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ABSTRACT

In this paper we study the geometry of y" space and applications of this space to general theory of relativity. In y"
space we obtained analog Ricci - Jacobi identity; We study the hypersutface Y™ i Y" space; the geodesic lines
equation have been researched; we introduced analog of Darboux theory in case of y" space, so it was shown the
tensor 77,, can be presented as the sum of two tensors symmetrical and antisymmetrical with property

- i p£q,,] . . S .. . .
ﬂ[aﬁ] = Egijqu.fﬁéav . We discussed some partial cases gravitational and electromagnetic interaction, and their

connection to geometry structure; we considered stronger electromagnetic field in Y " space. We derived the general field
equations (electromagnetic and gravitational) from the variation principle.
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INTRODUCTION

1. For describing objective reality we have some 4-dimentional key scientific theories: classical mechanics,
general relativity, quantum physics, Maxwell’s electromagnetic theory [8-10], Yang—Mills theory and the Standard Model.
All this theory have many applications and were made many experiments that prove it correctness except general
relativity, of cause we have some phenomenon that convenient explain by this theory, like gravitational lensing, black
holes and gravitational wave, but all these phenomenon can be study by another methods, such if we have two objects
orbiting a common center of mass (or any other pulsating massive object) and we assume finite interaction speed then we
obtain correct low for gravitational wave by classical mechanics. According to Albert Einstein [9] idea general relativity had
to be the theory that united electromagnetic and gravitational interactions, but at present days classical theory of general
relativity don’t include Maxwell's theory as a natural part (we can’t count electromagnetic theory in Riemann space as
electromagnetic-gravitational theory, because if we assume space without mass we can’t obtain Maxwell’s theory in the
absence of mass), so in reality theory of general relativity is only classical mechanics theory with finite interaction speed,
with electromagnetic amendment.

There were many attempts to build higher dimensional theory, that could describe electromagnetic and
gravitational interactions consubstantialy, but the problem is open. We believe that the problem can be solved in four
dimensional continuum so we don't discuss higher dimensional theory and we only will give resume Einstein—Cartan [4-9,
17, 18] theory which didn't solve the problem.

2. Preliminary consideration and the Einstein—Cartan theory. The Einstein—Cartan theory [4-10, 17, 18] is a
theory of gravitation similar to general relativity, but with presumption that the affine connection has vanishing
antisymmetric part (torsion tensor), so that the torsion can be coupled to the intrinsic angular momentum (spin) of matter,
much in the same way in which the curvature is coupled to the energy and momentum of matter. The theory was first
proposed by Elie Cartan in 1922 [4, 5] and developed in the following years then Tom Kibble afresh it in the 1960s, and
1976. Next, in 1982 Penrose has shown that torsion appears when spinors are allowed to be recalled by a complex
conformal factor. Then in 1995, the theory has been generalized by F.W. Hehl.
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The space-time in Einstein—Cartan theory is four dimensional metric-affine space with a connection that is metric,
originally Albert Einstein [8, 10] studied the space that was compound of Riemann and affine spaces (it's so call Einstein
theory of gravitation with teleparallelism, where he considered two connections one without and with torsion and he
postulated that torsion is associated with electromagnetism like metric with gravity).

According to Andrzej Trautman [18]: “The Einstein-Cartan theory is a viable theory of gravitation that differs very
slightly from the Einstein theory; the effects of spin and torsion can be significant only at densities of matter that are very
high, but nevertheless much smaller than the Planck density at which quantum gravitational effects are believed to
dominate”, so modern Einstein—Cartan don'’t try to unite electromagnetic and gravitational theory, but rather make some
amendments to gravitational theory. The field equations of Einstein—Cartan theory come from exactly the same approach
as in general relativity, except that a general asymmetric affine connection is assumed rather than the symmetric Levi-
Civita connection (i.e., space-time is assumed to have torsion in addition to curvature).

Essential problems Einstein—Cartan theory emerged originally in early A. Einstein works devoted gravitation
theory with teleparallelism and concern with space-time structure Einstein—Cartan space. The Einstein—Cartan space has
compound structure of Riemann [13] and affine four-dimensional space-time, but A. Einstein assumed that in this space

exists “the local n-bein consists of n orthogonal unit vectors with components hia with respect to any Gaussian coordinate
system” or “distant parallelism” with §;, = hiahka, (the space with such geometrical structure is differ from Y " spaces)
and one of the variants of gravitational theory in space with teleparallelism [2, 9].

The Einstein—Cartan theory is different from theory of teleparallelism but related, then was attempt to improve this
theory in “the new teleparallel theory of gravity” with space-time that has a quadruplet of parallel vector fields as the
fundamental structure and these parallel vector fields generated the metric tensor (A. Einstein worked on this idea also).

The crucial idea, this theory, was the introduction of a tetrad field, i.e., a set {yl,...,y4} of four vector fields
defined on all of set M such that for every peM , the set {y,(P),...,Y,(P)} is a basis of T M , where T M ,

denotes the fiber over p of the tangent vector bundle TM . Hence, the four-dimensional space-time manifold M , must
be a parallelizable manifold. The tetrad field was introduced to allow the distant comparison of the direction of tangent
vectors at different points of the manifold, hence the name distant parallelism. But this attempt was not successful. We

believe that problem arose due the space structure, so we introduced space Y " with different geometrical structure.

The natural approach to obtaining field equations are derived them by varying Einstein action with respect to the
metric and torsion independently. Principle of least action is one of natural way to obtain field equations and it unified the
gravitational theory with Maxwell theory, but it is not the only one.

The variation principle of least action can be formulated in the form: 5(Wm +Wg ) =0, where W and Wg -
action respectively for matter and field values, and we are varying metric and torsion. The scalar density can be taken as
(Rik +S, Sin ) g™ ./—g . and we postulate that all the variations of the integral j( R, +Si S ) g™ J-9dV are zero

(analog of this scalar density was introdused in A. Einstein workes). As result we obtain the field equations, this is the
general schem for obtaining field equations from principle of least action, result depends on what function we take like
Lagrangian and what variables we count independent in many cases its obvious.

In modern Einstein — Cartan theory, they consider Lagrangian in more complicated form, for example
1 . . 1. .

oL=L, Adp® +=7"80; +00' At,—=0w! AS. +EX , but complication of scalar density in variation principle of
2 ! 2 .

least action don’t bring any novelty in theory and don’t solve the problem of obtaining field equations that discrabed
gravitational and electromagnetic fields from one point of view.

On the other hand, acoding to A. Einstein “there should be a consensus about the consubstantiality of the
gravitational and electromagnetic field” and more essential is to obtain the theory that discribes electromagnetic and
gravitational field togather and from one point of view.

Now, to make the our discussion more tangible, we will gave concise description of the geometrical structure of
y" space, develop the geometry of hypersurfaces Y n-1 [22, 23].

The remainder of this paper is organized as follows. In Section 1 consider the geometrical structure of

yt space and consist of four subsection dedicated to: general geometry, geodesic, theory of hypersurfaces, identities in
accordance; Section 2 discusses the field equations and its application to gravitational theory, consist of two subsection
empirical approach and deriving the field equations from the variation principle in accordance; conclusions.

1. The geometry of Y " space

4292 |Page Council for Innovative Research

August 2016 wWww.cirworld.com


https://en.wikipedia.org/wiki/Affine_connection
https://en.wikipedia.org/wiki/Levi-Civita_connection
https://en.wikipedia.org/wiki/Levi-Civita_connection
https://en.wikipedia.org/wiki/Torsion_tensor
https://en.wikipedia.org/wiki/Riemann_curvature_tensor
https://en.wikipedia.org/wiki/Teleparallelism
https://en.wikipedia.org/wiki/Teleparallelism
https://en.wikipedia.org/wiki/Einstein_field_equation
https://en.wikipedia.org/wiki/Principle_of_least_action
https://en.wikipedia.org/wiki/Maxwell_theory

ISSN 2347-3487
Volume 12 Number 2
- Journal of Advances in Physics

1.1. Structure of Y" - space. Let be N - dimensional continuum equipped with a field twice covariant
symmetric tensor which is non-degenerate ¢, (M), where Det|g, [#0 and g, = 0,;. this metric tensor is chosen
arbitrarily, but in addition to conditions laid above we demand that manifold was sufficiently smooth.

The connection F'jk(l\/l) is a geometric object on a manifold and is subjected to the law of the transformation

from one coordinate system Xi to another Xi' by the formula:
. Coxoxt oxt ot ox'
D =Tt 2 7w
ox' ox! ox" ox'ox" ox

(1.1)

where the functions F'jk are sufficiently smooth.

Always below we would not require the symmetry of connection. And so if the metric {;,  is well defined, then a

geometric object F'jk subject to certain requirements, but still there is some freedom in the choice of connection of the
space, more precisely, we need to define a torsion tensor:

i =T =T, 12)

then the geometric object Fijk that is generated the connection is determined uniquely. The object FIZ , which generate
space connection, is completely determined by two tensors ¢, and Si'; . Therefore the connection Flfl is the sum of a
geometric object PEl which is composed of derivatives of the metric tensor (J;, and tensor L,’:l is compiled of §; and
the tensor Sﬂ , by formula FE, = Plf, + LE, .

The main assumption is that a scalar product of two any vectors in parallel transportation along an arbitrary path
does not change.

Next we introduce the notation and from the last formula we see that

1 v
Py :Eg P (gik,l T Qi — gkl,i) (1.3)

is geometric object

1 1 i m m
L = Esk? +§ g” (gkmSIi + Qi Sk ) (1.4)

is tensor.

Remark . Itis not difficult to prove the relation:

ry =1g g® :im where g = det|g,|.

2 =l Jg o'’

Then, we consider the difference of first general derivatives:
_ k
Uy — Uy = Uiy —Uy; =S, .
Similarly, we obtained the difference:

_RP q
Ui — Ui = Ryl + Sl (1.5)
where Rk'?i is curvature tensor. Similarly, we have
i i i p qy,i
Uy —Uyy = _RklpL‘I + Sklu;q (1.6)
here we notated:
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P _ pbh p P pa P pd
Pikl = Pli,k - Plk,i + quPn + PquIk 1.7)
is a tensor like the Riemann curvature tensor, composed of the metric tensor and its derivatives.
Zp = Lqpkai - Lgi Lj. is tensor (1.8)
p_ P p P A arp pra ape .
Ty =Lix — Lii + Py L +P”qu —Py L, — Py Lqi is tensor. (1.9)

Then we get:

Tiil = l:;k - l|)<;i - L?irgk + I—giri + Lﬁ;riqk + L?krgi - Lgkrﬂ - Lﬁ]rgi +

P arq pa app _|p p app pra ajpp Pa PQad
+Pg L + Pl — Pyl — Puclg = Lii — L — Li b + LgiLaie + Lk — L Li + Lig S
since, the absolute derivatives have tensor character it is tensor.

If we denote:
Mg =T + 25, (1.10)
then we get
Mg, =L — L + lesii + Lqpi Ly — Lgk iy (1.11)
or RiEI = PiFl)d +Mi‘|)<| .
Remark. Since, torsion tensor is antisymmetric, we have identities: S}psk‘? = Sikaijp and Siiijﬂ’< =0; then we
obtain the equation: S}pSk? + Sli(pSiJP + Sfpsj‘; =0.

1.2. The geodesics in yn" space. Definition (geodesic). A geodesic by definition is a curve whose tangent
vectors remain parallel when they are transported along this curve.

Theorem 1. So that not isotropic line in Y " space was geodesic it is necessary and sufficient that a variation of
the arc of the line 0S was equaled to

t i
55::Ig”83k%%—dxp5xk.
b

Theorem 2. For that true Riemannian space with a connection Pfl has shared geodesic lines with y" space

with connection F:} with torsion tensor Sii; , itis necessary and sufficient that the connections to be differed by tensor:

- :li(@ks;I +51S})

ri—P
! 2n+1

ij

Remark. In work of A. Einstein “Unified field theory based on riemannian metrics and distant parallelism”
definition of geodesic is different, there geodesic defined as the shortest in sense of riemannian metrics.

1.3. The theory of hypersurfaces Y™ in Y". We assume that hypersurfaces Y™™ with coordinates is
embedded in Y" space with coordinates. The hypersurface can be defined by a system of equations:

X = x (yl’m’ yn—l),

i
X _
where the rank of the matrix ~ is equal to N—1. The metric tensor of Y "1 is calculated by the formula:
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_ox o
s =0 yﬁ : (3.1)
and the torsion tensor of Y " by definition:
o ox' ox) ox¢
"oy oy” oy

By this two tensors aaﬂ and Tayﬁ one could fully defined the geometry of the y -t space by itself, without

3.2)

Yo am
Taﬂ_a gpq

embedded space Y "

The connection of Y "™ can be calculated by:

+a

L ta, T +a T”)+Ty§). (3.3)

Bn.y 1.8 e pn

Gy, =%<a"” (a,,+a

) )(i . ) : :
Let &' = —— and at each point of Y™™ we build the rapper consisting of the vectors ',..., '_ ,V' , Where
a a 1 n-1

& ..., &, linearly independent tangent vectors and v' normal vector, defined since the metric exists. Since the normal

and any tangent vector is orthogonal we have gikvié‘; =0, and write decomposition:
Epo = TopV' - (3.4)

Here ﬂaﬂ is tensor, second fundamental tensor of hypersurfaces Y n-1 . Due to, the existence of metric, we have

obtained by differentiating gijvifj =0by y:
— i £]
T ==V 6y - (3.5)
Similarly, by differentiating gijvivj =1 by y, we obtain:
i anu i _ngi
v,=-a 7[#7577 =7 577' (3.6)
Further, we obtain:
i i _ o o g _
fﬂ;l;z _(:Zﬁ;ﬂ.;g - klpé:/lé é:ﬁ + Rﬂ.;(ﬂg +Tﬁ,;(§,b’;o‘ -
_ _ i no
_(ﬂzﬂ;l ﬁflﬂ:z)v ( zﬁﬂ-ﬂla ~p wza )é ' @7
Equation (3.7) is multiplying by g , Wwe have:
_ K gl zpgi
Raﬂ;(,ﬂ = RipS: flfpga _(ﬂ;gﬁﬂ-ai _”Aﬂﬂa;()' (3.8)
Similarly, we derive a formula:
i i no no i
V,;(, _Vl;( Rklpg/lé V +T /1;( Hea _(7[77/1;;(& _ﬂ.ﬂ;(;/la )50" (3.9)
We contract (3.7) with gijvj , then:
k gl o
_Rik|p§/1§;(§ﬂv +T Top =T p:0 ~ oy

Formula (3.9) is multiplying by g , we concluded that:

4295 | Page Council for Innovative Research

August 2016 wWww.cirworld.com



ISSN 2347-3487
Volume 12 Number 2
-

Journal of Advances in Physics

_Rik|p§/|1(§;|(‘/p§; _T/{j{”m =Toniy " Toyin
we can represent this formula like
_Rmpg;é:;g;lfvp "‘T;;”aa =Toniy ~ oyin -
Thus, we have the two types of formulas. Formula (3.8) does not contain the torsion tensor explicitly, but it is
counted in the tensor Top - In the formula (3.9) the torsion tensor of the hypersurface ynt present explicitly and in the

form of coefficients of Top s and appears in the calculation of the covariant derivative.
We denote Saﬂ symmetrical tensor gijV;IaV;Jﬂ and we have

_ [ nu inxo J_ n X e gl _ n_X _ X
Gp = GiVaVip = 948" 7,6, Ty, = Oy 7586, =8, Mamy =8V, T,

or
— L i i kgl i iaep)
85 =0iV.aV.p = (v’a +I,Vv éa)(vﬁ +0,v'E, ) =
— oyl ik el i ,aep i kgl qep
o giivvavﬁ + gijvﬁr|kv é:a + gijv,arpqv é:ﬂ + gijrlkrpqv é:aV é:p’
SO we see, that asymmetrical part vanished.

1
We denote M = Eaaﬂﬂ'aﬁ , we have

_ N X _ X nx _ aopf nx
8y=a mr;=a%n 7, 2Ma™ =a”r ,a
then
74 _aap __Z
A (7,7 ~a" Ty, ) = 3 b
ny _ Ao z _
a (ﬂ-ﬂaﬂzﬁ a ﬂaﬁﬂﬂl)+ a aaﬁ =0,
T
Igaﬂ _ZMﬁaﬂ +gaaﬁ =0
and we obtain
T
8y,=2Mr,,——a,.
a
We calculate
_ _ Al n _ Al _ A _
‘9«1/3:10 ‘9wﬁ:a =a Tna:0 4 +a a4 a oo 4 a 7o’ ypia =
_ Al n nx
S L LA S D L2 M SR LS A
and
_ X i gk gl p o nx n _
Igaﬁ';w _"gwﬁ;a =a ﬂ-}(ﬁ (_Riklpgqé:aé:wv +Twaﬂ-na)+a ﬂ-ﬂaﬂlﬂ;w —a ﬁnwﬁlﬂ;a -
_ i gk gl pany o nx nx nx
= —Rik,pfnfaéwv a”r +Tw7zwa 75 +@%7, 7, =TT
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Tensor J,; can be associated with square of angle between normal and adjacent normal Saﬁdy“dyﬂ =d¢’.

So, letin space Y " with coordinates Xl,..., X" given the system of non degenerate equations X' =x (yl, ey y”‘l) SO

-1

is determined the hypersurface Y "™ and the metric and torsion of Y" and since the connection of Y"™. We can

considered the hypersurface like ynt space and so we obtain all internal (intrinsic) geometry structure of Y"fl, but

formulas X' = X' (yl,..., y”fl) define more, then internal (intrinsic) geometry structure of Y"_l, they define external

geometry of Y n-t (imbedding) as well. External geometry or “how the hypersurface Y "1 is imbedded” define by one of
tensors Top OF Saﬁ which determinate position of hypersurface in Y " space. As example, internal (intrinsic) geometry

Y "™ we considered geodesicin Y" ™.
Geodesic on Y" ™. According to definition geodesic on Y "1 determined by formula
d?y” _ L. dy” dy”
ds? b ds ds

Letacurve: Y* = Y“(7), 7 €[r;7,]. We calculate the variation of length of geodesic S of the curve S :

~ dy* dy? ~
5[ dy” dyJ T L A AP A L P VAl 1.

+a
“ dr dr dr dz  “ dr dr “ dr  dr

~dy” _ . dy” dy”
D =0 +G? oy’
dr dr 7 dr y

oy* _d dy”
=—0oy" +G,—
ar Tar) TOry

D —-5y”

= 0y* dy” dy”
D =D +T2 oy’
dr dr 7 dr y

where denotes D the absolute differential at the parameter curves of the family at a constant value 7, and D is
absolute differential displacement d7 curve at a constant parameter of the family, then

o gd_xld_xJ =29, o D5_XJ sl dig
dt dt gt dt dt

d a
5s—J' a,, D6y +I “a,,T" dyr dy’Sy* =

) dy*” A ) dy” B 2 B dy
Dla,—o6 - “a D—o0y"+| a T dy’o
J.Tl ( i ds y Ll “p ds y J.Tl o dr y y
since the ends of the variable curve are fixed
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: dy” dy*
8s = le (aaﬂnf édy?éy‘ —aaﬂDééyﬁ j

suppose considered curve has a fixed length (analytically S = 0), then we obtain:

a

r d dy”
55=[% a, T/~ dy'sy’ —aaﬁDéayﬂ =0,

By the fundamental lemma of calculus of variations, it follows:

dy” dy” _
a, T Edw —~ a”‘ﬁDE =0.

The variation of the length of the geodesic is:

t dy"‘
5s = J'HZaMTyj} d—fdy’ .

We remark, that the geodesics on Y "™ which are determined by connection Ggy don’t depending on terms

that contain tensor Tﬁo; i

Now, we can construct a semi-geodesics coordinate system in any point of Y n_l, but we can’t integrate it.

Application of tensor Top Now we will repeat ours reasoning scheme of construction of hypersurface and

attempt more completely to understand the structure of imbedding space Y™ In space Y™ with coordinates Xl,..., X"

we have the system of nondegenerate equations x = x (yl,..., y”fl) which is determined the hypersurface Yn_l,

then we calculate the metric and torsion of Y "™ by formulas (3.1) and (3.2), and connection by (3.3). Then we studied
some tensors é’l' yeuy é:r:fl, v' and obtained tensor T op which is similar to the second tensor of Riemannian hypersurface

but not symmetrical 77, — 7, = gijS'qupf Ayl

From theory of surface in R3, we know, that covariant derivative of second tensor of any enough smooth surface

is symmetrical tensor, on another hand, as we can see from —Riklpfjfifgv' +T°

%o = Typin — Tapy 1ENSOT 0.,

is not symmetrical.

Formula Top =7 g = gijSLq@? O‘jvj shows that external properties of geometry (imbedding) of hypersurface
can be associated with tensor ﬂaﬂ and torsion S;)q of imbedding space Y " is influenced not only tensor Tﬂo; but also
ZT,5 and &, ;.

We associate with Y "™ some coordinate systemin Y " which denote by ul, . unfl, u" by the rule

ut=vyh..,u”

1 yn—lyun =z,
with new metric §;, defined by §,, =a,5, §,, =0, §,, =1. Where Z is a geodesic line directed along V' - the
normal to hypersurface.

i

OX g
Since the rank of the matrix {W equal N—1 suppose that rank

— } > (0 then exist the solution of

system of equations
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which we denote by

and

herewith cometric tensor gik equals
sik — gi gk af ik
g" =¢g,5a” +viv.

Remark. Whereas all ours researches have local character we will mark some remark about Taylor series. Let
i . n-1 . s .
Af is infinitesimal vector on the hypersurface Y ', we can represent it as an infinite sum of terms - Taylor series and

contract this infinitesimal vector with gijvj .
ine =tg g puebu” +1g,v¢ . DuDU/ DU
g;V'AS _Eg”v &..;Du“Du +€gijv Sop, DUSDUTDU” + ...
since 77, = gijfiﬂ;avj and 77,4, = gijv"ég;a;y can be written as
A £l 1 ary P 1 a2 Dy’
g;v'AS :Eﬂ'aﬁDU Du +g7[aﬁ;yDu Du”Du” +....
where DU® = du” + G, u”du’ and G define by (3.3).

Definition. If (Daﬂa)aﬁym =0 forall ..., then we will call tensor @, apolar with tensor @, 5, .

1 o .
We present tensor 7, in the form of sum two tensors symmetrical 7, :—gijv‘(f'ﬁ;a + 0'[;',),) and

2
, , _1 ifg i 1 (gl [ : = i £p£q,,]
antisymmetrical 7, = Egijv (Spo —Sup) = :Egijv ($po — S p) with property 271,51 = 055,558,V

We denote a*’rr (@)

apy is constructed from minors of

=(n-1)F, and ﬁ(aﬂ)ﬁ(aﬁ);y =H,, here tensor 7
tensor 77, multiplied by C. It is easy to see a"‘ﬁﬂaﬂ;y =(n —l)Fy =a“/”n(aﬁ);y, but connection G/ isn't

symmetrical, S0 77,5., isn't symmetrical at ).

4

By applying equality aaﬂa“" =N -1 we have two equality

a” (”aﬁ:y _aaﬁF;/) =0,

! H.)=0.

(ap)
T (R apyy = C(n-1) Tap) Ny
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1
Therefore we obtained two tensor 7Z' —a F and ﬂ(aﬂ)y

—— 7, _»H_ which are apolar with @
7 C(n—l) (@B)” 'y af

and 7C(ap) correspondingly.

1
— 7T,
C(n _1) (aB)
condition ), can be symmetrized (in case of space R" that tensor called Darboux's tensor) and written in the form

1
Oy = lapyy ~ C(n+1)

it thrice covariant symmetric tensor of the third order, defined on the hypersurface.

Tensor Tapyy ~ Hy, which is apolar with tensor 7 (ap) (we find constant from apolarity

(wpyH, + 75 He + 70 Hp)

By using the tensor (9 wpy » W can write the third degree equation

aﬁydy“dyﬁdyy = Moy, AV dy’dy” — (TpyH, + 75 Hy + 70,0 H ﬁ)dy“dyﬁdyy =0

1
C(n+1)

a 1 a
7 oy, Y “dy”dy” = Cn+1) (s H, + 5 Ho + 700 H g )y “dy”dy”,

it is easy to see that here symmetry isn’t essential, we can rewrite

3
7,5, Ay dy’dy” = ———7_dy*dy”H dy”.
C(n+1)
1.4. ldentities. These identities are analogical to A. Einstein identities which were obtained in his theory of
teleparallelism, so:
H ji — gkpgjssl

sk;p

P =g"g" S,

gkpglss Sq

gp sk ?

Next we assume that qu = Spq.i and we calculate:

H;iji—F;iji—gkpngSququ :gkpgstltpssl +gkpg]th SI gkngsRl St (4.1)

ipk ipt

Then, we are denoting Sig = @, and since Sijpsgq =0, we are obtaining:
p
Slj p ¢IJ _¢j,i :
if SP =0, then @i —Pii =0 and hence Sig can be expressed in terms of the partial derivative of the scalar

ij;p
Sig =@ = (In l//),i . System (4.1) can be rewritten:

H;iji :gkngsthpssl +gkngth SI gkpg]sRl S;kv Fij :O.

ipk ipt

. ik _ ~PiqgOkQi pknaiQ ] pinadiQk . .
We can write the tensor C™ =g"g"S, +979"S,, +9"g"S,, and from this follows at once, that this

tensor is antisymmetric in any pair of indices.

We consider
Cl¥=-Cl=-Cl- ; s'ckm;s cra—ri.CcM,
and
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Hk _HY _pk = uk (In(‘//\/_)) cH
We multiple by l//ﬁ, have
PG (H* - HO - F%) =g ¢ m(yy 7)) ¥ ).
(P 1) =)

We differentiated the last equality, in view of the antisymmetry of the tensors and we obtained the equality:

(g (H*—HI-F*)) =0,

2. The field equations
2.1. Empirical approach. The geometrical theory above was developed only with geometrical and logical origins
without any additional assumption or physical hypotheses, below we will make such assumptions.

We won’t use principle of least action for deriving field equations based on Y " space and we don't try to develop
“Unified field theory” here (we make it in next section), but we analyze possible applications geometrical theory and make
some physical hypotheses. First of we discuss some partial cases.

Newtonian gravitational theory bases on latent assumption that geometry physical world is flat and can be
describe by Galilean metric, so if we consider degenerated y" space i.e. space where tensors S;k =0 and RiEl =0
then in this space we can develop all Newton-Hilbert-Maxwell theory.

We remind that according to Albert Einstein proposal: the free falling gravitating massive bodies follow geodesic
line. If we postulate this proposal we can obtain some results of Newton theory as a consequence. We have another
important assumption of Albert Einstein that the geodesic equation of motion can be derived from the field equations for
empty space.

In Einstein-Hilbert theory, the metric tensor can be thought of as a generalization of the Newtonian gravitational
potential. If we consider Y " space where tensor S;k =0 and tensor R”‘()l can be nonzero then we can obtain Einstein-
Hilbert-Maxwell theory, for example Schwarzschild solution and Einstein- Maxwell electromagnetic field equations in form
F'k;k =J' and Fij Fk| i+ iji =0 where exists a 4-potential A such that Fij = A;k —A<;i. So, the field
equations yield equations, that correspond to the Newton gravitation theory and to Maxwell’s electromagnetic field theory.

Soin cases when Y" space degenerate we obtain well-known field theory.

Now, we consider pure electromagnetic field in Y " space presume we stand far enough from mass but there is
strong enough electromagnetic field, or we can think that electromagnetic field much stronger that gravitational field and
we can neglect gravitational component. We start from identity (4.1) in the form

HY - F) -9 g"SiF,, =0,

sk’ pg

the most simple possible field equations will be conditions for the tensor SiJP . We obtain the field equations:
H*=0
F*=0

dlo
Wedenote F, =F, —F and F =6— % =0, then we have we obtained the equality:

(T (H¥ 1 F ) =0
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which is derived from presumption of F =6 — and K, =F,—F.,, here we assumed

P _
Sp=0=(Iny),. 9 =6,
The form of Maxwell’s equations is Fij'k + Fki'j + ij'i =0 is similar to equation
ijk _ yPindkQi pk ~diQ ] pindigk _
C"=g"g"S,,+9™g"S,,+9"g"S,, =0

so it could be postulate as a new electromagnetic field equation, but it is partial case of
—g(H*-HY-F*)) =0.
(w9 ;

So, if there isn’'t a gravitational field, that means the §; is Minkowski metric and there is an electromagnetic

field, that means the nonzero S}k. The torsion can be finding from field equations (presumption that the space has

Minkowski metric is too strong since field equations have to be solve together and the metric tensor is included in all field
equations, but we simplify situation).

From pure mathematical point of view we can consider the surface S. At point A on S construct a tangent plane
P. We choose an arbitrary infinitesimal square ABCD in the plane P with vertex A. From point A on the surface S will draw
the geodesic in the direction of AB. We pass along it the distance corresponding parameter equal to the length of AB, get
to point B'. Similarly, from A on S draw geodesic towards AD, get into D'. We perform a parallel transportation of vector AD
to point B' along the geodesic AB' and draw of geodesic B' along the transportation of this vector, we reach the point C'.
Similarly, the vector AB will be move parallel along the AD' and along the transported vector from D' draw geodesic get to
C". If torsion is zero, then C '= C", and geodesic square up to small higher-order will be closed, otherwise not. In our case,

due to the presence of the metric, the length of the gap can be calculated. Let this gap denote by ‘Pk, then
wk = Si'j‘ A'B!7? , where the parallelogram A’z and B’z shrinks to a point at 7 —> 0. In this case, we can write the

) o
square of the length: |‘I‘| =g pqSiJP A'B'S, A“B'z* . These considerations are true only up to the second order relative

to the length of square side. If we want more strict result we must consider the component of curvature tensor. Next, this
example is true only when length of square side tends to zero i.e. remains very small in other words in general it is a local

property.

We are going to discuss physical interpretation of this example. The physical properties of the space-time are
defined by the presence of matter (electromagnetic fields and mass) in this space and from the viewpoint of mathematics
are described by the geometrical structure of space (torsion and metric tensors). The empty space (without matter) is
corresponded the geometric structure of Euclidean space (torsion tensor and curvature tensor are identically equal to
zero). Similarly gravitation (mass and without electromagnetic fields) is corresponded the geometric structure of
Riemannian space (torsion tensor is identically equal to zero). And similarly the electromagnetism (electromagnetic fields
without mass) in corresponded the geometric structure of space with connection (curvature tensor is identically equal to
zero). In the last two cases the result is conditional (not strict) because the matter division by the mass and field is
conditional.

Metric and torsion tensors are calculated from the differential equations of the field. Hence torsion as the
curvature arises from the physical features of the distribution of matter in space-time. Roughly, the same way as the
masses leads to curvature space-time, electromagnetism leads to appearance of torsion. But on the other hand from the
mathematical point of view if we assume that the space-time embedded in Euclidean space of higher dimension then the
appearance of torsion can be explained by violation of the smoothness embedding. Therefore, we can conditionally
determine the torsion and curvature by violation of smoothness regardless of the dimension and embedment.

The question then arises: Where we can observe this phenomenon? Though the answer is simple in any system,
where electromagnetic field strong enough to change structure of space and bring non zero torsion, but the problem is that
in such system appear phenomena bounded with energy and momentum and as consequevce the curvature of space, so
for research torsion of space-time, we have to reduce the factors that leading to curvature of space-time and evaluate the

5 o
torsion of space-time. Although, the square of the length of space-time |‘~P| = gpqSiij'BJSI?l A“B'z* limits to zero
when 7 — 0 the effects in three-dimensional world can be very essential, it depends on electromagnetic field.

2.2. The field equations from the variation principle. We will derive the field equations from the variation

principle of least action, by varying the function S;k and {;, independently.

m

We form the scalar density as (Rik + Si':nSkn ) g ik A ;—g and postulate that all the variations of the integral:
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[(Re+snsa) g™ J~gav

with respect to S;k and {;, as the independent variables are zero (at the boundaries they do not vary)

5J. (Rikgik\ﬁ+simsgglk\j_g)dv =0.

Now, we obtain some preliminaries results. For variation the second term we have formula
O(SiSa) = (S40° +Si?5kp)5(s:3q)l
and
S[snSmg*\—aav = [(Si6” +S6P)5(S},)a" J-gaV.
Recalling that F,jk = F’,kJ + I_IJ where F’IkJ are function only of {;, and tensor Lijk are function of S;k and g, we have
S(T1)=36(L)) . Then, it easy to obtain
. 1 . ) .
5(Lijk = E(é}p5|?é]J +9 Jqgi|5kp +9 quklé}p)g(SLq)'
We can rewrite

n 1 nm n n npm nym
R = S|n k +E(gnm,ig ),k _(Pik + I-ik),n + PmkPm + Pkam

+L?ﬂk P”:n + I-?nk Lln Pn?n Pllin Prr?n Llnll - er]nnpllin er]nn Lrlrll
and
SR g J=gaV = [(~(g" =), 5(Sp) + (9" =9) ,5( L) +
+HPro(Ly) +Pro(Ly) + Lol + Lo (L) —
—Ph S(L) - Bra(Lh,) — Lo, S(L) — Lra(Le, )1g™ =g)av.

Then we calculate

5[ (R, +spsn) g™ —gav = j( ~2(9™J-9),. 87 +(g"J=9), +(9"-9),,9™g; +

+(9%V-9),9" 94 + 9" J-9[RiS’ +REG™g, + Prg™g, 6" +
+RPS + Ry 9™M 06 + R 9™y + Lis” + L, 9™y + L 99,6 -
—Bo"6! —Pn9™ 9,6 — B g™g, 0" -
_Pikp5q ng pqgml |kpé‘q Llné‘lpé‘lg - I-rnnngmqgi|5kp -
L8840 ~ L3S ~ L g™ g, — LpS! + (86" + S167)])(55,,)dV =0.
By using the principle of variational calculus, we have the field equations

-2(9™-9),.57 +(97-9), +(9"y-9),, g™, +

+(9"V-9),9" 94 + 9" J-9[RIS’ +PEG™g, + Prg™g, 6" +
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+PPol+P'g™g, 00 +Prg™g, + L 8" + b, 9™g, + L5, 9™9,6° -

n

—Ryo’ S —Pn9™8y0 —Pn9™9,6" -

_Pikpélq - P”i"g pqgm| - Pikpé‘lq - L?ngipé‘lg - I—:Lngmqgilé‘kp -
—L,9™0,0" - Lo — L g™g,, — Lo +(Sqa” +S197)]1 = 0.

and we can rewrite

—2(9%\-9),.8" +(9™y-9), +(9"-9),,9"9, +(9™J-9) .00y +
+(-g[Rig™ +3RPg™ + 2P g™g, 0™ ~ Rig™ —2P;.g™57 ~
—2R?5'9" -R9™0, 9" + L g® + 15, 0™ + 15, 9™, 0™ — L g™ -
—2L5,8°9™ —2L5,57'9™ - L9 ™g,, 9" +2519™]=0.
So we obtained the first system of field equations by variation of the torsion tensor.

0 i i
8_)?' =4g9 kgik,l =—00; g,lk and

Remark. We could transform it by using formulas gy, =

Ch /_g)’l = (gyilk _%gikgpquqvl)«[—g , then thay would be free from /—0 .

We will derive the field equations from the variation principle of least action, but now by varying the function Q;, .

m

We form the scalar density as (Rik + Si':nSkr1 ) g”&}—g and postulate that all the variations of the integral by
varying the function {; are equal zero.

By standard calculations, we have:

§I(Rik +Sif5¢j)9ikﬁdv = I(Rikﬁ5gik +R,g%5\-g +
+gik\/__95Rik +Sirr]n3|$\/__959ik +Sirr]nsggik5\/§)dv1

and

i 1 i
Ri.9 k5\/_ = _E R, pqgik\l_g5g “.

Similarly, we obtain:
ngmgi 1 n m i
SimSkngké"\/_ :_Espmsqngpqgik\f_gé‘gk-

Now we compute g'kq—g 5Rik directly by using the definition, thus obtain two types of summands, the first have the
standard form g™ (JLI )| —g* (éTLl )i = (gikérLi - g"él“,%)l and by Stokes' theorem turns into zeros. The term of
the second type exists due to the absence of symmetry connection and then we express the connection coefficients via
the metric and torsion, after a calculation, we obtain:

g*sR, = g*s(Th Iy -TorN )=

1 i n megs n megs n m Qs n m Qs
:Zg k§(2gp gissknspm +gp gkmgqtgissqnspt _2gp gisspmskn _ng gksS Sin =

pm™~in
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(45 Sl?n +28r?;<5|?n +Zgisg an:IlS:m +zgmsg an?kSi; +

+2gkmgisgpngqtscl;18t;+Zgisgpnsgms —i_zgksgan Sln)é‘gIk

Thus, we have:
S[(Re+SnSm)g*-gdv = j( —%gikR+

+- (28 Sl?n + S:Ilslrr]n + gisg pnsrr:l](s;m + gmsg an;r)nkSi; +
+gkmgisg pngqtsgrlsti) + gisg an Skn + gksg anpm m) +

+S1Sh — S" Sqngpqg,kja/ gsgdv =0.
Then we obtain the conclusions:

1 1 m ngmegs ngmgs
R|k _E gikR+§(28i +Skn im +glsgp Sﬂkspm +gmsgp Spks

+gkmgisgpngqtsg:1stsp + gisgan?mSI:n + gks anpm |n)_ qng pqgik = O

We have obtained the system of field equations where {;, and Sii are unknown functions, these equations
must be solved together. They determine the metric tensor and torsion tensor of space-time for a given arrangement of
energy and matter in the space-time.

It is a set of non-linear partial differential equations with regard to ¢, and SiJk . The solutions of these E.Q. are

the components of the metric and torsion tensors. These metric and torsion together describe the structure of the space-
time including the inertial motion of objects and electromagnetic fields in the space-time.

Conclusions

In this paper we compared Einstein — Cartan theory with electro-gravitational theory base on Y n space (precisely
on Y4) and developed electro-gravitational theory base on Y*. For convenience we gave concise resume Einstein—
Cartan theory and described the geometrical structure of Y " space, and development of geometry hypersurfaces in Y "
We have studied some special cases of the theory of field equations in Y*. We derived from the variation principle the
general field equations (electromagnetic and gravitational) base on y* space.

For further develop this theory needs more experiments for couple physical phenomena with mathematical
predictions.
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