
j +~b

[+−]
i

~BAj

)
+

+4b2

(
~EU · ~e [+−] + ~BU ·~b [+−]

)
δij − 8b2

(
~EU i~e

[+−]
j + ~e

[+−]
i

~EU j + ~BU i~b
[+−]
j +~b

[+−]
i

~BU j

)
+

+4β1

(
~EA · ~e (+−) + ~BA ·~b (+−)

)
δij − 8β1

(
~EA i~e

(+−)
j + ~e

(+−)
i

~EAj + ~BA i~b
(+−)
j +~b

(+−)
i

~BAj

)
+

+4β2

(
~EU · ~e (+−) + ~BU ·~b (+−)

)
δij − 8β2

(
~EU i~e

(+−)
j + ~e

(+−)
i

~EU j + ~BU i~b
(+−)
j +~b

(+−)
i

~BU j

)
+

+4b3

(
~E+ · ~e [−1] + ~B+ ·~b [−1]

)
δij − 8b3

(
~E+ i~e

[−1]
j + ~e

[−1]
i

~E+ j + ~B+ i
~b

[−1]
j +~b

[−1]
i

~B+ j

)
+

+4b3

(
~E+ · ~e [−2] + ~B+ ·~b [−2]

)
δij − 8b3

(
~E+ i~e

[−2]
j + ~e

[−2]
i

~E+ j + ~B+ i
~b

[−2]
j +~b

[−2]
i

~B+ j

)
+

+4b3

(
~E− · ~e [+1] + ~B− ·~b [+1]

)
δij − 8b3

(
~E− i~e

[+1]
j + ~e

[+1]
i

~E− j + ~B− i
~b

[+1]
j +~b

[+1]
i

~B− j

)
+

+4b3

(
~E− · ~e [+2] + ~B− ·~b [+2]

)
δij − 8b3

(
~E− i~e

[+2]
j + ~e

[+2]
i

~E− j + ~B− i
~b

[+2]
j +~b

[+2]
i

~B− j

)
(9.6)

For L3S
I :
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T 3S
I ij = −2β1

~S1 i~s
(11)
j − 2β1~s

(11)
i

~S1 j + 2β1S1 iks
(11)
kj + 2β1s

(11)
ik S1 kj +

−2β1
~S1 i~s

(22)
j − 2β1~s

(22)
i

~S1 j + 2β1S1 iks
(22)
kj + 2β1s

(22)
ik S1 kj +

−4β1
~S1 i~s

(12)
j − 4β1~s

(12)
i

~S1 j + 4β1S1 iks
(12)
kj + 4β1s

(12)
ik S1 kj +

−4β1
~S1 i~s

+−3
j − 4β1~s

+−3
i

~S1 j + 4β1S1 iks
+−3
kj + 4β1s

+−3
ik S1 kj +

−2β2
~S2 i~s

(11)
j − 2β2~s

(11)
i

~S2 j + 2β2S2 iks
(11)
kj + 2β2s

(11)
ik S2 kj +

−2β2
~S2 i~s

(22)
j − 2β2~s

(22)
i

~S2 j + 2β2S2 iks
(22)
kj + 2β2s

(22)
ik S2 kj +

−4β2
~S2 i~s

(12)
j − 4β2~s

(12)
i

~S2 j + 4β2S2 iks
(12)
kj + 4β2s

(12)
ik S2 kj +

−4β2
~S2 i~s

+−3
j − 4β2~s

+−3
i

~S2 j + 4β2S2 iks
+−3
kj + 4β2s

+−3
ik S2 kj +

−4β3
~S+ i~s

(−1)
j − 4β3~s

(−1)
i

~S+ j + 4β2S+ iks
(−1)
kj + 4β3s

(−1)
ik S+ kj +

−4β2
~S+ i~s

(−2)
j − 4β3~s

(−2)
i

~S+ j + 4β2S+ iks
(−2)
kj + 4β3s

(−2)
ik S+ kj +

−4β3
~S− i~s

(+1)
j − 4β3~s

(+1)
i

~S− j + 4β2S− iks
(+1)
kj + 4β3s

(+1)
ik S− kj +

−4β2
~S− i~s

(+2)
j − 4β3~s

(+2)
i

~S− j + 4β2S− iks
(+2)
kj + 4β3s

(+2)
ik S− kj +

+ρ1

(
S1 + Sk1 k

)(
s(11) + s

(11) l
l

)
δij − 2ρ1S1 ij

(
s(11) + s

(11) k
k

)
− 2ρ1s

(11)
ij

(
S1 + Sk1 k

)
+ρ1

(
S1 + Sk1 k

)(
s(22) + s

(22) l
l

)
δij − 2ρ1S1 ij

(
s(22) + s

(22) k
k

)
− 2ρ1s

(22)
ij

(
S1 + Sk1 k

)
+2ρ1

(
S1 + Sk1 k

)(
s(12) + s

(12) l
l

)
δij − 4ρ1S1 ij

(
s(12) + s

(12) k
k

)
− 4ρ1s

(12)
ij

(
S1 + Sk1 k

)
+2ρ1

(
S1 + Sk1 k

)(
s+−3 + s+−3 l

l

)
δij − 4ρ1S1 ij

(
s+−3 + s+−3 k

k

)
− 4ρ1s

+−3
ij

(
S1 + Sk1 k

)
+
(
ρ1 + 4β1

)(
S1 + Sk1 k

)(
s(11)
ω + s

(11) l
ω l

)
δij +

−2
(
ρ1 + 4β1

)
S1 ij

(
s(11)
ω + s

(11) k
ω k

)
− 2
(
ρ1 + 4β1

)
s

(11)
ω ij

(
S1 + Sk1 k

)
+
(
ρ1 + 4β1

)(
S1 + Sk1 k

)(
s(22)
ω + s

(22) l
ω l

)
δij +

−2
(
ρ1 + 4β1

)
S1 ij

(
s(22)
ω + s

(22) k
ω k

)
− 2
(
ρ1 + 4β1

)
s

(22)
ω ij

(
S1 + Sk1 k

)
+2
(
ρ1 + 4β1

)(
S1 + Sk1 k

)(
s(12)
ω + s

(12) l
ω l

)
δij +

−4
(
ρ1 + 4β1

)
S1 ij

(
s(12)
ω + s

(12) k
ω k

)
− 4
(
ρ1 + 4β1

)
s

(12)
ω ij

(
S1 + Sk1 k

)
+2
(
ρ1 + 4β1

)(
S1 + Sk1 k

)(
s+−3
ω + s+−3 l

ω l

)
δij +

−4
(
ρ1 + 4β1

)
S1 ij

(
s+−3
ω + s+−3 k

ω k

)
− 4
(
ρ1 + 4β1

)
s+−3
ω ij

(
S1 + Sk1 k

)
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+ρ2

(
S2 + Sk2 k

)(
s(11) + s

(11) l
l

)
δij − 2ρ2S2 ij

(
s(11) + s

(11) k
k

)
− 2ρ2s

(11)
ij

(
S2 + Sk2 k

)
+ρ2

(
S2 + Sk2 k

)(
s(22) + s

(22) l
l

)
δij − 2ρ2S2 ij

(
s(22) + s

(22) k
k

)
− 2ρ2s

(22)
ij

(
S2 + Sk2 k

)
+2ρ2

(
S2 + Sk2 k

)(
s(12) + s

(12) l
l

)
δij − 4ρ2S2 ij

(
s(12) + s

(12) k
k

)
− 4ρ2s

(12)
ij

(
S2 + Sk2 k

)
+2ρ2

(
S2 + Sk2 k

)(
s+−3 + s+−3 l

l

)
δij − 4ρ2S2 ij

(
s+−3 + s+−3 k

k

)
− 4ρ2s

+−3
ij

(
S2 + Sk2 k

)
+
(
ρ2 + 4β2

)(
S2 + Sk2 k

)(
s(11)
ω + s

(11) l
ω l

)
δij +

−2
(
ρ2 + 4β2

)
S2 ij

(
s(11)
ω + s

(11) k
ω k

)
− 2
(
ρ2 + 4β2

)
s

(11)
ω ij

(
S2 + Sk2 k

)
+
(
ρ2 + 4β2

)(
S2 + Sk2 k

)(
s(22)
ω + s

(22) l
ω l

)
δij +

−2
(
ρ2 + 4β2

)
S2 ij

(
s(22)
ω + s

(22) k
ω k

)
− 2
(
ρ2 + 4β2

)
s

(22)
ω ij

(
S2 + Sk2 k

)
+2
(
ρ2 + 4β2

)(
S2 + Sk2 k

)(
s(12)
ω + s

(12) l
ω l

)
δij +

−4
(
ρ2 + 4β2

)
S2 ij

(
s(12)
ω + s

(12) k
ω k

)
− 4
(
ρ2 + 4β2

)
s

(12)
ω ij

(
S2 + Sk2 k

)
+2
(
ρ2 + 4β2

)(
S2 + Sk2 k

)(
s+−3
ω + s+−3 l

ω l

)
δij +

−4
(
ρ2 + 4β2

)
S2 ij

(
s+−3
ω + s+−3 k

ω k

)
− 4
(
ρ2 + 4β2

)
s+−3
ω ij

(
S2 + Sk2 k

)
+ρ3

(
S+ + Sk+ k

)(
s(−1) + s

(−1) l
l

)
δij − 2ρ3S+ ij

(
s(−1) + s

(−1) k
k

)
− 2ρ3s

(−1)
ij

(
S+ + Sk+ k

)
+ρ3

(
S+ + Sk+ k

)(
s(−2) + s

(−2) l
l

)
δij − 2ρ3S+ ij

(
s(−2) + s

(−1) k
k

)
− 2ρ3s

(−2)
ij

(
S+ + Sk+ k

)
+ρ3

(
S− + Sk− k

)(
s(+1) + s

(+1) l
l

)
δij − 2ρ3S− ij

(
s(+1) + s

(+1) k
k

)
− 2ρ3s

(+1)
ij

(
S− + Sk− k

)
+ρ3

(
S− + Sk− k

)(
s(−2) + s

(+2) l
l

)
δij − 2ρ3S− ij

(
s(+2) + s

(+1) k
k

)
− 2ρ3s

(+2)
ij

(
S− + Sk− k

)
+
(
ρ3 + 4β3

)(
S+ + Sk+ k

)(
s(−1)
ω + s

(−1) l
ω l

)
δij +

−2
(
ρ3 + 4β3

)
S+ ij

(
s(−1)
ω + s

(−1) k
ω k

)
− 2
(
ρ3 + 4β3

)
s

(−1)
ω ij

(
S+ + Sk+ k

)
+
(
ρ3 + 4β3

)(
S+ + Sk+ k

)(
s(−2)
ω + s

(−2) l
ω l

)
δij +

−2
(
ρ3 + 4β3

)
S+ ij

(
s(−2)
ω + s

(−1) k
ω k

)
− 2
(
ρ3 + 4β3

)
s

(−2)
ω ij

(
S+ + Sk+ k

)
+
(
ρ3 + 4β3

)(
S− + Sk− k

)(
s(+1)
ω + s

(+1) l
ω l

)
δij +

−2
(
ρ3 + 4β3

)
S− ij

(
s(+1)
ω + s

(+1) k
ω k

)
− 2
(
ρ3 + 4β3

)
s

(+1)
ω ij

(
S− + Sk− k

)
+
(
ρ3 + 4β3

)(
S− + Sk− k

)(
s(+2)
ω + s

(+2) l
ω l

)
δij

−2
(
ρ3 + 4β3

)
S− ij

(
s(+2) + s

(+1) k
ω k

)
− 2
(
ρ3 + 4β3

)
s

(+2)
ω ij

(
S− + Sk− k

)
(9.7)
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For L4A
I :

T 4A
I ij = 2

(
|~e [12]|2 + |~b [12]|2

)
δij − 4

(
~e

[12]
i ~e

[12]
j +~b

[12]
i

~b
[12]
j

)
+

+2
(
~e [12] · ~e [21] +~b [12] ·~b [21]

)
δij − 4

(
~e

[12]
i ~e

[21]
j + ~e

[21]
i ~e

[12]
j +~b

[12]
i

~b
[21]
j +~b

[21]
i

~b
[12]
j

)
+

+4
(
~e [13+] · ~e [13−] +~b [13+] ·~b [13−]

)
δij − 8

(
~e

[13+]
i ~e

[13−]
j + ~e

[13−]
i ~e

[13+]
j +~b

[13+]
i

~b
[13−]
j +~b

[13−]
i

~b
[13+]
j

)
+

+4
(
~e [23+] · ~e [23−] +~b [23+] ·~b [23−]

)
δij − 8

(
~e

[23+]
i ~e

[23−]
j + ~e

[23−]
i ~e

[23+]
j +~b

[23+]
i

~b
[23−]
j +~b

[23−]
i

~b
[23+]
j

)
+

+8
(
~e [13+] · ~e [23−] +~b [23−] ·~b [13+]

)
δij − 16

(
~e

[13+]
i ~e

[23−]
j + ~e

[23−]
i ~e

[13+]
j +~b

[13+]
i

~b
[23−]
j +~b

[23−]
i

~b
[13+]
j

)
+

+4
(
~e [12] · ~e [+−] +~b [12] ·~b [+−]

)
δij − 8

(
~e

[12]
i ~e

[+−]
j + ~e

[+−]
i ~e

[12]
j +~b

[12]
i

~b
[+−]
j +~b

[+−]
i

~b
[12]
j

)
−4
(
~e (12) · ~e (12)

ω +~b (12) ·~b (12)
ω

)
δij + 16

(
~e

(12)
i ~e

(12)
ω j + ~e

(12)
ω i ~e

(12)
j +~b

(12)
i

~b
(12)
ω j +~b

(12)
ω i

~b
(12)
j

)
+

−8
(
|~e (12)
ω |2 + |~b [12]

ω |2
)
δij + 16

(
~e

(12)
ω i ~e

(12)
ω j +~b

(12)
ω i

~b
(12)
ω j

)
+

+2
(
~e (13+) · ~e (13−) +~b (13+) ·~b (13−)

)
δij − 8

(
~e

(13+)
i ~e

(13−)
j + ~e

(13−)
i ~e

(13+)
j +

+~b
(13+)
i

~b
(13−)
j +~b

(13−)
i

~b
(13−)
j

)
+

+2
(
~e (13+) · ~e (13−) +~b (13+) ·~b (13−)

)
δij − 8

(
~e

(13+)
i ~e

(13−)
j + ~e

(13−)
i ~e

(13+)
j +

+~b
(13+)
i

~b
(13−)
j +~b

(13−)
i

~b
(13+)
j

)
+

+2
(
~e (23+) · ~e (23−) +~b (23+) ·~b (23−)

)
δij − 8

(
~e

(23+)
i ~e

(23−)
j + ~e

(23−)
i ~e

(23+)
j +

+~b
(23+)
i

~b
(23−)
j +~b

(23−)
i

~b
(23+)
j

)
+

+4
(
~e (13+) · ~e (23−) +~b (13+) ·~b (23−)

)
δij − 16

(
~e

(13+)
i ~e

(23−)
j + ~e

(23−)
i ~e

(13+)
j +

+~b
(13+)
i

~b
(23−)
j +~b

(23−)
i

~b
(13+)
j

)
+

−2i
(
~e (13+) · ~e (24−)

ω +~b (13+) ·~b (24−)
ω

)
δij + 8i

(
~e

(13+)
i ~e

(24−)
ω j + ~e

(24−)
ω i ~e

(13+)
j +

+~b
(13+)
i

~b
(24−)
ω j +~b

(24−)
ω i

~b
(13+)
j

)
+

+2i
(
~e (13−) · ~e (24+)

ω +~b (13−) ·~b (24+)
ω

)
δij − 8i

(
~e

(13−)
i ~e

(24+)
ω j + ~e

(24+)
ω i ~e

(13−)
j +

+~b
(13−)
i

~b
(24+)
ω j +~b

(24+)
ω i

~b
(13−)
j

)
+

−2i
(
~e (23+) · ~e (14−)

ω +~b (23+) ·~b (14−)
ω

)
δij + 8i

(
~e

(23+)
i ~e

(14−)
ω j + ~e

(14−)
ω i ~e

(23+)
j +

+~b
(23+)
i

~b
(14−)
ω j +~b

(14−)
ω i

~b
(23+)
j

)
+

+2i
(
~e (23−) · ~e (14+)

ω +~b (23−) ·~b (14+)
ω

)
δij − 8i

(
~e

(23−)
i ~e

(14+)
ω j + ~e

(14+)
ω i ~e

(23−)
j +

+~b
(23−)
i

~b
(14+)
ω j +~b

(14+)
ω i

~b
(23−)
j

)
+

−8i
(
~e (13+)
ω · ~e (24−)

ω +~b (13+)
ω ·~b (24−)

ω

)
δij + 32i

(
~e

(13+)
ω i ~e

(24−)
ω j + ~e

(24−)
ω i ~e

(13+)
ω j +

+~b
(13+)
ω i

~b
(24−)
ω j +~b

(24−)
ω i

~b
(13+)
ω j

)
+

+8i
(
~e (13−)
ω · ~e (24+)

ω +~b (13−)
ω ·~b (24+)

ω

)
δij − 32i

(
~e

(13−)
ω i ~e

(24+)
ω j + ~e

(24+)
ω i ~e

(13−)
ω j +

+~b
(13−)
ω i

~b
(24+)
ω j +~b

(24+)
ω i

~b
(13−)
ω j

)
+
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−8i
(
~e (14−)
ω · ~e (23+)

ω +~b (14−)
ω ·~b (23+)

ω

)
δij + 32i

(
~e

(14−)
ω i ~e

(23+)
ω j + ~e

(23+)
ω i ~e

(14−)
ω j +

+~b
(14−)
ω i

~b
(23+)
ω j +~b

(23+)
ω i

~b
(14−)
ω j

)
+

+8i
(
~e (14+)
ω · ~e (23−)

ω +~b (14+)
ω ·~b (23−)

ω

)
δij − 32i

(
~e

(14+)
ω i ~e

(23−)
ω j + ~e

(23−)
ω i ~e

(14+)
ω j +

+~b
(14+)
ω i

~b
(23−)
ω j +~b

(23−)
ω i

~b
(14+)
ω j

)
+

−i
(
~e (13−) · ~e (24+) +~b (13−) ·~b (24+)

)
δij + 4i

(
~e

(13−)
i ~e

(24+)
j + ~e

(24+)
i ~e

(13−)
j +

+~b
(13−)
i

~b
(24+)
j +~b

(24+)
i

~b
(13−)
j

)
+

+i
(
~e (13+) · ~e (24−) +~b (13+) ·~b (24−)

)
δij − 4i

(
~e

(13+)
i ~e

(24−)
j + ~e

(24−)
i ~e

(13+)
j +

+~b
(13+)
i

~b
(24−)
j +~b

(24−)
i

~b
(13+)
j

)
+

−i
(
~e (14+) · ~e (23−) +~b (14+) ·~b (23−)

)
δij + 4i

(
~e

(14+)
i ~e

(23−)
j + ~e

(23−)
i ~e

(14+)
j +

+~b
(14+)
i

~b
(23−)
j +~b

(23−)
i

~b
(14+)
j

)
+

+i
(
~e (14−) · ~e (23+) +~b (14−) ·~b (23+)

)
δij − 4i

(
~e

(14−)
i ~e

(23+)
j + ~e

(23+)
i ~e

(14−)
j +

+~b
(14−)
i

~b
(23+)
j +~b

(23+)
i

~b
(14−)
j

)
+

−2i
(
~e (14−) · ~e (23+)

ω +~b (14−) ·~b (23+)
ω

)
δij + 8i

(
~e

(14−)
i ~e

(23+)
ω j + ~e

(23+)
ω i ~e

(14−)
j +

+~b
(14−)
i

~b
(23+)
ω j +~b

(23+)
ω i

~b
(14−)
j

)
+

+2i
(
~e (14+) · ~e (23−)

ω +~b (14+) ·~b (23−)
ω

)
δij − 8i

(
~e

(14+)
i ~e

(23−)
ω j + ~e

(23−)
ω i ~e

(14+)
j +

+~b
(14+)
i

~b
(23−)
ω j +~b

(23−)
ω i

~b
(14+)
j

)
+

−2i
(
~e (24−) · ~e (13+)

ω +~b (24−) ·~b (13+)
ω

)
δij + 8i

(
~e

(24−)
i ~e

(13+)
ω j + ~e

(13+)
ω i ~e

(24−)
j +

+~b
(24−)
i

~b
(13+)
ω j +~b

(13+)
ω i

~b
(24−)
j

)
+

+2i
(
~e (24+) · ~e (13−)

ω +~b (24+) ·~b (13−)
ω

)
δij − 8i

(
~e

(24+)
i ~e

(13−)
ω j + ~e

(13−)
ω i ~e

(24+)
j +

+~b
(24+)
i

~b
(13−)
ω j +~b

(13−)
ω i

~b
(24+)
j

)
+

−8
(
~e (+−) · ~e (+−)

ω +~b (+−) ·~b (+−)
ω

)
δij − 32

(
~e

(+−)
i ~e

(+−)
ω j + ~e

(+−)
ω i ~e

(+−)
j +

+~b
(+−)
i

~b
(+−)
ω j +~b

(+−)
ω i

~b
(+−)
j

)
+

−16
(
~e (+−)
ω · ~e (+−)

ω +~b (+−)
ω ·~b (+−)

ω

)
δij − 64

(
~e

(+−)
ω i ~e

(+−)
ω j + ~e

(+−)
ω i ~e

(+−)
ω j +

+~b
(+−)
ω i

~b
(+−)
ω j +~b

(+−)
ω i

~b
(+−)
ω j

)
+

(9.8)
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For L4S
I :

T 4S
I ij =

(
s[12] + s

[12] k
k

)2

δij − 4s
[12]
ij

(
s[12] + s

[12] k
k

)
+

+
(
s[12] + s

[12] k
k+

)(
s[21] + s

[21] l
l+

)
δij − 2s

[12]
ij

(
s[21] + s

[21] k
k−

)
− 2s

[21]
ij

(
s[12] + s

[12] k
k−

)
+

+2
(
s[13+] + s

[13+] k
k+

)(
s[13−] + s

[13−] l
l+

)
δij − 4s

[13+]
ij

(
s[13−] + s

[13−] k
k−

)
− 4s

[13−]
ij

(
s[13+] + s

[13+] k
k−

)
+

+2
(
s[23+] + s

[23+] k
k+

)(
s[23−] + s

[23−] l
l+

)
δij − 4s

[23+]
ij

(
s[23−] + s

[23−] k
k−

)
− 4s

[23−]
ij

(
s[23+] + s

[23+] k
k−

)
+

+4
(
s[13+] + s

[13+] k
k+

)(
s[23−] + s

[23−] l
l+

)
δij − 8s

[13+]
ij

(
s[23−] + s

[23−] k
k−

)
− 8s

[23−]
ij

(
s[13+] + s

[13+] k
k−

)
+

+2
(
s[+−] + s

[+−] k
k

)2

δij − 8s
[+−]
ij

(
s[+−] + s

[+−] k
k

)
+
(
s(11) + s

(11) k
k

)2

δij − 4s
(11)
ij

(
s(11) + s

(11) k
k

)
+

+
(
s(11) + s

(11) k
k

)2

δij − 4s
(11)
ij

(
s(11) + s

(11) k
k

)
+
(
s(22) + s

(22) k
k

)2

δij − 4s
(22)
ij

(
s(22) + s

(22) k
k

)
+
(
s(11) + s

(11) k
k

)(
s(11)
ω + s

(11) l
ω l

)
δij − 2s

(11)
ij

(
s(11)
ω + s

(11) k
ω k

)
− 2s

(11)
ω ij

(
s(11) + s

(11) k
k

)
+

+
(
s(22) + s

(22) k
k

)(
s(22)
ω + s

(22) l
ω l

)
δij − 2s

(22)
ij

(
s(22)
ω + s

(22) k
ω k

)
− 2s

(22)
ω ij

(
s(22) + s

(22) k
k

)
+

+2
(
s(11)
ω + s

(11) k
ω k

)2

δij − 8s
(11)
ω ij

(
s(11)
ω + s

(11) k
ω k

)
+ 2
(
s(22)
ω + s

(22) k
ω k

)2

δij − 8s
(22)
ω ij

(
s(22)
ω + s

(22) k
ω k

)
+

+2
(
s(11) + s

(11) k
k

)(
s(12) + s

(12) l
l

)
δij − 4s

(11)
ij

(
s(12) + s

(12) k
k

)
− 4s

(12)
ij

(
s(11) + s

(11) k
k

)
+

+2
(
s(22) + s

(22) k
k

)(
s(12) + s

(12) l
l

)
δij − 4s

(22)
ij

(
s(12) + s

(12) k
k

)
− 4s

(12)
ij

(
s(22) + s

(22) k
k

)
+

+4
(
s(12) + s

(12) k
k

)(
s(11)
ω + s

(11) l
ω l

)
δij − 8s

(12)
ij

(
s(11)
ω + s

(11) k
ω k

)
− 8s

(11)
ω ij

(
s(12) + s

(12) k
k

)
+

+4
(
s(12) + s

(12) k
k

)(
s(22)
ω + s

(22) l
ω l

)
δij − 8s

(12)
ij

(
s(22)
ω + s

(22) k
ω k

)
− 8s

(22)
ω ij

(
s(12) + s

(12) k
k

)
+

+8
(
s(12)
ω + s

(12) k
ω k

)(
s(11)
ω + s

(11) l
ω l

)
δij − 16s

(12)
ω ij

(
s(11)
ω + s

(11) k
ω k

)
− 16s

(11)
ω ij

(
s(12) + s

(12) k
ω k

)
+

+8
(
s(12)
ω + s

(12) k
ω k

)(
s(22)
ω + s

(22) l
ω l

)
δij − 16s

(12)
ω ij

(
s(22)
ω + s

(22) k
ω k

)
− 16s

(22)
ω ij

(
s(12)
ω + s

(12) k
ω k

)
+

+2
(
s(11) + s

(11) k
k

)(
s(22) + s

(22) l
l

)
δij − 4s

(11)
ij

(
s(22) + s

(22) k
k

)
− 4s

(22)
ij

(
s(22) + s

(22) k
k

)
+

+2
(
s(11) + s

(11) k
k

)(
s+−3 + s+−3 l

l

)
δij − 4s

(11)
ij

(
s+−3 + s+−3 k

k

)
− 4s+−3

ij

(
s(11) + s

(11) k
k

)
+

+2
(
s(22) + s

(22) k
k

)(
s+−3 + s+−3 l

l

)
δij − 4s

(22)
ij

(
s+−3 + s+−3 k

k

)
− 4s+−3

ij

(
s(22) + s

(22) k
k

)
+

+4
(
s(12) + s

(12) k
k

)2

δij − 8s
(12)
ij

(
s(12) + s

(12) k
k

)
+ 8
(
s(12)
ω + s

(12) k
ω k

)2

δij − 16s
(12)
ω ij

(
s(12)
ω + s

(12) k
ω k

)
+

+4
(
s(12) + s

(12) k
k

)(
s(12)
ω + s

(12) l
ω l

)
δij − 8s

(12)
ω ij

(
s(12) + s

(12) k
k

)
− 8s

(12)
ij

(
s(12)
ω + s

(12) k
ω k

)
+
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+2
(
s(13+) + s

(13+) k
k

)(
s(13−) + s

(13−) l
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10 Noether Charges

The charge transport through the four bosons interconnected quadruplet is made of by just one gauge parameter given
by U(1)× SO(2)global. It yields the following three Noether identities [21],

∂µJ
µ
N = 0 (symmetric charge conservation)

(10.1)

∂νK
νµ + JµN = 0 (symmetric equation)

(10.2)

Kµν∂µ∂να = 0 (symmetry constraint)

(10.3)

Eqs.(10.1) shows the electric charge conservation. Eqs.(10.2) and and (10.3) yield the relationship
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∂µ∂νK
νµ = 0

(10.4)

where

Kνµ = kA
∂L

∂(∂νAµ)
+ kU

∂L
∂(∂νUµ)

+ k+
∂L

∂(∂νV
+
µ )

+ k−
∂L

∂(∂νV
−
µ )

(10.5)

Taking Kµν = K [µν] +K(µν) and K(µν) = K̃(µν) + gµνK
α
α , onde derives the relationship

∂µ∂νK̃
(µν) + �Kα

α = 0 (10.6)

which yields

4∑
I=1

kI�
(
SαIα + zαIα

)
= 0 (10.7)

Inserting eq.(10.7) in eq.(3.1), we have the systemic conservation law

kI∂ ·
(
mI + lI + cI

)
= kI∂ · jI (10.8)

where eq.(10.8) means that the systemic conservation law involving the fields set {Aµ, Uµ, V +
µ , V

−
µ }.

11 Angular Momentum

The Lorentz Group systematizes the relativistic description of the spin, introduced by Uhlenbeck and Goudsmit as an
exclusively quantum attribute. From Lorentz’s rotation in space-time:

x
′µ = Λµνx

ν (11.1)

In the infinitesimal form:

x
′µ = (δµν + ωµν)xν +O(ω2) (11.2)

or

δx
′µ = ωµνx

ν +O
(
ω2
)

onde ωµν = −ω µ
ν (11.3)
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The representations of SO(1, 3) are characterized by a pair of quantum numbers (j, k). The transformation of the
fields, φi, which belong to this representation, is given by:

φ
′

i(x
′
) = exp

[
1
2ω

αβΣαβ

]
φi(x) (11.4)

φ
′

i(x
′
) = φi(x) +

1

2
ωαβΣαβφi(x) +O

(
ω2
)

(11.5)

or,

δtotalφi =
1

2
ωαβΣαβφi(x) (11.6)

From the above expression and using δtotalf = δfuncf + δx ∂µf(x), we get

δfuncφi =
1

2
ωαβΣαβφi(x)− ωαβxβ∂αφi(x) (11.7)

The conservation law associated with rotational invariance:

∂µ

[
ωαβδµαxβL+

∂L
∂∂µφi

(
1

2
ωαβΣαβφi(x)−−ωαβxβ∂αφi(x)

)]
= 0 (11.8)

Rewriting the above equation:

1

2
ωαβ

[(
δµαxβ − δ

µ
βxα

)
L+

∂L
∂∂µφi

Σαβφi(x)− ∂L
∂∂µφi

(xβ∂αφi(x)− xα∂βφi(x))

]
= 0

(11.9)

results

∂µ

[
∂L

∂∂µφi
Σαβφi(x) + xα

(
∂L

∂∂µφi
∂βφi(x)− δµβL

)
− xβ

(
∂L

∂∂µφi
∂αφi(x)− δµαL

)]
= 0

(11.10)

We obtain the expression of conservation of angular momentum:

∂µ

[
xαT

µ
β − xβT

µ
α

]
= 0 (11.11)
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The above expression leads us to the definition of:

1. The density of orbital angular momentum is:

Lµαβ =
(
xαT

µ
β − xβT

µ
α

)
(11.12)

2. The density of intrinsic angular momentum or spin current density

Sµ =
∂L

∂∂µφi
Σαβφi (11.13)

12 Conclusion

Three periods classify the electromagnetism knowledgement. Charges and currents, charges and fields, fields and fields.
Currently the expectative is on understanding how fields work as their own sources. Understand how far there is an
electromagnetism not depending on electric charge. A nonlinear EM physics just depending on fields.

At modern time electromagnetism started to be studied with the book De Magnete written by William Gilbert in
1600. Electrostatic machines were developed by Otto von Guericke in 1672. At 18 century different observations
introduced electric charge. It was understood through condensates, discharges, bioelectricity, batteries by Pieter von
Musschenbrock, Benjamin Franklin, Galvani, Du Fay, Volta and others. EM was understood as consequence from
charged matter.

The second EM phase showed that nature is more than matter. Differently from 17th century when Newton laws were
edified in terms of matter, Faraday introduced at 19th century the meaning of fields[24]. Physical behaviors become
explained through lines of force. New variables in order to interpret physical laws. This led Maxwell to analyses the
phenomena through charges and fields. Physical laws should no more be expressed just by matter. While at one side,
Coulomb and Ampère laws depend directly on electric charge and currents; on the other hand, Faraday and Gauss
magnetic laws not.

Under this complementary view, Maxwell incorporated the displacement current. Believed in the logic of identifying a
current composed by electric field. Followed that, physical entities as EM energy, momentum, light propagation and
so on, become expressed by fields. Nevertheless, Maxwell legacy is on fields constrained to electric charge. It was
summarized by the H. Lorentz sentence written in 1895 at Philosophical Magazine: ’The electromagnetism axiom, is
that electromagnetic field is that electromagnetic field is an excited state stablished in the space through the electric
charge. Based on that the vector ~E and ~B build up on electromagnetic wave which is dentified as light.’

Next expected EM phase is fields be taken more primitive than material sources. Physical laws derived from nonlinear
fields became a next understanding. Einstein general relativity equations gave a first argument, by starting a nonlinear
field theory [25]. Various nonlinear EM models are being proposed at literature. A nonlinear electromagnetism
physicality where instead of charges and magnets, fields work as the own sources is expected. Faraday lines of force be
rewritten through nonlinearity.

Under this perspective, eq.(1.1) introduces a non-linear electromagnetism where the fields are the own sources, expressing
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that electromagnetic is more than a phenomena related to electric charge and spin. A nonlinear approach is derived by
intepreting on electric charge physics behaviour. While Maxwell studied the electric charge behaviour macroscopically
through their distributions, elementary particles physics considered its physics microscopically. Three consequences
happened. They are the electric charge quantization, conducted by particles with different flavours and spins and
manifested through a tryad {+,−, 0}.

A new aspect to be explored is that elementary particles physics reactions are showing on charges {+,−, 0} converting
in each order. It shows that the Maxwell photon is not enough for describing the microscopic electric charge physics. It
is necessary four bosons fields in order to intermediate the charge exchange 4Q = 0,±1. As consequence the physics of
electric charge is extended and nonlinear fields working as own sources are introduced. Since 1930 decade different
attempts have been developed. Effective theories based on Euler-Heisenberg and Born-Infeld approaches have been
developed. However, historically, there is a missing EM to be understood. Our answer is to consider fundamental
nonlinear EM energy based on three electric charges transformations to be considered.

The four EM fields not only expands the meaning of electric charge behavior in terms for conservation, conduction,
transmission, interaction but also develops a new EM flux. Maxwell provides just the EM flux simplest case. It is
given by ~E − ~B and as EM domain L = F 2

µν . The Four Bosons EM flux enlarges the Maxwell flux. A microscopic
electromagnetism is developed, it works out with a charges set {+, 0,−} and introduces a fields set {Aµ, Uµ, V ±

µ }. EM
is enlarged. It yields a physics not depending on external sources, on permissibility ε and permeability µ constants,
and with coupling constants beyond electric charge.

Interlaces the photon with massive photon and charged photons. New elements as fields conglomerates, granular and
collective fields strengths, non-linear currents are performed. They also constituted an EM with different interconnected
sectors. Each one is constituted by gauge invariant and real regions inserted by eq.(2.1) Lagrangian. Each one of them
flows an own EM energy connected with others carrying spin-1 and spin-0 and by different pieces which are called here
as EM domains. Interdependent physical regions where each one contains its own physicality. Carrying its own energy
and momentum but under overall conservation laws.

Three results are derived. They are on electric charges, fields as sources and potentials fields physicality. Electric
charge is more than being expressed by Coulomb law, conserved entity and transmitted by photon. The novelty it is
preceded by an EM energy being derived from the tryad {+,−, 0} interchange. A new charge physics is obtained. It
yields on electric charge physics carried by four bosons and with a conservation law expressed by Noether theorem with
effects beyond QED. It provides the zero charge acting on the electromagnetic manifestation.

A second consequence is on nonlinear fields sources. (4+4) sources are generated from equations of motion fro spin-1
and spin-0. Plus one for collective fields through Bianchi identities; 2 energy-momentum conservation laws; 3 Noether
identities; 1 angular momentum conservation. In total 15 conservation laws and respective fields sources are obtained.

A third consequence is on potential fields. Not being gauge invariant they have not been considered as physical entities.
Heaviside has stated: ’ ~A and its scalar potential parasite φ sometimes causing great mathematical complexity and
indistinctiveness; and it is for pratical reasons best to murder the whole lot or, at any rate, merely employ them as
subsidiary functions...’. As counterpart the role of vector potential fields has been intensively discussed. Quantum
Mechanics considers e ~A as linear momentum and φ as potential energy. They are explicity incorporated in equations.

Concluding, Maxwell equations should be considered just as part of the electromagnetic phenomena. It discovered two
postulates which are light invariance and electric charge conservation. Nevertheless elementary particles physics shows
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the electric charge behaviour as a set {+,−, 0}. A microscopic systemic electric charge is constituted based on Maxwell
postulates. A nonlinear four bosons EM is introduced. Its corresponding conservation laws are showing that there is an
EM flux beyond electric charge. There is showing a new EM flux and conservation laws to be explored.

Appendix A. Collective Fields

Alongside the usual granular fields, new collective fields appear, defined by:

zµν = γIJG
I
µG

J
ν

= γ11G
1
µG

1
ν + γ12G

1
µG

2
ν + γ13G

1
µG

3
ν + γ14G

1
µG

4
ν +

+γ21G
2
µG

1
ν + γ22G

2
µG

2
ν + γ23G

2
µG

3
ν + γ24G

2
µG

4
ν +

+γ31G
3
µG

1
ν + γ32G

3
µG

2
ν + γ33G

3
µG

3
ν + γ34G

3
µG

4
ν +

+γ41G
4
µG

1
ν + γ42G

4
µG

2
ν + γ43G

4
µG

3
ν + γ44G

4
µG

4
ν (A.1)

The collective antisymmetric fields are

z[µν] =


0 z[1,2] z[1,+] z[1,−]

−z[1,2] 0 z[2,+] z[2,−]

−z[+,1] −z[+,2] 0 z[+,−]

−z[−,1] −z[−,2] −z[−,+] 0

 (A.2)

there are also 10 symmetric collective fields,

z(µν) =


z(1,1) z(1,2) z(1,+) z(1,−)

z(1,2) z(2,2) z(2,+) z(2,−)

z(1,+) z(2,+) z(+,+) z(+,−)

z(1,−) z(2,−) z(+,−) z(−,−)

 (A.3)
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Considering the fields set {Aµ, Uµ, V ±
µ } one gets the following group of collective fields,

(11)
z µν ≡ γ(11)A

µAν ,
(22)
z µν ≡ γ(22)U

µUν ,
(12)
z µν ≡ γ(12)A

µUν ,

(21)
z µν ≡ γ(21)U

µAν
(11)
z µ
µ = γ(11)AµA

µ,
(22)
z µ
µ = γ(22)UµU

µ,

(12)
z µ
µ = γ(12)AµU

µ,
[12]
z µν ≡ γ[12]A

µUν ,
[21]
z µν ≡ γ[21]U

µAν ,
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µV ν+,
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Similarly, one adds the ω collective fields associated to τij

(11)
ω α

α ≡ τ(11)A
αAα,
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ω α
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ω α
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α , (A.5)

Rewriting z[µν] and z(µν), one gets
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(A.6)

or
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(A.7)
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And,
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(A.8)

Appendix B. Hamiltonian Positivity

Considering the hamiltonian correspondent to the kinetic symmetric sector, one gets
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(B.1)

To assure the positivity of the Hamiltonian, we can use the gauge fixing term and stablish the following relations:

ξ(11) = 4
(
b(11) + c(11)

)
ξ(22) = 4

(
b(22) + c(22)

)
ξ(33) = 4

(
b(33) + c(33)

)
ξ(12) = 0 (B.2)

Obtaining the positive expression:
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