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Generalized Hyers-Ulam stability of derivations on LieC -algebras

Seong Sik Kim!, John Michael Rassias?, Yeol Je Cho® and Soo Hwan Kim*

LA Department of Mathematics, Dongeui University

Busan 614-714, Korea
E-mail: sskim@deu.ac.kr, sh-kim@deu.ac.kr
2 Pedagogical Department E.E., Section of Mathematics and Informatics,

National and Capodistrian University of Athens,
4, Agamemnonos St., Aghia Paraskevi, Athens 15342, Greece

E-mail: jrassias@primedu.uoa.gr; jrass@otenet.gr

3 Department of Mathematics Education
Gyeongsang National University
Jinju 660-701, Korea

E-mail: yjcho@gnu.ac.kr
Abstract:in this paper, we investigate new generalized Hyers-Ulam stability results for (a, ﬁ, 7/) -derivations on Lie

c’ -algebras associated with the following (M, N) -Cauchy-Jensen additive functional equation:

(285 e

tic<i<nisk <n \ M = n
ki ¥ieltsom}
by using the fixed point and direct methods.
Keywords: (Ot,ﬂ, 7/) -derivation, (m,n) -Cauchy-Jensen additive functional equation, Lie c’ -algebra, generalized
Hyers-Ulam stability.

Council for Innovative Research

Peer Review Research Publishing System

Journal of Advances in Physics
Vol3, No.1

editor@cirworld.com

www.cirworld.com, member.cirworld.com

176 |Page Nov 05, 2013


http://member.cirworld.com/
http://www.cirworld.com/
http://www.cirworld.com/

g

ISSN2347-3487

1 Introduction

The theory of finite dimensional complex Lie algebras is an important part of Lie theory. Lie algebras have many
applications in physics and connections with other parts of mathematics. With an increasing amount of theory and
applications concerning Lie algebras of various dimensions, it is becoming necessary to ascertain which tools are
applicable for handling them. The miscellaneous characteristics of Lie algebras constitute such tools and have also found
applications in Casimir operators [1], derived, lower central and upper central sequences, the Lie algebra of derivations,
radicals, nilradicals, ideals, subalgebras [11], [20] and megaideals [19]. These characteristics are particularly crucial when
considering possible affinities among Lie algebras. Recently, some authors have studied the stability problems of some
functional equations in the setting of Lie algebras.

The stability problem concerning the stability of group homomorphisms of functional equations was originally
introduced by Ulam [24], in 1940, as follows:

Let (G,,*) beagroupand (G,,0,d) be ametric group with the metric d(:,) . Given & >0, does there
exista &(&) >0 such that if a mapping h:G, — G, satisfies the inequality d(h(x*y),h(x)0h(y)) <& for all
X, Y € G,, then there is a homomorphism H : G, = G, with d(h(x), H(X)) <¢ foral XxeG,?

If the answer is affirmative, we would say that the equation of a homomorphism H(x*y) = H(X)OH (y) is

stable. The famous Ulam stability problem was partially solved by Hyers [10] for linear functional equation of Banach

spaces. Later, the results of Hyers were generalized by Aoki [2], Ga vruta [8] and Rassias [23]. ca dariu and Radu [4]
applied the fixed point method to investigation of the stability for a Jensen functional equation. They could present a short
and a simple proof, which is different from the direct method initiated by Hyers in 1941, for the generalized Hyers-Ulam
stability for a Jensen functional equation. In 2008, Novotny and Hrivnak [15] investigated generalizing the concept of Lie
derivations via certain complex parameters and obtained various Lie and established the structure and properties of

(x, B, y) -derivations of Lie algebras.

* X - X *
A C -algebra A endowed with the Lie product [X,y]= u on A is called a Lie C -algebra

(see [16]). Let A be a C"-algebra. A C -linear mapping D:A —> A is called a (e, 3, 7) -derivation of A if
there exist &, 3,7 € C such that

aD([x, y]) = BID(x), 1+ 7[x, D(y)]
forall X,y €A (see[15)).

Let K be a fixed positive integer. We recall that a mapping p: A—> B having the domain A and the
codomain (B,S) that are both closed under addition is called a contractively subadditive mapping if there exists a
constant L with O <L <1 such that

pP(x+y) < L(p(x)+ p(y))

and an expansively superadditive mapping if there exists a constant L with 0 <L <1 such that

plx + y)= Ll(p(X)+ o))

forall X,y e A.Amapping p: A—> B iscalleda homogeneous of degree K if
p(AX) = X p(x)
forall X € A. Also, if there exists a constant L with O <L <1 such thata mapping p: A" — B satisfies
Py X gy A X Kigre e X, ) SALOX ey X gy Xy Kig e r X))

for all X, X;,..., X1 Xjugr--» X, €A and positive integer A , then we say that p is a N -contractively

subhomogeneous mapping if £ =1 and L is an N-expansively superhomogeneous mapping if / =-=1. Note that
p satisfies the properties
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p(X17 | l'j’[kx X|+1’ 1 X )<(ﬂ' L) p(xl' | l’X X|+l’ !X )1

PAX,.., AX) <L) p(X,...,X)
Now, we consider a mapping f : X —Y satisfying the following functional equation:
n-m +1
> —ZX + ZXK j [ ]Z/‘ (1.1)
< /1< </ <n, 1<k/<n

k/¢/'/-,v/€{1:~-/7/}
forall X,...,X, € X where N,meZ" are fixed integerswith N>2, 1<m<n.

We observe that, in case M =1, the equation (1.1) yields the following Cauchy additive equation:

Zf(x +Zxk —an(x)

LII <n kI ¢|

Also, we observe that, in case M = N, the equation (1.1) yields the following Jensen additive equation:

S A ZX ——Zf

1</1< </ <n

Therefore, the functional equation (1.1) is a generalized form of the Cauchy-Jensen additive equation and thus every

solution of the equation (1.1) may be analogously called the general (M, N)-Cauchy-Jensen additive equation.

Let X and Y be linear spaces. For each meZ" with 1<M<N, amapping f: X —Y satisfies the
equation (1.1) forall N>2 if and only if f(X)— f(0) = A(X) is Cauchy additive, where f(0)=0 if m<n.
In particular, we have f((N—m+1)x)=(n—-m+1)f(x) and f(mx)=mf(X) foral Xe X .

Recently, Asgari et al. [3] established the generalized Hyers-Ulam-Rassias stability of the ternary homomorphisms
and ternary derivations between fuzzy ternary Banach algebras associated to the functional equation (1.1) . Rassias et

al. [21] proved the generalized Hyers-Ulam stability of homomorphisms and derivations in c’ -ternary algebras associated

with the functional equation (1.1). Also, Gordji et al. [9] investigated the stability of (e, /3, ) -derivation on Lie C
-algebras. For more details about the stability for various types of derivations, refer to [6], [12], [13], [14], [18] and [22].

In this paper, using some strategies from [9], [15] and [21], we investigate new stability of (a, ,B, ]/) -derivations

on Lie C” -algebras associated to the general (M, N) -Cauchy-Jensen type additive functional equation (1.1) by using
the fixed point and direct methods.

Throughout this paper, let A be a Lie C  -algebra, Tﬁn ={e":0<6< 27n,} and
0
A=n—-m+1eZ" beafixed positive integer with N>2 and 1< M<N. Forany mapping f :A — A, we define
n—m+1
A X x,)= > —Zux + Z’UXK/] [ sz HX;)
1</1< </ <n, 1</(/£/7

/(/==//,V/€{T s}

forall X;,...,X,, X,y €A, ,ueTllln and for some «, 3,y €C .
0
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2 Stability of («,s,7)-derivations on Lie c*-algebras

*

In this section, we give some new generalized Hyers-Ulam stability results for (a, ﬂ’ 7) -derivation on Lie C

A f(X,...,x)=0
-algebras associated to the equation ~ # (X1 ”) via two methods.

2.1. Fixed point method

.y 2
Let us recall that a mapping d:X _)[O’OO) is called a generalized metric on a nonempty set X i 1)

d(X,¥) =0 i .q onlyit X=Y: 2 d(x,y)=d(y, x); 3) d(x,2) <d (X, Y)+d(Y,2) (op g XY 26X
The following fixed point theorem proved by Diaz and Margolis [7] plays an important role in proving our theorem:

Theorem 2.1 [7] Suppose that (©,d) is a complete generalized metric space and T:Q>5Q 54
d(TnX,Tn+1X) -

strictly contractive mapping with Lipshitz constant L. Then, for each XEQ, either for all
nonnegative integers nz0 or there exists a natural number Mo such that
n n+l >
(1) d(T"%,T™x) < oo for all n_nO;
n *
(2) the sequence {T X} is convergent to a fixed point y of T;
* — . Mo
(3) y is the unique fixed point of T in the set A_{yEQ'd(T X, y) <Oo};
@ 40y = L dTy) A
1-L for all y .
. n
¢:A" —>[0,0) and a

Theorem 2.2 Assume that there exist a contractively subadditive mapping

S A2
2-contractively subhomogeneous mapping l//'A _)[O’OO) with the constant L <1 such that a mapping

f:AA satisfies the following conditions:

| A, | < 8lxgx,) 2.1)
| @b, y1)= BLA) Y] = lx . FOO] | < wix, y) @2)
X, XyeA pET;
for all Xpeen X X, Y € and Mo and for some a,p,y C . Then there exists a unique
(Ot,ﬂ,}/) -derivation D:A—>A which satisfies the equation (1'1) and the following inequality:
1
Hf(x)—l)(x) Hs . X, x) 2.3)
( j(/?—/ﬂ +10)0-1)
m

forall XE€A,

Proof. Letting Kppewoy g = X and # =1 in (2.1) , we have

H[” jf(m o +1)x>-[” jm —m +1)fx)
m m

<X, x), (2.4)

which gives
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Ax,....X) (2.5)

1
| 00— ) | <

for all XEA,Where A=n-m+1

Let €2 pe asetof all mappings from A into A andintroduce a generalized metric on Q as follows:

d(g.h)=1nfC €[0,0):| glx)-Alx) |<Chlx,....x)foralk e A}.

(Q’ d) is a generalized complete metric space ([5]). We consider the mapping T:Q->0Q defined by

Vg) )=

Then

%g(ﬂx)
C <]0,

for all 9€€2 qng XEA o 9:heQ d(g,h)<C

Then we have

OO) be an arbitrary constant with

4

H (7g ) x)—(Th) ) H < e PAX,... . AX)<LCP(x,....x) (2.6)

forall X€ A, which means that
d(Tg,Th) < Ld(g,h)

for all 9, he Q. Then T isa strictly contractive self-mapping on Q \ith the Lipschitz constant L . it follows

from (2'5) that
1

. .
A

m

Thus, from Theorem 2.1, there exists a mapping D, which is a unique fixed point of T in the set

Q, ={geQ:d(f,g) <o}

adf,f)<

, such that
1 1
D)= lim—FXx)= |ip———— (0 —m +1)x) 2.7
/J-LE]/I’( /(|—|>r[cn(/7—/]7 +1)F @)

forall X€A since limi,.d(T*f,5)=0

. Again, from Theorem 2.1, we have

d(FD)< ﬁd(ff,f) < g 7 1 8)
(" jﬂﬁ—[) (" j(/?—/ﬂ +1)(1-1)
m m
and so the inequality (2'3) holds. From (2'1), (2'7) and a contractive subadditive mapping of ¢ it
follows that
1
| A0 (.....x,) Hsknm/l—ku A X K X)) Hsk| i p(x,,....x, )= 0, (2.9)
= T -
which gives A"D(Xl""’xn) 0 for all Xppeee Xy EA, HE Yo 1t we put u=1 in (2'9),then D

is additive. Also, letting =X and X ==Xy =0 in (2'9), we have D(#X) :'UD(X). By the same

reasoning as is the proof of Theorem 2.1 of [17], the mapping DeQ js C -linear.
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It follows from the linearity of D and (2'2) that

| a0 (Lx.y1) = BlO (x) y1= ylx.0 ()] |
= lin| a%kf[ﬂkx,/lky]—ﬂ[% f(/lkx),y]—y[x,lik A

1
<) im/lz—kw(/”th,/lky)é ity xoy)=0

for all SRS A and for some 0(,,3,7/ eC . Then we have
aD([x, y]) = AID(x), y]+7[x, D(Y)]
for all X ye A and for some 05,,3,7/ eC . Therefore, D is a unique (a'ﬁ’ 7/) -derivation on a Lie C*

-algebra A satisfying (2'3) . This complete the proof.
¢:A" —[0,0)

Theorem 2.3 Assume that there exist an expansively superadditive mapping and a

C A2
2-expansively superhomogeneous mapping yiA —)[O’OO) with the constant L <1 such that a mapping
frA—>A satisfies (2'1) and (2'2). Then there exists a unique (a,ﬂ, 7) -derivation D:A—>A which

1.1)

satisfies the equation ( and the following inequality:

L

H f(x)—D(x}\ <
[” j(n—/ﬂ +100=1)
m

HX,....x) (2.10)

forall XEA

Proof. It follows from (2'4) and an expansively superadditive mapping of ¢ that

/1/‘(%)— Flx

< dx,....x) (2.11)
)

forall XEA
Let 2 and d be same as in the proof of Theorem 2.2. Then (Q’ d)
We consider the mapping T:Q—>Q defined by

" X
7g) )= ﬂg(z)

is a generalized complete metric space.

for all geQ, XEA Thuswe have d(g,7h)<Ld (g,h) foral g,heQ and, by (2'11),
L L

(;]{[;jm_m o

It follows from Theorem 2.1 that there exists a mapping D, which is a unique fixed point of T in the set

Q, ={g €Q:d(f,g) <o}

drf,f<

, such that
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< =
1=t (”PUJJ V]m—m+w«¢>
m m

and so the inequality (2'10) holds. The remaining assertion goes through in the similar method to the
corresponding part of Theorem 2.2. This complete the proof.

From Theorems 2.2 and 2.3, we have the following:

Corollary 2.4 Let "'SER i F#1s#2
f:AA

satisfies the following conditions:

and 0 be positive real numbers. Suppose that a mapping

r
’

| Afx,) | 03] x,
/=1

(2.12)

| afCle, )= BLA) w1 = lx, F) T | < 6 x ) (2.13)

|

XX yeA, ueT!
for all % i y H tho and for some a,ﬂ,y eC . Then there exists a unique (a'ﬁ’ 7/)

-derivation D:A—>A which satisfies the equation (1'1) and the following inequality:

ne” t H r<1,s<2;

(”Jwy-m )= =m +1))

m

H fx)=0 (x) HS (2.14)

/79” d H , >2,8>2;

(”]«n-m 1) —(r=m +1))

m

forall XEA

r

) n
Proof. The proof follows from Theorems 2.2 and 2.3 by taking @(X;,...,x )= 92#1” X; || and

= r-1
W(X’y): Q(H X : +H Y Hs) for all Xl""’X”’X’yEA. Then we can choose L=(n-m+1) if <l
— 1-r
and L= (n - m+1) if 1>2 , respectively, and so we can obtain the desired result.
n
. r=> r=1
Corollary 2.5 Let i eR with z'=1' S with S#2 and @ be positive real numbers.
Suppose that a mapping frA—>A satisfies the following conditions:
n
I
| AfCex) | <of | x |7 (2.15)
=1
s s
| af(ley )= pLA) w1 =slx il <6 x |- v [P 2.16)
182 | Page
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for all oo Xy X, Y € A and for some a,ﬂ,yeC. Then there exists a unigue (a,5.,7) -derivation
D:A->A which satisfies the equation (1'1) and the following inequality:
0| x '
r<i1,8<2;
(/7 )(07—/77 +1)=(-=m +1)")
m
H fx)=0 (x) H < (2.17)
0| x '
r>2,8>2;
(” ]((/7—/7/ )Y —(—m +1))
m

forall XE€A,

g

Proot. Puting  $(x;,....x,)= O] [] X, and  ywlx,y)=0( x Hg |y Hg) for al

— r-1 — 1-r
X X X Y €A chiling L=(n-m+1)"" ¢ r<1 pg L=(N—M+1)
obtain the desired result by Theorems 2.2 and 2.3.

2.2. Direct method

In this subsection, we apply the direct method to investigate the new generalized Hyers-Ulam stability results for

it T>1 respectively, we

(a, ﬁ’ 7) -derivations on Lie C -algebras associated with the equation (1'1) p

¢:A" —[0,)

Theorem 2.6 Assume that there exist a contractively subadditive mapping and a

w : A —[0,)

2-contractively subhomogeneous mapping with the constant L <1 such that a mapping

fFrA—=A satisfies (2'1) and (2'2). Then there exists a unique (a’ﬂ’ 7/) -derivation D:A—>A which
satisfies the equation (1'1) and the following inequality:

H fx)-0(x) H< ! HX,....X) (2.18)

_[”j(n—m +1)0=1)

m

forall XEA,

] i
Proof. If we replace X by A'X and divide A both sides of (2'5) , then we have

||f(/1ix) . f(/ij:)()” B i)
|2 2 (ﬂ ] z
m
forall X€A Thus we have
K / - -
H f(ikX) N f(i/X)H < i%wm.. Ax) < L/2110';15()(,--- X) (2.19)

s
m m
(A x)

n
lLkez with | >k 20, which implies that the sequence { /1/ } is a Cauchy

for all X€A ang
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sequence for all xeA and so it converges. Thus we can define a mapping D:A—>A by
(A x
D(x)= Iim%w(—/) forall X€A Then we have
A
] / /
| A0 x| < lm?” A FA X2 x,) |
o (2.20)
< lim ¢Ux,.....A%,)=0,
/—0

= T -
ADCG %) =0 XX e A HE T e = (220)

which gives
Xp ==X :O, we have D('LD():”D(X). By the same

the mapping D is additive. Letting % =X and

reasoning as is the proof of Theorem 2.1 of [17], D is C -linear. Further, we have
| a0lx.y1- Blox . y1-ylx.0()]) |
1 1 1
= lin| @ A2 A 1= B A0 1= Alx— 0] |
/>0

| / /

* [ e AY)
=0

for all X’yEA. So, we have aD[X’ y]:'B[DX’ y]+7/[X, D(y)] for all X’yEA and for some

a,p,y C . Letting | -0 in (2'19) with k= 0, we can find that the mapping D isa (a,,B, 7/) -derivation on

aLie C -algebra A satisfying (2'18).

Next, let D':A—>B be another (a"B’ 7/) -derivation on A satisfying (2'18) . Then we have
| 0(x)-0"x) |
SNT%NDM%%JM%HMMDTMM—KM)W

sinmﬂqﬁ(x,...,x):O
(/7 j/l /=0
m

- 14
forall X€ A. Thus we can conclude that D(X) =D (X) forall X€ A . This complete the proof.
¢:A" —[0,)

Theorem 2.7 Assume that there exist an expansively superadditive mapping and a

A2
2-expansively superhomogeneous mapping I//'A _)[O'OO) with the constant L <1 such that a mapping
frA—>A satisfies (2'1) and (2'2). Then there exists a unique (a'ﬁ’ 7) -derivation D:A—>A which

satisfies the equation (1'1) and the following inequality:

Alx,....x) (2.21)

H fx)-0 (x) H <
[”}n-m+na-u

forall XEA,

Proof. The proof is similar to that of Theorem 2.6.
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Corollary 2.8 Let 0,0, be positive real numbers. Suppose that a mapping frA—>A satisfies
| Afx...x,) | <0, (2.22)
| af(bx.y])= BLAX) Y= 3lx. F)] | < 6, (2.23)

XX, YyeA

for all Xy and for some a,ﬂ,yeC_ Then there exists a unique (a'ﬁ’ 7/) -derivation

D:A—>A yhich satisfies

H fx)-0 (x) H < (2.24)
[/7 ](n —-m)

forall XE€A,

L AD A2
Remark.Let ¢'A _)[O’OO) and l//'A _>[O’OO) be mappings such that

i 1 pA X, A X)< 0

/=0 (/7 Jl/’+1
m

1 , : 1 -
i O x s Vx,)= 0, | i w(Wx Ay)= 0

J—>© />0

and

X, X, yeA f:A>A

for all Xy , Where A= n_m+1. Suppose that is a mapping which satisfies

(2'1) and (2'2). By similar method to the proof Theorem 2.6, we can show that there exists a unique (a'ﬁ’ 7/)

(1.1)

-derivation D:A—>A which satisfies and

| ) -00x) | < ! iiqﬁ(ﬂx,..-,/ﬂ)«)

m

forall XEA,

For the case ¢(X1,---,Xﬂ): 8+l92; X; g wx,y)= 5+6’(H X Hs +H y S) (where
€0 are positive real numbers and r,seR with r<]"S<2), there exists a unique (a,ﬁ,y) -derivation
D:A—>A satisfying

nd| x |
| )-000 | < — < - | |
(n—m) (p—m +1)=(n—m +1))
m m

forall X€A,
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