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ABSTRACT

In this work, we have investigated the exchange interaction of two electrons in double lateral quantum dot (which is the
base of quantum gate) under effect of external magnetic field, electric field and inter dot distance between double dots.
From similarity between double quantum dots and molecule, we have used molecular physics approaches (Hitler —
London and Hund — Mullikan approximation method) to investigate our system. We also show the magnetization behavior
as function of magnetic field.
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INTRODUCTION

In recent years, quantum computer has a great interest throughout nanotechnology [1]. These computers are a model
system based on quantum mechanics, such a device requires two — level system called qubit [1, 2] in order to store
information, as well as controllable method to adjust interaction between qubits [2].

Quantum dots [3] seem to be logically can used to form quantum gate. Two types of quantum dot qubits have been
obtained the spin and charge of electron as a qubit. Since electron spin has very long coherence time (for GaAs can
exceed 100 nm) compared to electron orbital states, thus electron spin may be better choose for qubits. There is another
advantage of using spin as a qubit, the intrinsic two — state systems of spin (electron spin up and down) perform one qubit,
thus no extra dimensions transition to which could lead to leakage errors in quantum computer [4,5]. A guantum two level
system can be in a superposition of its state [6] also qubits may be entangled with each other forming quantum logic gate
[4]. Because of supersession and entanglement operation, quantum computers can perform certain problem significantly
faster than classical computer [1]. Two quantum dots coupled to form quantum gate, in which electrons may be tunnel
between them and produce spin — spin interaction represented by exchange coupling [7]. The coupling between the spins
can be switched on and off through externally controlled parameters such as confinement potential and magnetic field [8,
7]. Also detuning (the offset between the energy levels of the two dots) and tunnel coupling which can be changed by
applying gate voltage [2].

Our work depends on two spin qubits in double quantum dots (artificial molecule). Due to Pauli Exclusion Principle, the
ground state is a singlet state and the first excited state is a triplet state [5, 9]. To evaluate Quantum logic gates as
qguantum XOR (which use for programming any problem calculated by quantum computation), we first calculate "swap
operator" [10] which is unitary time evolution between spins in dots

Uj_:{i':l =g —itH ()’ (1)
Where Hamiltonian for spin spin interaction is given by T15(t) = /12(£)31: 32 (where J12 is the exchange interaction given
the energy difference between singlet and triplet state), Then we will evaluate a quantum logic gate UXOR as in [11]
Uyor = exp(i(m/2)55)exp(—i(n/2)s5 U fexpinsHv L)}
We study the spin dynamics of two electrons inside double quantum dots by evaluating the exchange interaction as a

function of magnetic field B , electric field E which control level detuning and distance between two dots 2d. Performing all
calculation under Heitler — London and Hund — Mulliken method.

2- Quantum Dots Model

We Consider a system of two double quantum dots of GaAs defined in a two dimensional (x-y plan) separated by a distance 2d from
the center of each other, each dot contains electron has spin 1/2 and its effective mass m” ("= 0.067 m, in GaAs)
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Fig (1): double quantum dot under magnetic field in z- direction where each dot has electron
spin 1/2,The two dots separated by 2d distance from each other.
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For simplicity, we consider the two quantum dots are identical. If we apply a magnetic field in the z- direction
perpendicular to double quantum dot plan and an electric field E in a plane along the x axis, the Hamiltonian describe this
system is given by

o= Ky + Ky + Hy + Vo + Hop + He = Hpp + He +H: (2)
- "
Where E; is the single particle energy, &; = %[‘p[ — A +exE HV(r)

- = By
Alrg) is The vector potential which given byA (r;l= L, Ay = s (—v.x.0), Hz is Zeeman energy where:

Hz = Gemilsl, 552[

Where gert is the effective g- factor (g = -0.44 for GaAs), and u is the Boher magneton. The ratio between Zeeman energy
and orbital energy is small, so we can neglect Zeeman energy. H; is a spin spin interaction

Coulomb interaction between two electrons can be represented by:

Where ¢ is the dielectric constant (in GaAs £ =13.1), r1»is the distance between two electrons.

V(r{) is the confined potential. Since the experimental fact show that the spectrum of single dot (2DEG) has a simple

harmonic oscillator [4, 7], thus the best choice of confinement potential for laterally aligned dots is the quartic potential
which is given by:

Viey) = ot ((f; T =:“]: + }'::] ®)

tag gt viEa X
Which separate double dots as two harmonic well of frequency w,and the effective Boher radius of a single isolated

. ! 1 . .-
harmonic well is a; = *\IE (is a measure of lateral extension of the electron wave function in the dots).
&

Since the single dot potentials are harmonic oscillator, so that the ground state single particle orbits wave function @{x. V)
centered at the origin given by

- :::i o 1:-

B(xy) = JE e~ "= (4)

i,

N T mewed o . ed
Where w = iy~ + w47, wy is the Larmor frequency given by w; = o

The single dot ground state centered at (+d. 07 given by

04 a(x vl = exp(tiya/2 2) 0(x F d.¥) (5)
Where exp(*iyd/213) is phase factor due to magnetic field, I5 = 1.|I$ is magnetic length.
L

In few electron systems, spin orbit interaction is dominant. The spin—orbit interaction in a quantum dot is given
by H;, = % 5. L (L is the electron angular momentum which has approximate value h). If spin orbit coupling is strong the

electron spin is not a good parameter, thus it should be selected material quantum dot with small spin- orbit coupling [1]
(for GaAs H,,/huw, =107 itis small value can be ignored [11]).

After all considerations, the two electrons Hamiltonian is a purely orbital take the form

a2

1 g 02 1 £ O -
Hars = o= (P2 = 2400 ) +=(pa 240 ) +vCxy)+ Y

After some mathematics, the orbital Hamiltonian is given by
Hon =kalr) + kL) + 0+ 1 6)

Where:

L ) whb S o . . :
Kiglr)=—-— + 7o ((x; Fd)* +3;) is Hamiltonian for particle (electron) in harmonic
t z 22,

RE ” 5. . a2
potential, @(x.¥) = v(x.3) — T3 ((xy + d)* + (2 — &)%) and ¥ = 7~
s
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For two electron in double quantum dot interacts in a uniform magnetic field corresponding to spin singlet |z} = —t| T4 —=L1)
WL
with total spin S = 0 and triplet |T,} = —f,,| TL+LTy, T =] TTh|T_) = | &L} with total spin S= 1, (under consideration the
W&

temperature is very lower than fiw,, SO we can use ground state (singlet) and first excited state (triplet). The exchange
energy between two electrons is the difference between triplet states |T,}, and the ground singlet state |s}

J=Er—E;s
We can calculate J by evaluate the expectation value for singlet and triplet state of orbital Hamiltonian operator
I= {w'?l}rnrblw'?}_ N—'Sl*}rnrhlq-'g} (7

Because of similarity between atoms and quantum dots we use approaches from molecular physics to calculate J so we
use Heitler — London and Hund — Mulliken, the validity of this approximations required that at zero magnetic field the
ground state must be singlet (at B=0 is J > 0).

2.1 Heitler — London method

Heitler — London method is the simplest approach to calculate exchange splitting in double quantum dots. The basic
assumption of this method is that the two electron lowest energy wave function singlet and triplet are written as a
combination of single dot single- electron wave function basis. This method is accurate when two dots are at large inter-
dot distance from each other, also doubly occupied of dot is neglected

The singlet and triplet state are given by

_ #et@s(2t e (D@a(1)} ) [T+11)

—Ysr) = (8)

s

[ 2(ttpEn)

The first term is the orbital contribution with |¢ ;z(1/2}} is the single- dot ground state orbital for electron 1/2 given by
equation (5), the second term is the spin dependent part which can neglect here.

The overlap between right and left orbits is denoted by:

- . . . —mwd®  d%h
p=J ¢’+|:':Te'¢’—c':?’e'd"r=':-':PLl':PR}=EKP( ;U )

i dlzme

From equation (6), (7), and (8) the exchange energy due to H-L obtained by
JuL = (Wl Hors [T} — (sl Hom [Ws)

This can write as:

Jar= LE_;UQ +Jv.)
Where Jj is the single particle confinement potential contribution given by:
hw = (@(L)¢a(2)1Q1¢L(1)@a (21} — El-:{?:,{l?' ¢a(2)1Q1¢L(2)@a(1)}
This contribution provide singlet state, while [y, is the coulomb interaction contribution between two electron expressed by:
o, = (@) a(2)|Vel@(1)@a(2)) = #(%[1? Pr(2)|Vel @(2)PR (1]}
=Jv,— v,

It is consist of two parts, the first part is the direct coulomb interaction Ji, and the other is the exchange interaction Jy_;
both coulomb terms favor triplet state since in triplet state two electrons avoid each other

Solving the matrix element of C and W vyield:

e et _iphat Bt [3—=- 4 .
. = = — & 1+ m ) (wy— — + Fhwy) +
Jmw Sinh[za%(26-3)] 167w ( J(wo— o
= oy —2ba® 2(b-1)ar, .
SVBErf[2+2ba] (e 72 — 57 TEM) (%)
- I e gz
Where erf is the error function given by erfiz) = = -||:~ e ~F dt,
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z ¥ . . . . .
W{%]; hua, is the ratio between Coulomb and confining energy, the parameter b is the magnetic
AT 5]

and s =
. | z d . . . .
compressed factor obtained by b = ME = 11|1 +% ,and o = o, IS the dimensionless distance.

The exchange energy J (B) as a function of magnetic field is plotted in figure (2). We note that J is positive at zero
magnetic fields which are physically true for two particle system. Also we observe that J is changes its sign from positive
to negative as magnetic field B increase corresponding to singlet- triplet passing occurring at B = 0.9037 T (for

fiea, % 3mev, and & =0.7).

At lower magnetic field B, b is small and the overlap p = B_'Iz':%_::' become large, thus the exchange term reduce result

positive J provide that singlet state is the ground state. As a magnetic field increase, the electron orbital compressed by
factor b leads to the overlap decrease exponentially. Suppression of p is satisfied by growing exchange term j-_ as

e
e’® " F and suppression J exponentially with B'mz. Lowering overlap make negative term of exchange integral in
equation (9) be significant which can larger than direct coulomb term as a result J become negative. Once the exchange
term increase the long coulomb interaction is dominant leading to triplet state being the ground state (physically, in triplet

state two electron avoid each other, leading to repulsion coulomb interaction between them dominant)

We note also that at certain value of B (B% 2 T for huw, % 3mev]), the exchange energy returned increase as B increase.

This behavior can explain by calculating two terms of equation (9) at different value of b (which depend on B). When b
increase, the two coulomb terms (the second term) decrease but the exchange terms much decrease and change its sign
make J return increase again. Since coulomb interaction still dominant, thus remains negative and don't become positive
again.

Jimev.
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Fig (2): the exchange energy J obtained from H-L as a function of
magnetic field B at fixed inter dot distance( & =1d—n =0.7)
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Fig. (3): the overlap P as a function of magnetic field B

Similarly J decrease exponentially as d increase (as the two dots far apart) because of overlap of wave function reduce for
large inter- dot distance d. as two dots come close to each other, the overlap between the electron wave function increase
and consequently J increase Fig (4)
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Fig (4): variation of J obtained from H-L with inter dot distance d at zero magnetic field (B=0)
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Fig (5): variation of the exchange energy J obtained from H-L as a function of fwy

When an electric field mentioned in equation (2) is taken into consideration, the exchange energy as a function of E
becomes:

. fow, + o —10ah Erh, (Tbat+2boi 12y, G875
JalEl=l0———F— ¢ (—1+e 11 +et STEY) Bk, (10)
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Fig (6): the exchange energy J obtained from H-L as a function of

I ) ) . d L
electric field E at fixed inter dot distance( & =— = 0.7} and magnetic field B

Qg
The electric field produces shifting of the electron orbital (singlet and triplet state). As a result ground state energy level
can tune, this tuning is important for tunneling of electrons between levels. As the electric field increase, levels are
detuning and tunneling suppressed as well as overlaps decrease. Thus above equation is valid for small level shifting or
as J(B, E) — J(B,0) < J(B, 0)
H-L do not work at short distance [12] ( because of the overlap of wave function become large, the ratio of coulomb
energy to confinement energy increase at certain value of d (distance between two dots) leads to unphysical negative
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value of J even at B = 0). So we can use the Hund-Mullikan approximation in this method we add two bases to H-L
approximation by including doubly occupied state [13].

2.2 Hund-Mullikan method

Hund- Mullikan is an improvement of H-L approach, where two doubly occupied states (2, 0) and (0, 2) are included with
two basis singlet s (1, 1) and triplet T (1, 1) of H-L. We still use only the two single — dot ground state as the basis state, so
that according to Pauli- exclusion principle the doubly occupied state must be spin singlet. Therefore two Hilbert space of
H-L changes to four Hilbert space consist of three basis of singlet state with anti-symmetric spin part and a symmetric

orbital part
Y = @y (r) ()

H
L

Wi = @g(r)@a(rs)

f

s

_ Fr) R LR F R

= v

. . . . . . . . . TR e B TP

while only one basis of triplet state with a symmetric spin part and anti- symmetric orbital part {'r = e
W

. These four wave function forming basis of H-M approximation.

The Hamiltonian corresponding to four basis S (0, 2), S (2, 0), S (1, 1) and T (1, 1) written as:
L N JIF oy
N L AIF O

HD["I:I =€ +E.+ NI I W, D (11)
0 D D Wy

Yield the eigenvalues singlet and triplet obtained by:
Er =g+, + W5
Egpn=€g+e6; +L—N

We [{L-We+an?

L M 2
ES_=E3+EL+E+T+?_'\'I s + 4"

L We N, lp-uwr+mE
Es+=ER+EL+;+TS+T+N|%

+ 4!

Where
Enr = (P01 rlﬁgd_ &5} are the single—particle energies in the left / right dot, L = {wffrﬁ—c—wfm} is the on-site
Coulomb repulsion, & = {wf;ﬁ —Vr—w;fﬂ;} is inter-dot Coulomb exchange integral, Ws = (is— V=5 ),
Wr = (- —W.—1yy} are the Coulomb energies for the S(1, 1) and T(1, 1) and t = (&, —kE,—Fz ;) +f~;{¢5_ V,— i)
is the inter-dot tunneling matrix element renormalized by long rang Coulomb interaction . Using the basis of
orthonormalized single particle states given in Ref. [8] as

. e T —— (1-,/ T8
P = (Prjn —JPas) /(/1-2pg+g7) where g =—-—
, and p is the overlap between right and left orbits

The exchange interaction J can obtain by diagonalizing the Hamiltonian given in eq. (11), where J is the energy difference
between the triplet E+ and lowest singlet state Es_

Jun= Er - Es. =Wp-Wy- 3(L -WetN) +3 /L — Ws+ N)* + 16¢° 12)
J lmev .
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Fig. (7): The Hund-Mullikan exchange energy J as a function of magnetic field at a fixed inter-dot distance
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We can see that: as a magnetic field increase, the electron orbits compressed and the confining area that two electron
occupied on the same dot become smaller as a result two electron repel each other further leading to a significant
energy. We also see for large B, J become negative due to the first term in equation (12). This result Coulomb energ
obtained from H-M has a good agreement with that obtained by H-L

3. Magnetization

From thermodynamics relations, we calculate the mean magnetization by M = KT a;uﬂz where Z is partition function which

is depend on Hamiltonian, there is a jump in magnetization at B=3.8T which due to singlet triplet crossing

M gl
2

Fig. (8): The magnetization behavior as a function of magnetic field

at a fixed inter-dot distance

4. Conclusion

We can form a quantum gate, the basic unit of quantum computer, using double quantum dot where the electron spin
represents the qubit, and calculating the exchange energy J between spin of two electron trapped in double dots under
effect of external parameter using approximation method from molecular physics Heitler-London and Hund-Mulliken. It is
shown that J changes its sign from positive to negative corresponding to singlet-triplet crossing by increasing magnetic

field, (which can remark as a jump in magnetization behavior) and we can use this operation to adjust quantum gate time.
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