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Abstract

In the paper a theoretical study the both the quantized energies of excitonic states and their wave functions in graphene
and in materials with "Mexican hat" band structure dispersion as well as in zinc-blende GaN is presented. An integral two-
dimensional Schrédinger equation of the electron-hole pairing for a particles with electron-hole symmetry of reflection is
exactly solved. The solutions of Schrddinger equation in momentum space in studied materials by projection the two-
dimensional space of momentum on the three-dimensional sphere are found exactly. We analytically solve an integral two-
dimensional Schrédinger equation of the electron-hole pairing for particles with electron-hole symmetry of reflection. In
studied materials the electron-hole pairing leads to the exciton insulator states. Quantized spectral series and light
absorption rates of the excitonic states which distribute in valence cone are found exactly. If the electron and hole are
separated, their energy is higher than if they are paired. The particle-hole symmetry of Dirac equation of layered materials
allows perfect pairing between electron Fermi sphere and hole Fermi sphere in the valence cone and conduction cone and
hence driving the Cooper instability. The solutions of Coulomb problem of electron-hole pair does not depend from a width
of band gap of graphene. It means the absolute compliance with the cyclic geometry of diagrams at justification of the

equation of motion for a microscopic dipole of graphene where I, > 1. The absorption spectrums for the zinc-blende

GaN/(Al,Ga)N quantum well as well as for the zinc-blende bulk GaN are presented. Comparison with available
experimental data shows good agreement.
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1 Introduction

The graphene [1-5] presents a new state of matter of layered materials. The energy bands for graphite was found using
"tight-binding" approximation by P.R. Wallace [6]. In the low-energy limit the single-particle spectrum is Dirac cone

similarly to the light cone in relativistic physics, where the light velocity is substituted by the Fermi velocity Vg = :l.O6 m/s
and is described by the massless Dirac equation.

In the paper we present a theoretical investigation of excitonic states as well as their wave functions in graphene and in
materials with "Mexican hat" band structure dispersion as well as in zinc-blende GaN. An integral form of the two-
dimensional Schrédinger equation of Kepler problem in momentum space is solved exactly by projection the two-
dimensional space of momentum on the three-dimensional sphere in the paper [7].

The integral Schrédinger equation was analytically solved by the projection the three-dimensional momentum space onto
the surface of a four-dimensional unit sphere by Fock in 1935 [8].

We consider the pairing between oppositely charged particles with complex dispersion. The Coulomb interaction leads to
the electron-hole bound states scrutiny study of which acquire significant attention in the explanations of
superconductivity.

If the exciton binding energy is greater than the flat band gap in narrow-gap semiconductor or semimetal then at
sufficiently low temperature the insulator ground state is instable with respect to the exciton formation [9-12]. And excitons
may be spontaneously created. In a system undergo a phase transition into a exciton insulator phase similarly to Bardeen-
Cooper-Schrieffer (BCS) superconductor. In a single-layer graphene (SLG) the electron-hole pairing leads to the exciton
insulator states [13].

In the paper an integral two-dimensional Schrédinger equation of the electron-hole pairing for particles with complex
dispersion is analytically solved. A complex dispersions lead to fundamental difference in exciton insulator states and their
wave functions.

We analytically solve an integral two-dimensional Schrddinger equation of the electron-hole pairing for particles with
electron-hole symmetry of reflection.

2

€
VFth/;
I, =0.77, when the permittivity of graphene in substrate is estimated to be & =1.6 [14]. It means the prominent
Coulomb effects [15].

For graphene in vacuum the effective fine structure parameter Iy = =1.23. For graphene in substrate

It is known that the Coulomb interaction leads to the semimetal-exciton insulator transition, where gap is opened by
electron-electron exchange interaction [9,16-18]. The perfect host combines a small gap and a large exciton binding
energy [9,12].

In graphene the existing of bound pair states are still subject matter of researches [19-23].

It is known [24] in the weak-coupling limit [25], exciton condensation is a consequence of the Cooper instability of
materials with electron-hole symmetry of reflection inside identical Fermi surface. The identical Fermi surfaces is a
consequence of the particle-hole symmetry of massless Dirac equation for Majorana fermions.

A deeper understanding of the influence of band structures on optical properties should help one to answer many
guestions. In addition, the interesting effects of strong electron-hole Coulomb interaction are presented in these materials.
Many-body interactions lead to effects, which consist the screening, dephasing, bandgap renormalization, and phase-
space filling [26-29].

A general phenomenon of Coulomb enhancement may be explained as follows. Due to the Coulomb attraction, an
electron and a hole have a larger tendency to be located near each other, than that in the case of noninteracting particles.
This increase of the interaction duration leads to an increase of the optical transition probability.

2 Equation of motion for a microscopic dipole.

A

The Heisenberg equation for a microscopic dipole, f)gevh = (b_pép> is written in the form:
op.e i .
p — AV, Vi
——=—[H. "] (1)
ot h

To make the analysis as simple as possible, we assume a nondegenerate situation described by the Hamiltonian

H =H, +V + H,,, which is composed of the kinetic energy of an electron E:’QD and the kinetic energy of a hole 5r:,hp

in the electron-hole representation:

2928 |Page October 22, 2015



IL@JA\ ISSN 2347-3487

|:|0 = devjjé +ghh b* b )
P

P -p-p?

where p is the transversal quasimomentum of carriers in the plane of the quantum well, &, ég, b_, ., and bfp are the

annihilation and creation operators of an electron and a hole. The Coulomb interaction Hamiltonian for particles in the
electron-hole representation takes the form:

V== Zv ey Al 44+

p+q p
pkq
VAYhYhYh e+ e+
+V, bmq Db, -
VthVhV
-2V, a . bka ©)

where

+W/2  +w/2
e’ 1

Vo= [ dz [ dzz, (@), (z)—x

¢ -w/2  —w/2
xe "y, @)z, @) @
is the Coulomb potential of the quantum well, & is the dielectric permittivity of a host material of the quantum well, and
A is the area of the quantum well in the Xy plane.
The Hamiltonian of the interaction of a dipole with an electromagnetic field is described as follows:

LS (Y R
AV VhP 1

+ (2N )(Poe ) EeT), (5)

A~

where f)gevh = <b_pép> is a microscopic dipole due to an electron-hole pair with the electron (hole) momentum p (-p)

and the subband number v, (V}), ,u:evh = IdBFU kepU is the matrix element of the electric dipole moment,

which depends on the wave vector k and the numbers of subbands, between which the direct interband transitions occur,

jok

€ is a unit vector of the vector potential of an electromagnetic wave, [5 is the momentum operator. Subbands are
o U

the electron spin, j is the number of a subband from the valence band, and & is the hole spin. We consider one lowest

described by the wave functions U where j' is the number of a subband from the conduction band, o' is

jok 1
conduction subband |’ =1 and one highest valence subband j =1. E and @ are the electric field amplitude and
frequency of an optical wave.

Estimating the ratio of the Coulomb potential energy to the Fermi energy for GaN, we obtain

E 2me’
h=——°=——=0.73 (6)
EF ch x/ﬁﬂ'
for the concentration of the electron-hole gas N =10" cm 2, the dielectric permittivity £ =9.38, the transversal

effective mass of an electron at I" point M =0.18 (inverse second derivative of the energy with respect to the
transversal wave vector). This indicates that the Fermi energy dominates relative to the Coulomb potential energy as

I —0 and increases more rapidly than the Coulomb energy with the increasing density. As I —0 the terms
corresponding to cyclic diagrams will dominate.

Thus we consider the approximation which simplifies the calculations in solving the problem concerning the electron-hole
gas on the one hand. Because we solved the problem in the case of a high density of the electron-hole gas (case I, < 1.
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However as one can see the solutions of Coulomb problem of electron-hole pair does not depend from a width of band
gap of graphene. Hence accepted approximation may be proved for the case I, > 1. it means the absolute compliance
with the cyclic geometry of diagrams at justification of the equation of motion for a microscopic dipole of graphene where
I, >1 (see such as [18]).

In this section, we derive the equation of motion for the mean value of the product bfpép for a microscopic dipole, which
specifies of a medium polarization, which becomes macroscopic due to the applied external field.

A

The average value of a certain physical magnitude F , which corresponds to the operator F can be expressed through
the spur of a matrix, which is a certain statistic operator obeying the Heisenberg equation:

(Fy = Sp(W,F) +

27r NP
+— D(— Epra ~€pya T Ep T Ep, )SP([F,V,IW,), 7
e—HO/kT
where Wo = —  , i.e, the density matrix Wo is assumed to be described by the Gibbs canonical distribution;

—H /KT
Sp(e )
in the interaction representation, the time dependences of a wave function and any certain operator can be expressed
) . ) i 5 _ AiHgtn 5 —iHth
through the Hamiltonian of a system of noninteracting particles: V0 = =€ Ve i

One can find the expectation value from the convolution of two operators: (8, d, (7)) regarding the density matrix, i.e.

_ﬁHO
the certain statistic operator p = P From the Heisenberg equation, we obtain
Sp(e " °)
B Nt W
@) =¢e ° (@a.a,) ®)

A

Since épé.; = 5pk —é;ap for fermions (8) yields the expression for the electron population in terms of the Fermi

distribution function:

\ 0,
<é;ap> v ;k! (9)

Peye
18 *
where 8;‘9 = 8;9 —E¢, and E is the Fermi energy.

The Heisenberg equation for the electron-hole gas takes the form

/\V V
o™ _ e e i (14 )+
dt p p p p

V VAV, Y, A
+ — (§>/ eeee<ak+q . pak>+

A

YhWhh'h ~A
+V, (bk+q b .08, —

VVV
h*h’e (<ak+q P —p+qa'k> +
q.k

+ <bk+q —p k a'p+q > - <67p+q é';yq >5q,k ))’ (10)
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Vth

VLV —i
where @, ve'h = —(ggo + 8 +8h ) , Qpe ho= My Ee ", The electron and hole populations are as follows

SH |

AVa _ JA+A AVh — +
ne =<aa,), i —(bfpbfp>.

Using the operator algebra and the density matrix formalism as well as diagram method based on cyclic geometry of
diagrams, we have

df)vevh
p — _- e I\VV - vevh _ ,\Ve I\Vh _
ot i, " P —IQ N (=1+ A +A")
VVthV VVh h
2 . p+q(1+n +A") -
i V VL VKV, Vv,V Vv, V)
_ e"h"h"e A"e"h (= 7e ="h
A q pp+q —pq +‘—‘p,q)+
q
- o ﬂvﬁva vavﬁvﬁva
+ Zh > EN Wiptad X
06 € Vo v
B=e,h
a#p
'p 4 'p Y
xD(g,” +&° —&/y —€,%,) %
A s AL s ﬁ AVe )) pleth
X(np (1_nk— )nk +(1-n )nk q(l N )) Ppiq - (11)

Equation (11) describes the oscillation of the polarization at the transition frequency and the processes of stimulated
emission or absorption. As the population functions, we choose the Fermi distribution functions. The transition frequency

Vth . .
a)p is derived as follows:

V, Vi Vv, vV
= %(590 +&,5 e +
CE TR )
o=e v

+WVaVaVaVa ( p+qq))

-3 3 S,y

aehv R
pB=eh ﬂ
a#f

xD(-g)e — &l + &) +e57)x
x (ﬁqu (1_ ﬁkﬁ ) p+q + (1 nk )nkﬂ (1 p+q )) (12)

are defined as

V.V . V.V, VvV, V. V.V
—_ eeee __ eeee
Eplaq 'Z[W Wy En

The functions Z.¢  and ='¢
=p+a.q —p.a

Ve Ve Ve
xD(— 5p+q Elq TES TE,°)%
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X (ﬁlze—q (1_ ﬁ:e )ﬁ;iq + (1_ I;ilzeiq )ﬁ;(/e (1_ ﬁ;iq ))! (13)

A% - VVV,LV, V VAV,

—e = eeee __ eeee X

~p.g 'Z[Wq W|k+q—p| ]
K

Ve
p+q

Ve Ve Ve
xD(—¢& Elq TES T8,°)X

V,

X (1= )ize, (1= ) + Ae (L— AL )A%). (14)

We have replaced the bare Coulomb potential energy with the screened one:

V,(1-VM +(VM)* = (VM )’ +...), (15)
where
4000000 | === ((cm’), (discrete)
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Figure 1: (Color online) Absorption coefficient for the zinc-blende quantum well GaN/Al, ,Ga, ;N
with a width 2.6 nm, at a temperature 300 K.

2932 |Page October 22, 2015



ISSN 2347-3487

T —o(cm's) T T I
- «10"(cm?), T=300K

3000000 | e = 10"(cm™), T=300K i

E 2000000 | i
c
9o
I
@]
&

< 1000000 | i

3360 3370 3380 3390 3400 3410
Photon energy(meV)

Figure 2: (Color online) Absorption coefficient for zinc-blende bulk crystal GaN .
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Figure 3: (Color online) Absorption coefficient for zinc-blende bulk crystal GaN .
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Figure 4: (Color online) Absorption coefficient for zinc-blende bulk crystal GaN .

M :Zn(gk-r-q)_n(gk). (16)

g ~ Sk

The coefficient of the sum in the second term of series (15) is

m (4ze?) Q 1 4
N 2 3 72 =
2h Q (27)° k¢

me* (4z) Q@ Q . _me* 4
52 | A 3 2 U= 2 3! @
2n°\ Q ) (27)° 3z°N 2§87t
In the third term of the series, the coefficient is
m (4ze? ) Q Y11, _me' 4 ar
20l Q )\ @x)®) k2k.  2n® 37 27%
ar _m—ezi (18)
ot ke

Then the series can be rewritten as a infinitely decreasing geometric progression
14 e L NEeg) —N(E)
2 3 4 2 2
qQ° 37 qg° (k+q) -k

4 ar; 1 n(gk +q)_n(€k )
+_32 2.”dskld3k2_e kl z_kzl
37 27 qQ° (k,+0a)" -k
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r-](gk2+q ) - n(‘c"k2 )

(19)
2
(kz + CI) -
By summing all terms of the series, we obtain
V_V VAV
Vavﬁvﬁ’va _ an BB
Wq = 7’\' (20)
£,(N)
For the dielectric function, we use the static Lindhard formula:
vV VvV Vv Vp nvp
p P pp _PH p
£, (N)=1- zzz\/ S 1)
p=ehv, &g — &

Since the cyclic diagrams are the basic type of diagrams in the scattering processes at a high density of the electron-hole
gas, the diagram method is equivalent of the self-consistency method, as well as the random phase approximation.

The answer how to derive the integro-differential equation (11) for a microscopic dipole is given by the scheme

V Vh V V(ZV(ZVO(V(Z —)W vavavava npi‘q ,_l’;iq’q , (22)
plus the expression, whose graphic representation reminds a binary blister,
dp“)/ V V, VthV v, VthV pa—
D e s e playm e (23)
dt q q p.q
p

plus the expression corresponding to the plot in the form of an oyster.

The sum over momenta in the polarization equation, which includes the carrier-carrier correlations of higher orders than
Hartree—Fock ones, can be found if the self-energy in the equation is added by the term, which is presented in the
equation in the Hartree—Fock approximation, by replacing the Coulomb potential energy with the screened one and the
Fermi distribution functions with the E;ﬁq’q functions, plus the expression, whose schematic representation is in the form
of a binary blister. The integro-differential equation should be added by the term which is presented in the equation in the
Hartree—Fock approximation, by replacing the Coulomb potential energy with the screened one and the Fermi distribution

functions with the .:p q functions, plus the expression, whose schematic representation is in the form of an oyster. We

consider the coupled closed diagrams. The sum of all uncoupled diagrams, which include K, closed loops which have
m,, m,,...,M, vertices, correspondingly, is the sum of all closed diagrams of the M -th order [30,31].

The absorption spectrums for the zinc-blende GaN/(Al,Ga)N quantum well as well as for the zinc-blende bulk GaN are
shown in Figures 1-4 at a temperatures of 300K, 10K, 4.4K if a concentrations or particles in a quantum well are as follows

10™ cm 2, 5x10™ ecm 2, 9x10™ cm 2, as well as if a concentrations or particles in a bulk 10™® em 2, 10" cm °.

The interesting effects of strong electron-hole Coulomb interaction are presented in these materials. Many-body
interactions lead to effects, which consist of the screening, dephasing, bandgap renormalization, and phase-space filling
[26-29,32]. It is known [32] the continuum spectra agrees well with Elliot's formula. With increasing free particles
concentrations continuum spectra shifts rapidly to lower energies, whereas the energy of lowest exciton remains a
constant value. The reason of constant energy of the lowest exciton line consists in compensation of the weakening of the
e-h pair binding energy due to screening its of free particles by reduction of edge of absorption (see in Figures 1-4). The
cause of this remarkable sight consists in the charge neutrality of an exciton [32].

From Figures 3,4 one can see an arising of negative range at lower wavelength from the lowest exciton line at increasing
of particles densities and at constant temperature or at decreasing of temperature at constant of particles densities. Its
may be explained by the exchange renormalization of band gap spectra and the Coulomb renormalization of electric
dipole momenta. It should be noted that many-particles interactions are of cause the both an arising of negative range at
lower wavelength from the lowest exciton line and an disappearance of 2s exciton line. As well as an insignificant
enhancement of the lowest exciton is of an arising effect. Our theoretical studies have well agreement with the
experimental results [33].
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3 Exciton insulator states with "Mexican hat" band structure dispersion

The "Mexican hat" band structure dispersion is found in the form

(24)

where ( = X/qf +q§ .

The Schrddinger equation for the calculating of exciton states can be written in the general form

(@) +aD)o(@ = = | é’(qq)' g,

where qg = —¢&, & is aquantized energy. We look for the bound states and hence the energy will be negative.

(25)

An integral form of the two-dimensional Schrddinger equation in momentum space for the gapped graphene is solved
exactly by projection the two-dimensional space of momentum on the three-dimensional sphere.

For the "Mexican hat" shape band structure dispersion

£(Q°)+d; _, MA
9’ +0; 4qeh® |

4v2 .
/(1 cos 6)* + qug(sm¢9)2+ (26)

+1,
where an each point on sphere is defined of two spherical angles &, ¢ , Which are knitted with a momentum ¢ [7,8]. A

) 2
space angle ) may be found as surface element on sphere dQ =sin(6)d@&d¢ = (%)qu [7,8]. A spherical
T 0o
angle 6 and a momentum q are shown [7,8] to be knitted as

CI qO sing = qqo 2 _ 2(1+C059)

- 2 2 Rop

cos o = =0y G—)-
q +q0 q +05 1-coséd

(27)
Using spherical symmetry the solution of integral Schrédinger equation can look for in the form
CD( ) — /7( 2q0 )3/2i YO(@ ) 28
q Y qO p 2 A| | !¢ ’ ( )
g +Q =
where

Y (0,0) = P (cos @). (29)

\
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Figure 5: (Color online) "Mexican hat" band spectrum.

Since [7]

@ +a2)"* (@ +g2)"* 1 >, i .
L= Y/ (0,0 (0,9, (30)
2q0 |q—CI| A=0pu=-1 22 +1 4 ¢

then substituting (28), (30) in (25), can find equation

E(q )+q0 Y7 % i o 2q0
e 2@ ¢)__0;;,,_ZIT1Y O.9N" (0 $)V O PA () da

(31)
The integral equations for "Mexican hat" shape band structure based on Eq. (26) may be found in the form

/(1— cos 0)° + 4;2q§(sin o)’ +1)§:A1Y,°(9, AV (0,4)dQ =

4 2
0o7t a4 (32)
qzjz >3 Z—Y”(e DY/ (0 (0, )V (0,9)dQUYA,.
Since [35,36]
cos P " (cos ) = @ R" (cos @)+ M P (cos ), (33)
sin 6P|m(cos 9) — \/(l —\% —1) P|T1+1(COS 0) + \/(I ij(‘:‘i)f;:‘i—i— 2) P|T1+1(COS 9)1 (34)
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then solutions of the integral equation (31) for the energies and wave functions correspondingly can be found analytically

1 2 1 g2
with taken into account the normalization condition (—)ZIM | () |* dg =1.

2 24,
. ) . . . . i 4a’ 2
From equation (32) one can obtain the eigenvalue and eigenfunction problem using a condition qu >>1.

The solutions of the quantized series in excitonic Rydbergs where Ry= mre4/(82h2) =10.33 meVv, m, is the reduced
mass of an electron-hole pair, and wave functions of the integral equation (32) one can find in the form

&g = 1 (35)
| - T T a4
1
I+2)°
( 2)
@, (cosO) = ZLSZ(l—cos 0)**P?° (cos 6), (36)
1 (@)” =

where qg, =-¢,1=01234,....
Table 1. Quantized spectral series of the excitonic states &,, N=0,1,2,3,4,.... in meV, band gap of

graphene A in meV, effective reduced mass of electron-hole pair m,_, spin-orbit splitting parameter in
eV*cm, excitonic Rydberg Ry in meV.

a R
o & &, &, A m, y

41.33 4.59 1.65 0.84 1500 0.0335 1.434 10.33

Quantized spectral series of the excitonic states distribute in valence Dirac cone. The energies of bound states
are shown to be found as negative, i. e. below of Fermi level. Thus if the electron and hole are separated, their energy is
higher than if they are paired.

4 Quantized spectral series of the excitonic states of valence Dirac cone.

In the honeycomb lattice of graphene with two carbon atoms per unit cell the space group is D31h [34]:

Déh {E |0} {C3(+,—) |0} {CZI(A,B,C) |0}{a, | 73 {53(—,+) |} {O_\EA,B,C) B
Ks 2 "L 0 2 -1 0
g° {EI0} {c{+2 |0y HEIO} {E |0} {3 KEIOY
7°(9) 4 1 0 4 1 0 K +K; +K;
2(9%) 2 -1 2 2 -1 2
1 3 0 1 3 0 1 n "
5[12(9)+Z(92)] Ki +K;
1 ! 1 -1 1 1 -1 K+
L@ 2o 2
2
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The direct production of two irreducible presentations of wave function and wave vector of difference K — K or x— K’

expansionis K, xK;™ and can be expanded on
Pz, xr, = (K +Kj +K7)xKy = K7 xKj. 37)

In the low-energy limit the single-particle spectrum is Dirac cone described by the massless Dirac equation for a massless
Dirac fermions (Majorana fermions). The Hamiltonian of graphene for a massless Dirac fermions [6]

H = VF (quo-x + qyo-y)’ (38)
where (., qy are Cartesian components of a wave vector, 7 = *1 is the valley index, Ve = 106 m/s is the graphene
Fermi velocity, 6X , 6y are Pauli matrices (here we assume that /i =1).

The dispersion of energy bands may be found in the form [6]

&, =1V.Q,
+ F (39)
= 2 2
where ( = X/qx +q, .
The Schrddinger equation for the calculating of exciton states can be written in the general form
@) 4
(£(@)+95) (@) = = j da, (40)
la—a
where qg = —&, & is aquantized energy. We look for the bound states and hence the energy will be negative.
For the single layer graphene
2
e(q)+ 1-cos 9
(?) 30 =1 sin(@)+~———— (41)
g +0 29, 2

An integral form of the two-dimensional Schrédinger equation in momentum space for the graphene is solved exactly by
projection the two-dimensional space of momentum on the three-dimensional sphere.

When an each point on sphere is defined of two spherical angles &, ¢ which are knitted with a momentum ( [7,8]. A

2% 2
ﬁ) dq [7,8]. A spherical
0

space angle ) may be found as surface element on sphere dQ2 =sin(@)ddd¢ = (

angle & and a momentum g are shown [7,8] to be knitted as

q’ —q0 _ 200, »_ _»1+c0s@
cos@ = ,sing = g =0G—). 2
q°+q; a?+rq : qO(1—cose) 2

Using spherical symmetry the solution of integral Schrédinger equation can look for in the form

D(q) = /g, ( wz;\v 6.9), (43)

where

Y (0,4) = P (cos 9). (44)

\

Since [7]

12 (12 21172 o A
(q + qO ) (q + qO ) 1 — z 472- Y/{u (01 ¢)Y;fl’* (01’ ¢/)1

. (45)
24, la-q| ==24+1
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then substituting (43), (45) in (40), one can find equation

& + * ’ ’
% S vo, D=3 [V 0N @Y A2 g o
q° +q0 1=0 Qo 1=osm0umy” 2A+1 q
The integral equations for SLG based on Eq. (41) may be found in the form
Ji prsin(@)+ =205 Y/ 0.4 (0, 91002 =
(47)

qzjzzz L YOO 060080 (0.9)400A,

(A2w)kBisu3l

Figure 6: (Color online) Single-particle spectrum of graphene for massless Dirac fermions (Majorana
fermions).

Since [35,36]

2 —
cos P™(cos ) = u m(cos@)+ L ( +1) " (cos ), (48)
| 2 P2 Ra
AJale -1 A -1

i I-m)(I-m-1 I+m+1)(I+m+2
sin &P (cos @) = JA=m)( ) P™" (cos 0) + [ X ) PM*(cosd),  (49)
2 2
Jar? -1 Ja(1+1)? -1
then solutions of the integral equation (46) for the energies and wave functions correspondingly can be found analytically
+

with taken into account the normalization condition (2—) Iq 5 2q0 | CD(q) | dq 1.

T Ao

From equation (47) one can obtain the eigenvalue and eigenfunction problem one can find recurrence relation
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1 1 1 1 1 1 1
SUF AT ATSAL a5 Al =0 )

The solutions of the quantized series in excitonic Rydbergs where Ry=87.37 meV, and wave functions of the integral
equation (47) one can find in the form

1
£y =— , (51)
1 1 1 5
—+(1+ =
(4 2( 2)31)
& = ! (52)
11,1, 1, 1, 1 ’
1A+ + b +=(2+Da,)?
(2( 2) 4% 2( 2) 2)
g, = L (53)
271 1.1, 1, 1,1 ’
“R+I)+ 1+ )b + =3+ D)ay)?
(2( 2) 2( Z)bl 2( 2)as)
5l = : (54)
- 1, 4 1 N 1, 1 :
“(B+)+=2+b, +=(4+)a,)’
(2( 2) 2( 2)2 2( 2) s)
@, (cosH) = ZLSZ(l—cose)mPno(cose), (55)
(@) =
where qg, =—g,1=01234,...,
1 2=n+1 | 2 |
1 = A~ 1 1 (56)
27\ 2 \21+1 . /41241
1 I+1
(57)

B = E\/Z(I +1)+1./21+1

Ja1+1)2 -1

Table 2. Quantized spectral series of the excitonic states which distribute in valence cone ¢,

R
€o 2 &y &3 y

1107.94 122.47 39.59 17.97 87.37

n=0,1,23,... in meV, exciton Rydberg Ry in meV.

Quantized spectral series of the excitonic states distribute in valence Dirac cone. The energies of bound states are shown
to be found as negative, i. e. below of Fermi level. Thus if the electron and hole are separated, their energy is higher than
if they are paired.

4.1 Elliott formula and light absorption rates of the excitonic states of valence Dirac
cone.

The intervalley transitions probability caused intervalley photoexcitations taken into account Coulomb interaction of
electron-hole pair one can obtain from Fermi golden rule in the form
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27 ,ev.E

P——( “’) Z(Z|<+1QIaxy|+1Q>|><
(58)

x(I)n(g 30)) [6, (e, — ) + 5, (&, + ho)].

Considering the case of relatively weak excitation the total rate of increase of the number of photons in the fixed mode one
can obtain in the form

27 ev.E

R——( “’) Z(Z|<+1QI0xy|+1Q>|><

<D, (%))2[@ (¢, —hw)+ 5, (2, + ha)]. (59)
q° +0s

The change in the energy density of electromagnetic waves can be presented in the form

dW _ 7w
= X (60)
dt S
Under ac electric field E_e cos((z — wt) the energy density of electromagnetic waves one can obtain in the form
1 1dw _  dwW _dW /x
= —KE Light absorption rate one can obtain in the form a(a)) = ———.Since —— = ———— then light
87 W dz dz dt

absorption rate with taken into account | (1, | &X’y | 71,9) |*=1/2 can be rewritten in the form

S(a(w)) = f —(eve) Z(j dq x

(61)
<D, (%))2[@ (e, —hw) + 5, (2, + ho)],
9% +q2

where Zq _)(27Sr)2 J.dq in a formula (59).

Table 3. Light absorption rate of quantized spectral series of the excitonic states which distribute in
valence cone «,, N = 0,1,... incm e

Q o,

7.6710%° 1.14210%

5 Results and discussions

The integral Schrodinger equation for a parabolic bands was analytically solved by the projection the three-dimensional
momentum space onto the surface of a four-dimensional unit sphere by Fock in 1935 [8]. In integral form of the two-
dimensional Schrédinger equation of Kepler problem in momentum space is solved exactly by the projection of the two-
dimensional space of momentum on the three-dimensional sphere in the paper [7].

In graphene the existing of bound pair states are still subject matter of researches [13].

In the paper [37,38] the possibility of extremum loop or toroidal energy surfaces in wirtzite semiconductor is discussed.
The Bychkov-Rashba model [39] describes the electron motion in two-dimensional system with applied electric potential
gradient field perpendicularly to the plane of system.

This Rashba spin splitting causes the shifting of oppositely spin-polarized energy band by momentum ( in opposite
directions.
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The Rashba and Dresselhaus spin-orbit couplings in GaAs quantum wells were studies in the paper [40].

The bismuth tellurohalides BiTeCl, BiTeBr and BiTel have hexagonal crystal structures and giant Rashba spin splitting in
two-dimensional systems [41,42]. These materials in the low-energy limit are described "Mexican hat" shape dispersion.

In the paper an integral two-dimensional Schrodinger equation of the electron-hole pairing for particles with complex
dispersion is analytically solved. A complex dispersions lead to fundamental difference in exciton insulator states and their
wave functions.

We analytically solve an integral two-dimensional Schrédinger equation of the electron-hole pairing for particles with
electron-hole symmetry of reflection.

It is known that the Coulomb interaction leads to the semimetal-exciton insulator transition, where gap is opened by
particle-particle exchange interaction [12]. The perfect host combines a small gap and a large exciton binding energy
[12].

We consider the pairing between oppositely charged particles in a materials with "Mexican hat" shape band structure
dispersion or in materials with giant Rashba spin splitting and in graphene. The Coulomb interaction leads to the electron-
hole bound states scrutiny study of which acquire significant attention in explanations of hight-temperature
superconductivity.

Itis known [9,12] if the exciton binding energy is greater than the flat band gap in narrow-gap semiconductor or semimetal
then at sufficiently low temperature the insulator ground state is instable concerning to the exciton formation with follow up
spontaneous production of excitons. In a system undergo a phase transition into a exciton insulator phase similarly to BCS
superconductor. In a semiconductors with "Mexican hat" shape band structure dispersion as well as in graphene the
electron-hole pairing leads to exciton insulator states.

The integral Schrédinger equation for a parabolic bands was analytically solved by the projection the three-dimensional
momentum space onto the surface of a four-dimensional unit sphere by Fock in 1935 [8].

In the paper an integral two-dimensional Schrédinger equation of the electron-hole pairing for particles with complex
dispersion is analytically solved. A complex dispersion leads to fundamental difference in the energy of exciton insulator
states and their wave functions.

We analytically solve an integral two-dimensional Schrddinger equation of the electron-hole pairing for particles with
electron-hole symmetry of reflection.

It is known that the Coulomb interaction leads to the semimetal-exciton insulator transition, where gap is opened by
electron-electron exchange interaction [9,16-18]. The perfect host combines a small gap and a large exciton binding
energy [9,12].

The particle-hole symmetry of Dirac equation of layered materials allows perfect pairing between electron Fermi sphere
and hole Fermi sphere in the valence band and conduction band and hence driving the Cooper instability. In the weak-
coupling limit in graphene with the occupied conduction-band states and empty valence-band states inside identical Fermi
surfaces in band structure, the exciton condensation is a consequence of the Cooper instability.

It is shown that the solutions of Coulomb problem of electron-hole pair does not depend from a width of band gap of
graphene. It means the absolute compliance with the cyclic geometry of diagrams at justification of the equation of motion

for a microscopic dipole of graphene where I, > 1.

6 Conclusions

In this paper we found the solution the integral Schrédinger equation in a momentum space of two interacting via a
Coulomb potential Dirac particles that form the exciton in graphene and in materials with "Mexican hat" band structure
dispersion as well as in zinc-blende GaN.

In low-energy limit this problem is solved analytically. We obtained the energy dispersion and wave function of the exciton
in graphene and in materials with "Mexican hat" band structure dispersion as well as in zinc-blende GaN. The excitons
were considered as a system of two oppositely charge Dirac particles interacting via a Coulomb potential.

We solve this problem in a momentum space because on the whole the center-of-mass and the relative motion of the two
Dirac particles can not be separated.

We analytically solve an integral two-dimensional Schrédinger equation of the electron-hole pairing for particles with
electron-hole symmetry of reflection. An integral form of the two-dimensional Schrddinger equation in momentum space
for graphene and in materials with "Mexican hat" band structure dispersion is solved exactly by projection the two-
dimensional space of momentum on the three-dimensional sphere.

Quantized spectral series of the excitonic states distribute in valence Dirac cone. The energies of bound states are shown
to be found as negative, i. e. below of Fermi level. Thus if the electron and hole are separated, their energy is higher than
if they are paired. In the SLG as well as in materials with "Mexican hat" band structure dispersion the electron-hole pairing
leads to the exciton insulator states.

2943 |Page October 22, 2015



LIL@JJ ISSN 2347-3487

It is shown that the solutions of Coulomb problem of electron-hole pair does not depend from a width of band gap of
graphene. It means the absolute compliance with the cyclic geometry of diagrams at justification of the equation of motion

for a microscopic dipole of graphene where I, > 1.

Appendix A
D;, {EI0} {ci104C, 1 HonlF {8712} [{ol** |7
K; 1 1 1 1 1 1 X2 + y2 , 22
K2+ 1 1 -1 1 1 -1 J,
Ky 2 - 0 2 -1 0 (x,y)
1
K, 1 1 1 -1 -1 -1
K, 1 1 -1 -1 -1 1 Z
K; 2 - 0 -2 1 0
1 (X2 - y2 ) Xy)’
(‘]x ! ‘] y)
Appendix B
From a trigonometric calculations one can find a following recurrence relations
m+2 e m
cot P (cos 6) = R™(cos @) +[I(I +1) —m(m+1)]R"™ (cos 9), 2
2(m+1)
m+1 B > m-1
1 P™ (cos 0) = (21 +1)R™ (cos @) + (I —m)(I —-m+1)(2l +1)R"™ " (cos &) | (63)
0 (1 +m)(I + m+1)— (1 —m)(1 —m+1))
1
teR" 20) = t20)P" 20),
cot &R" (cos 20) (Sin 20+C0 )R (cos 20) (64)
1 P 1 N i
(= (3+4(cotd)*)— - ———)R"(cos28) = cot B (cos 26), (65)
2 2 sin@
where
P™(x) = = M( X2)™ E(m—l,m+1+1,m+1, 2%,
2™ (1—m)!m! 2 (66)
Fla. )= -2 PO W) f sy gy )
2ri T'(y—a)
In order to find a light absorption rates necessarily to solve the integral
1-x
J=| dxF(-I,1+1,1, 68
[oxFe ) (©8)
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Substituting (67) into (68) we obtain the integral in the form

1 TA+NrQ) p et e
27i  T(L+1) [oxfen™a-y (-5 +2) )

which can be rewritten as follows

J=-

_ 1 r@+nhr@e 11 [ toia -1
I=- ) [ a-v'a- ) f) dt. (70)
The solution the following integral
_ X
I=[ 1+ o) o 1)
may be found by substitution
y= L (72)
2-t
We find the solution of the integral
2" 253
J=[= = (L) dy=-"2 -0+ -0 @Y (73)

2-t
Then substituting (73) into (70) we obtain the integral in the form
1 T(A+NHr@ 2
2zi T+l 1+2

which can be expressed via a hypergeometric functions as follows

E

JEE-n'a- *1dt JEO -1 @- )*ldt)Z' (74)

1= 1D EELL ) LA PO )
2'T(1) 2’ T(1+ NI (-)
In a similar form can be calculated the integral
3= dxP"
= [ &xR"(x). (76)
Substituting (66) into (76) we obtain the integral in the form
J= j x 1 ('”") T )™ Em -1, m+1+1,m+1, 1%,
2" (1 2 (77)

Using the formula (67) the integral (77) one can transform into the integral

1 TA-m+DI'(m+1) 1 (I+m)! fldx(l_Xz)mm{(_t)m_._l(l_ty(1_t1—2x)_m_|_1dt’

TS T 2" (—mym

(78)

which can be rewritten in the form

_ 1 T@-m+hr(m+1) 1 (I+m)!
27 r(1+1) 2" (I—m)!m! )

J (1 X )m/2§( t)m | 1(1 t) (1 7) m-—| I—1(1+7)—m I—ldt

(79)

In order to find the solution of the integral (79) it is necessarily to consider the integral of form:
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1 X
J=[ @-x)™ 1+ =) ™" dx, 80
[La—xyma+ ) 0
which can be transformed into the integral of form:
t -m-1-1 m/2 2— t -m-1-1
J=(— ——+X dx. 81
G [La- ) (51)

The solution the integral (108) one can find using the binomial theorem and following replacements

t \_moe 2-t Cmot—
I=G 7 | lf Zkl( _k)|(1)7 ‘(D) X (— 07 X, (82)
y=m/2,
2-t
—+X
u= (ti)—l/(m+l+1). (83)
So integral (82) may be rewritten as follows
J — ( 2 t_ t )Zk—m—l—l -[U 2(m+|+1)(k+l)—(m+|+l)2—(m+l+1) (1_ u (m+|+1))—2(k+1)+m+l+1 du. (84)
The solution of the integral (111) one can find by replacement
u= (y)ll(m+l+l). (85)

We obtain the following expression for the sought for integral:

L 1 2 —t\ okmoia (12 2(k+1)-mal 3+m+|+l 2(k+1)rml+l 4, _
LY (L1-y) dy =
1 2 —t oy (12 2(k+1)—m—|—3+m+1|+1
I (m+1+1) ( ) L/(Z—zoy % (86)

A (“2k +m+ 1 =1)!

(=2k+m+l-1-n) ¢\ \nN
n=0 (n)!(—2k+m+|—1_n)!(1) (-y)"dy.

The solution the integral (86) one can find using the binomial theorem

A (_Zk +m+| _1)l (1)(72k+m+l—1—n) (_ y)n
= (MY (-2k+m+I-1-n)! ! (87)

(1_ y) —2(k+1)+m+1+1 =

Substituting equation (87) in the integral (86) one can obtain the sought for integral in the form

1 2t o gy 2kt —2k+m+I1-1)! okmal—1n n
J= ( )2k 1-1 Z ( ) (1)( 2k 1-1 )(_1) %
(m+1+1) "t = (M(-2k+m+1-1-n)!
t/2 2(k+1)—m—|—3+m+l|+l+nd
I—U(Z—Zt)y y- (88)

We find the solution of the integral (88) in the form:
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1 2t op gy 2k 2k +m+1-1)! okemaldon .
J= ( )2k 1-1 z ( ) (1)( 2k 1-1 )(_1) x
(m+1+1) "t =~ MI(-2k+m+1-1-n)!
2k—m— I+m+l|+1 n
X y 1 | —U@-2t) * (89)
2k —m-—1+ +n)
m+1+1

Substituting (89) in (82) one can rewrite the integral (82) in the form:

t -m-I-1 L k
J=(—— (-1
G ™ S i O D
1 2t okm _’2"*’”*'1 2k +m+1-1)! kel don .
( )Zk -1 Z ( ) (1)( 2k -1 )(_1) %
(m+| +1) = MY(-2k+m+I-1-n)!
2k—-m-I+ ! +n (90)
m-+1+1
X y 1 |t—/f/(2—2t) .
2k -m-1+ +n)
m+1+1
Substituting (90) in the sought for integral (89) one can rewrite the integral (89) as follows:
1 T@-m+DI'(m+1) 1 (I+m)! 1 L
J== : ( )( )T( ) z ()7k( 1)k
2ri r'(1+1) 2" (I=m)Im! (m+1+1) & k(¥ —k)'
T (_Zk +m+1- 1) (1)(—2k+m+|—1—n) (_1) <
= (M(-2k+m+1-1-n)!
2k 1
) P L LU
= (s)!(2k —s)! (1)
t
_t m—I-1 1_t | 1_7 -m-1-1
™A= (- 0)
2 2k—m—|+m+l|+1+n
X({)(zk_s) ' 1 It—lt2/(2—2t) dt,
2k —m—1+ +n)
m+1+1
which can be rewritten in the form
1 TA-m+D'(m+1) 1 (I+m)! 1
J=0—_" ( N )T( ) z ()yk(l)x
27i C(1+1) 2" (I—m)Im! (m+1+1) & KI(y —k)'
B (_2k +m+1- 1) (1)(—2k+m+l—l—n) (_1) x
= MI(-2k+m+I-1-n)!
2k 1
x> ECLILEI N
=0 ()!(2k —s)! (92)
1 Ml | N
x i feomra-n'a- )
2k —m-—1+ +n)
m+1+1
2 2k-s) 2kem-l+—* 4n 2k-m-l+— = +n
x(?) ((t2) m+l o — (—t/(2 - 2t)) m++l ) dt,
or as follows
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__21. rI-m+NHr(m+1) im (I+m)! 1 Zy: 71 (1) (~1)* x
bl r(1+1) 2" (I=m)Imf (m+1+1) & k(y —k)!
2 (2k+m+1-1)! (1) CEEmm (_1yn 5
= MY -2k+m+1-1-n)!

& (2k)! s
XZ; kst D

L (93
m+ —m—n—
» 2 ) {(_t)m—l—l (1—t)| (1_ L)fmflfl %
2k —m—1+ +n) 2
m+1+1
s—m—l+i+n 2k—m—l+i+n —2k+m+|—#—n
X(t) m+l+1 (l_(_l) m+1+1 (1_t) m+l+1 )dt
We find the solution of the sought for integral as follows:
A | 4 |
;2 T=m+)r(m+1) i (+m) 1 S 7y
TEA+) 2" (-m)imt (m+] +1) & KI(y - k)!
AL 22k +m+1-1)! = W
( ) (1)( 2k+m+-1 )(_1) X
= (MY(-2k+m+1-1-n)!
2k |
S gy
= ()!(2k-s)!
2m+l—m+|+1—n—s stmile—
X (_1) m+l+1 X
2k-m-1+ +n
( m+1+1 ) B4
x(F(s=21+ +n,m+1+1,5-1+ +n+1,1/2) e -
ml+1 m4l+1 I(l-s+2l- _n)(s-1+ n+1)
m+1+1 m+1+1
- [(1-2k+m+2l- -n)
~ (Bl ™SE( +n,m+1+1,5+1-2k+m,112) m+1+1 ).
m+1+1 I(1-5+2l (s +1- 2k +m)
m+l+1
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