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Abstract: 

The circle and sphere have been studied since the ancient Egyptians and Greeks before the Common Era (BCE). 

The recent scientific renaissance has also used them in different fields. It is also mentioned in the Prophet 

Mohamed`s Holy Quran. This article introduces a new Theorem (S. El-Mongy`s Theorem) as an empirical formula 

to correlate the constant (e) with circle and sphere. It states that “the arc length is correlated as a direct function 

in {(e π r sA)}, whatever the central angle (ϴ) and radius (r). The factor sA is (ϴ/10ϕ). The formula can also be 

written as; AL = {(0.0174533185 r ϴ)}. Where the value 0.0174533185 is a constant called Sayed`s number (Is) and 

equals (eπ/10ϕ). This factor is very close to value (π/180 = 0.0174532925) with ~1.5x10-4 % difference. The 

formula was applied for calculation the arc length (AL) of circles of different radii and angles. The results of this 

formula were validated and verified for very wide range; from 0.5 cm to 4.4x1023 km (46.5x109 light-years; ly) and 

compared with the old published arc length formula results. The difference is from 0.000% to 0.002% only. The 

formula was also used as trigonometric functions of circular orbits for calculation the distances between the 

Earth and Sun, Moon, planets, stars and EH-M87 Black hole with relatively small error; the difference is from 

0.26% to maximum ~ 2.27%. The error was 0.29% for ~54 x 106 ly distance to the M87 black hole. The S. El-

Mongy formula may open the door for further scientific and engineering applications. 
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I. Introduction 

The circle has been known since before the beginning of recorded history. Natural circles would have been 

observed, such as the Moon and Sun. The circle was first observed in one of Pharos papyrus (1). The philosopher 

and mathematician Thales (624-546 BCE), who transferred the science and geometry from the Egyptians to 

Greeks has a theorem. The word circle in  Greek, means "hoop" or "ring" (1,2,3). A circle is a plane figure bounded 

by one curved line and all the bounding line is equal as given by Euclid, Elements Book, 300 BCE (1,3). 

The circle is 360° all the way around. The circle may also be defined as a special kind of ellipse in which the 

two foci are coincident (zero eccentricity) (1,3). Both circles and spheres are circular. They are 2D figure (plane) 

and 3d object (space) respectively. The sphere is a dual geometrical surface, fully symmetrical, resulting from a 

circle rotation around one of its diameters. The sphere and the circle arc, sector and segment are given in (Fig. 

1). 

  

Figure1: The Sphere and Circle arcs, chord and sector (3). 

The three major established circle theorems and concepts indicate that the (i) circle arc length is directly 

proportional to its radius. (ii) If central angles (ϴ) congruent, then arcs congruent. (iii) The chord lengths dividing 

the circumference of a circle into equal number of segments. 
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The circle is the basis for the wheel, which, with related inventions such as gears, makes much of modern 

machinery possible. In mathematics, the study of the circle has helped inspire the development of 

geometry, astronomy and calculus (1,3). 

Our galaxy revolves on its own axis which is its center with the result that the Sun revolves around the same 

center in a circular orbit. Recently, 1917, Shapley estimated the distance between the Sun and the center of our 

galaxy at 10 kilo-parsecs, i.e., 10x1017 km. The orbital movement of the Sun was already referred to by the 

Prophet Mohamed`s Quran (4,5).  

II. Theoretical Aspects of the Formula: 

II.A.  S. El-mongy`s Theorem: “The circle arc length is a function in (e π r sA)”. 

 A new empirical formula for calculation of the circle arc length (AL) was introduced in this article. It correlated 

the circle circumstance with other mathematical constants. The old formula for arc length can be given as follows 

(2,3): 

The circle circumstance = 2 π r                                                                                                           (1)  

Arc length = 2 π r ϴ/360                                                                                                                     (2) 

 Where, (r) is the circle radius and ϴ is the central angle in degree. The (π) is the irrational constant equal to 

(22/7) or 3.14159265 (π is also called Archimedes constant (3, 6). The arc length can also be calculated by the 

other known formula; (AL = r. ϴ).  Where, ϴ is in Radian. 

The proposed empirical formula was practically found as mentioned and is mathematically given and expressed 

as follows:  

Arc length (AL) = {(e π r sA)}                                                                                                            (3) 

This empirical formula is called S. El-Mongy`s theorem. The factor (sA) represents the ratio {(ϴ/ 10ϕ)}. Where, ϴ 

is the central angle in degree and ϕ corresponding 48.9290
. This formula was applied tested and validated for 

any circular orbit whatever the radius length and ϴ.  

The constant e is the base of the natural logarithm (Euler`s number) and equal to 2.7182818 (7).  

This formula number 3 can also be rewritten to be; 

Arc length (AL) = {(0.0174533185 r ϴ)}                                                                                           (4) 

Where, the value 0.0174533185 is a constant equals (e π/10ϕ) and called Sayed`s number (Is).  

III. Results and discussion: 

III.A. Validation of S.El-Mongy`s Theorem: The arc length is a function in (e π r sA). 

The arc length can be calculated using our abovementioned empirical formula (eq.3). It was validated for 

different circle radii (0.5 cm – 4.4x1023 km) and central angles ϴ (0.00050 – 3600). The precise results compared 

with the old published formula are given in Table 1. 

Table 1: Results of Arc Lengths Calculation for Different Circles as a Function of (e π r sA) 

Circle  Radius  

 

Central Angle (ϴ) 

(Degree) 

 S. El-mongy`s formula 

AL = {(e π r sA)} 

 old formula 

AL = 2 π r ϴ/360 

% 

diff. 

1 cm 0.00050 8.72666 x 10-6 8.72665 x 10-6 0.0001 

0.5 cm 0.050 0.00043633 0.00043633 0.0000 

0.5 cm 0.560 0.0048869 0.0048869 0.0000 

0.5 cm 50 0.043633 0.043633 0.0000 

1 cm 50 0.0872666 0.087266 0.0000 
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1 cm 100 0.17453 0.17453 0.0000 

1 cm 150 0.261799 0.261799 0.0000 

1 cm 300 0.52359 0.52359 0.0000 

8 cm 400 5.58506 5.58505 0.0002 

5 cm 45.80 3.99681 3.99680 0.0003 

100 cm 450 78.5399 78.5398 0.0001 

4.3 cm 600 4.50295 4.50295 0.0000 

6 cm 700 7.33039 7.33038 0.0001 

1000 cm 900 1,570.798 1,570.796 0.0001 

8.599 cm 1200 18.0097 18.0097 0.0000 

10 cm 1350 23.5619 23.5619 0.0000 

8 cm 1800 25.1327 25.1327 0.0000 

13 cm 3000 68.0679 68.0678 0.0001 

1 cm 3600 6.28319 6.28318 0.0002 

100 cm 3600 628.3195 628.3185 0.0002 

48 m 100 8.37776 8.37758 0.002 

25 m 900 39.2699 39.2699 0.0000 

5 m 1200 10.47199 10.47197 0.0002 

200 m 2000 698.1327 698.1317 0.0001 

100 m 3300 575.9595 575.9586 0.0002 

1000 Km 3600 6283.19459 6283.1853  0.0001 

106 Km 1800 3,141,597.299  3,141,592.65  0.0001 

106 km 2500 4,363,329.583 4,363,323.125 0.0001 

106 Km 3600 6,283,194.598  6,283,185.3  0.0002 

149597870 km 1800 469,976,264.388 469,975,568.848 0.0002 

40x1012 km 150 10.47199 x 1012 10.47197 x1012 0.0002 

10x1017 km 1800 3.141597 x 1018 3.14159 x 1018 0.0002 

4.40×1026 m 1800 1.3823 x 1027 1.3823 x 1027 0.0000 

4.40x1026 m 2500 1.919865 x 1027 1.91986 x 1027 0.0003 

4.40×1023 km* 3600 2.76460 x 1024 2.7646 x 1024 0.0000 

600 ly** 300 314.1597  314.15926   0.0001 

109 ly*** 1800 3.141597 x 109 3.14159 x 109 0.0002 

*The commoving distance from Earth to the edge of the observable universe is about 14.26 gigaparsecs (46.5 

x109 ly) or 4.40×1023 km in any direction. ** A huge circular arc called Ursa Major arc (8). ***Radius of a galactic 

gaseous halo (9.461x1021 km) around our Milky Way galaxy (9).   It should be mentioned that the correlation 

between e to power π was only given by Euler`s identity; (eiπ  =  -1) (10). 
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It can be observed that the results arc length calculation achieved by El-Mongy`s formula are almost identical 

with these obtained by the old published formula. Our formula was accurately and sharply validated using circles 

radii (r) from 0.5 cm to 4.4x1023 km (46.5x109 ly). The highest difference does not exceed 0.002%.  

III.B. Applications of S. El-Mongy`s Theorem and Formula in Astrophysics: 

The small-angle approximation is a useful simplification of the basic trigonometric functions which is 

approximately true in the limit where the angle approaches zero (11, 12, 13, 14, 15). Figure 2 shows clarification 

how to calculate the distance of object (e.g. Sun) as seen from Earth based on small angle approximation 

(5,14,15). For example, the arc that runs through the Sun’s diameter has an angle (angle subtended by an object) 

and an arc length equal to actual diameter (the arc-length formula). This is presented for a right triangle with 

the trigonometric relationship as follows: 

Tan ϴ = diameter (d)/ distance (D)                                                                                                      (4) 

Where, D>>d, Tan ϴ ≈ ϴ and angular diameter (ϴ) is in radian. For conversion, it is 

Diameter/distance = ϴ / 57.3                                                                                                              (5) 

 

Figure 2: Angular diameter and Arc length approach for distance calculation (15). 

By using our formula; eq.3:  AL={(e π r sA)}, that can be rewritten to be:                                                                                                 

D = (AL x ϕ x 10) / (e π ϴ)                                                                                                                 (6) 

This formula was also and simply used for astronomical distances (D) calculation. It can also be written as follows; 

 D = 57.295695 (AL/ ϴ0)                                                                                                                    (7) 

III.B.1 Validation and verification of the formula:  

Validation of this formula was also carried out by calculating the distance (D) between the Earth and Sun, Moon, 

planets, Stars and M87 Black hole in the center of our Milky Way galaxy (5,16). The Table 2 shows the calculated 

results compared with the literature values. Where, the arc length (AL) equals to diameter (the arc-length 

approach) and ϴ is the sighting angle in degree (angular diameter) from the Earth (14,15).  

Table 2: The Calculated Distance from Earth to Moon, Sun, Planets, Stars and a Black Hole. 

Diameter ≈ (AL) (ϴ) Angular  

Diameter 

Distance by Sayed 

Formula 

D = (AL x ϕ x 10) / (e π 

ϴ) 

Reference distance 

(km) 

% 

diff. 

Earth:  12742 km 2.0480 356475.46 363104 perigee 1.83 

Sun: 1.3927 x 106 km 0.530 150.5579 x 106 151.84 x 106 0.84 

Sun: 1.3927 x 106 km 0.530 150.5579 x 106 149.59787x106 0.64 

Moon: 3474.2 km 0.50 398113.41 405696 apogee 1.87 

Venus: 12104 km 0.015720 44.1162 x 106 43.926 x 106 0.43 

https://en.wikipedia.org/wiki/Trigonometric_functions
https://en.wikipedia.org/wiki/Limit_(mathematics)
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Mercury: 4879.4 km 0.00330 84.7178 x106 85.927x106  1.43 

Mars: 6790 km 0.006990 55.6563 x 106 55.8 x106 0.26 

Jupiter: 142984 km 0.013060 627.2869 x 106 625.48 x 106 0.29 

Saturn: 116460 km 0.00512350 1.3024 x 109 1.277 x 109 1.98 

Uranus: 50724 km 0.0009720 2.98999 x 109 3.0511 x 109 2,04 

Neptune: 49244 km 0.00061270 4.6049x109 4.5x109 2.27 

Pluto: 2290 km 2.627x10-5 4.9946 x 109 4.9693 x 109 0.51 

Proxima Centauri star: 

214550 km 

3.153 x 10-7 

Degree 

3.899 x 1013 3.974 x 1013  (4.2 ly) 1.92 

Alphard Star: 

70.266 x 106 km 

2.388 x 10-6 

Degree 

1.6859 x 1015  1.675 x 1015 

(177 ly) 

0.65 

EH, M87 Black Hole*: 

38x109 km  

4.314 x 10-9 

Degree 

5.0469 x 1020 5.0616x1020 

(53.5 x 106 ly) 

0.29 

*Event horizon of M87 black hole in the center of our Milky Way galaxy (16). Note: The distance between Earth 

and the Sun orbit is an average 149597870 km. ** One of the nearest stars to our Earth is Alpha Centauri at 4.3 

light years (ly) away (40.68 x109 km away from the Earth). ***The distance between the Sun and our Galaxy 

center (105 ly circular) equal 9.5x1017 km. 

The relatively small difference (0.26% to maximum ~ 2.27%) with the reference values is mainly due to the 

variation of these values (e.g. angular diameter and distances) given in different references and literature 

(14,15).   

The formula was also validated by calculating the radius of some planets and stars. The result between the 

certified published values and the proposed formula are given in the following Table 3.  

Table 3: Results of some Radius Calculations using Sayed`s Formula. 

Planet Published radius (Km) r = 10LAϕ/eπθ  (or,  r=0.15915470 LA) % diff. 

Sun 6.963x105 6.969x105 0.09 

Alphard Star 35.13x 106 35.13x106 ---- 

Neptune 24622 24764.5 0.058 

Earth 6.4x103  6.53x103 2.03 

Jupiter 71492.0 69910.9 2.21 

The results given in table 3 are based on spherical shape of the planets and stars ( ϴ =3600). The formula stated 

in the table 3 can be expreesed to be; r=0.15915470 LA.  

It should be mentioned that the small angle approximation is useful in many areas of engineering and physics, 

including mechanics, electromagnetics, optics, cartography, astronomy, computer science (14,15). S. El-Mongy 

formula is currently developed to be used in nuclear physics fields. 

Conclusion 

It can be observed that S.El-Mongy`s theorem, is a new empirical formula for calculating the circle arc length 

as a function in (eπrsA). This formula can also be given as; AL = {(0.0174533185 r ϴ)}. Where, the value 

0.0174533185 is called Sayed`s number (Is) and equal to (eπ/10ϕ). The difference between the calculated arc 

lengths using the old well-known formula and our formula does not exceed 0.002% whatever the central angle 

and circular radius.  
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The distances between the Earth and sun, moon, planets, stars and EH-M87 black hole were precisely calculated 

using the S. El-Mongy`s formula with differences from 0.26 to ~ 2.27%.  The formula was also used for radius 

calculations of some planets and stars. 

Finally, it should be stated that the our new formula that correlates (eπrsA) with circle arc length and its 

applications may dramatically leads to new and developed concept in many scientific fields. Previously, the study 

of the circle has helped inspire the development of many fields; geometry, astronomy, physics and calculus. 
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