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ABSTRACT

In this paper, we investigate the stability and superstability problems for Lie =-derivations associated with the
generalized Jensen type functional eqution

=1 % N Y i X —(n—1x
f<z—nl")+ Zf( e x’>=f(x1)
=

on Lie C*-algebras.
KEYWORDS

Stability; Superstability; *-derivation; Generalized Jensen type functional equation; Lie C*-algebras

SUBJECT CLASSIFICATION
2000 Mathematics Subject Classification: 39B72, 39B82, 39B52

Council for Innovative Research

Peer Review Research Publishing System

Journal: JOURNAL OF ADVANCES IN PHYSICS
Vol 5, No.3
japeditor@gmail.com

WWW.Cirjap.com

810|Page September 6, 2014


http://member.cirworld.com/
http://www.cirjap.com/

&J ISSN 2347-3487

INTRODUCTION

The stability theory of functional equations mainly deals with the following equation: Is it true that the solution of a given
equation differing slightly from an another given one must necessarily be close to the solution of the equation in the
equation? A function equation is called stable if any approximately solution to the functional equation is near a true
solution of that functional equation and is called superstable if every approximate solution is an exact solution to it. The
study of stability problems of functional equations which had been proposed by Ulam [23] concerning the stability of
group homomorphisms.The famous Ulam stability problem was partially solved by Hyers [8] for linear functional
equation of Banach spaces. Later, the results of Hyers were generalized by Aoki [1], Gavruta [4], Rassias [22] and
Gadarin and Radu [2].

Beginning around the year 1980, the stability problems of many algebraic, differential, integral, operatorial equations
have been extensively investigated [9, 10, 13, 14, 22] and the references therein. Among of them, many research
papers have been published about the generalized Hyer-Ulam-Rassias stability of homomorphisms and derivations in
(*-algebras and Lie algebras [3, 5, 6, 11, 12, 15, 16, 17, 19, 21].

A Lie algebra A is a linear space over some field F together with a binary operation [-,-] : A x A —» A called the Lie
bracket, which satisfies the following axioms:

(Llax + By, z] = alx,z]1 + Bly,z], [zx + Byl = alz,x] + Blz,y],
(Lp)[x,x] =0,
(L3)[xr [y'Z]] + [Z' [X'Y]] + [y' [Z'x]] =0

forallo,f € Fand all x,y,z € A.
Note that the bilinearity(L;) and alternating (L,) properties imply anticommutativity, i.e., [x,y] = —[y, x] for all x,y € A.

A (*-algebras A endowed with the Lie bracket [x,y] = —"y;y"

C-linear mapping D: A — A is called a Lie derivation of A if
D([x,y]) = [D(x),y] + [x, D]

for all x,y € A. In addition, if D satisfies the additional condition D(a*) = D(a)* for all a € 4, then it is called a Lie *-
derivations.

on A is called a Lie C*-algebra. Let 4 be a Lie C*-algebra. A

Now, we consider a mapping f: X — Y satisfying the following functional equation:

() Y (Zi:l' . kel )=o) (L)
=2

n n

for all x;, 5 € X, where n € N is a fixed integer with n > 2. Park and Rassias [20] proved the stability of homomorphisms
and derivations in C*-algebras of the Jensen functional equation (1.1) for n = 2.Gordji et al. [7] establish the stability of
n-Lie homomorphisms and Jordan n-Lie homomorphisms on n-Lie algebras associated with the equation (1.1).

Motivated and inspired by the above works, in this paper, we investigate the stability and superstability problems for Lie
x-derivations associated with the generalized Jensen type functional equation (1.1) on Lie C*-algebras. The present
theorems generalized and improve many existing results in the Park and Rassias [20].

STABILITY OF LIE *-DERIVATIONS

Throughout this section, we assume that 4 is a Lie C*-algebra with the norm || - ||.For convenience, we use the
following abbreviation for any mapping f:4 — A,

i=1 Xi O (T iy i~ (n— 1y
ey = (B4 gy (B @ )x’)—f(uxl)

n
j=2

forallxy,,x, EX (n=2)andpueT' ={1 € C: |1 =1}
To achieve our main in this section, we used the following lemma.

Lemma 2.1. Let X and Y be complex linear spaces. Suppose that f:X - Y is a mapping such that (1.1). Then the
mapping f is additive.

Proof.It follow from

if(z:?_l' i%j X —(n—l)xj> =f<x1 —(n—l)xz ++xn>+f<x1 +x2 — (n_ 1)x3 ++xn)+
j=2

n n n

+f<x1 +.—(n— l)xn>

n

that
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f Z% = fsy+ -+ 5) = f(x1) = f(s1) +Zf(sj) = Zf(s,-) (2.1)
j=2 j=1

L i Xi—(n—1)x; i ) i .
M =T Yy forj =23,-,n. Putting 5; = 0 for j = 3,4,--,n in (2.1),

n

for all sq,-+,s, € X, where s; = and s;

we have

f(s1+s2) = f(s1) + f(s2)
for all s1,s, € A. Thus the mapping f is additive.m

Theorem 2.2.Let ¢: A" — [0, o0) and 1: A3 — [0, ) be mappings such that

inmw(nim,O,--',O)<oo, nlll_r&n (p(x1 ...IZ_Z)ZO‘

m=0
nlllirgonzmlp< ‘fnnim ):o,nlliirgonmlp(o,o,nim)zo 2.2)
for all xq, -, x,,a,b,c € A. Suppose that f: A - A is a mapping with £(0) = 0 satisfying
A fOe, -0 [ < @(xy, o, x0), (2.3)
| f([a,b]) = [f(a), b] — [a, f(B)] + f(c*) = f(e)* || < ¥(a,b,c) (2.4)

for all x;,+,x,,a,b,c € A and all u € T'. Then there exists a unique Lie =-derivation D:A — A which satisfies the
functional equation (1.1) and the inequality

[}

X
1£G) =D@ 1< ) 7" @ (=,0,-,0) 25)
m=0
for all x € A.
Proof. Let us assume x; = x,x, = - =x, = 0 and u = 1 in (2.3). Then we have
X
||nf (g) —f(X)|| < ¢(x,0,-+,0), (2.6)

for all x € A. Replacing x by i. and multiplying n/ both the sides of (2.6),

[ ) = () < o 57 0..0),

for all x € A and all integersj € Zwith j = 0,1, 2,---. Thus we have

m-—1

s () -G = Foo (o) @

e
for all x €A and m >k = 0.It follows from ¥2_,n™ ¢ (nim, 0, ---,0) < o of (2.2) that the sequence {nm f(nim)} is a

Cauchy sequence. Since A is a Lie (C*-algebra, the sequence {nm f(nim)} converges. So we can define a mapping
D:X > Y by

DG = Jim nn ()

for all x € A. Moreover passing the limit as m — oo with k = 0 in (2.7), we have

[ee)

If @) = DEOIl = ||nmf( ~f@| < z +,0)

which implies the inequality (2.5) holds for all x € A.

On the other hand, substituting (x;, -+, x,,) by (x—jx—’;) in (2.3), we have

|| A, D(xy, -+ xn)” = lim n™ ”A f( x_)| < lim n™ (p(x1 - x—)—O (2.8)

’
m-oo nm ‘nm m-—oo "pm

forall x;,-,x, EAand ally € T'.Let u = 1in (2.8). It follows from A; f(xq,--,x,) = 0 that
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j=2

for all xq,-+,x, € A. From Lemma 2.1 that the mapping D is additive. Letting x; = x,x, = - = x,, = 0in (2.3), we have
luf(x) = fFu)ll < @(x,0,---,0) for all x € A. Thus
. X X . X _
[|uD(x) — D(ux)|| = ”lllirgo nm “uf (n_m) —f(un—m)| < lim n™ ¢ (n—m,O,"-,O) =0

m-—oo
which implies uD(x) = D(ux)for all x € A and ally € T'. By the same reasoning as that the proof of Theorem 2.1 of [18],
the mapping D is C-linear.

Replacing (a, b) by (i LA

nm’pm

D([a, b]) — [D(a), b] —[a, D(b)]

) and putting ¢ = 0 in (2.4), we have

= e (552 - o) ] = e G|
< ,rlliﬂonm P (nimnim 0) =0 2.9)

for all a, b € A.Also, if we put a = b = 0 and substitute ¢ by an in (2.4), then

*

pe)=06r = Jm | (35) = )

n

< limn™ 9 (0,0—=) =0 (2.10)
< lim 0w .
for all ¢ € A.Thus it follows from (2.9) and (2.10) thatD is a Lie x-derivation on A.

Now let D': A — A be another additive mapping satisfying (2.5). Then we have

0

IDG) = D'Goll = lim ||D(nim)—0(nim)|| < lim nj+m2nf+m <p(nj’im,0,~~,0)

m—0o
=

for all x € A. So we can conclude that D(x) = D' (x) for all x € A. Thereforethe mapping D is a unique Lie *-derivation on
A satisfying (2.5), as desired. This complete the proof. m

Corollary 2.3. Let r(> 1) and 6 be positive real numbers. Suppose that a mapping f: A — A satisfies
18y fGer, o, x0) I < Ot lI™ + -+ lx, 117,
llf (la, b = [f (@), b] = [a, fF(D)] + f(c*) = F(O)*Il < @(llall" + [IbII" + llcl™)

for all x;,++,x,,a,b,c € A and all u € T'. Then there exists a unique Lie =-derivation D:A — A which satisfies the
inequality

n'o ||x|I”

16— D@ || < —==

for all x € A.
Proof. The proof follows Theorem 2.2 by taking

@(xy,-,x0) = O(lx1 " + -+ lIx, [Nandy(a, b, c) = (llall” + [IbII" + llell™)
for all xq,-+,x,,a,b,c € A. This completes the proof. m

In the followings corollary, we show that when f is an additive mapping, the superstability for the inequalities (2.3) and
(2.4) holds.

Corollary 2.4.Let A, ¢,y be as in Theorem 2.2. If f: A - Ais an additive mapping with (2.5), then f is a Lie *-derivation.
Proof. It follows immediately from additivity of f that £(0) = 0. Thus n™ f(x) = f(x™x) for allx € A and m € N and so

X
= ()
for all x € A and m € N. Now it follows from Theorem 2.2 that f is a Lie *-derivation on A. This completes the proof. =
Next we prove another theorem in superstability of a Lie *-derivation on A for the functional equation (1.1).

Theorem 2.5. Suppose that there exist mappings ¢: A™ — [0, 00),1): A3 - [0, ) and a constant 0 < L < 1 such that

X1 x ab

oL L o\ L
() < Z oG x), w(;,;,o) <= 0@b 0,  ¥(0.0,-)<=0(0,0,0), (211)

forall xq,--+,x,,a,b,c € A. If f:A - A is a mapping satisfying (2.3) and (2.4), then there exists a unique Liex-derivation f
on A.
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Proof. It follows from (2.11) that

lim 7 g (75, 22) =0, lim anw(i b 0) =0, lim 7" (0,0,—) = 0 2.12)
m-oo nm ! ’nm ! m—oo nm ‘nm ! ‘m—»oo ! 'nm '
for all xq,-+,x,,a,b,c € A. Puttingx; =--=x, =0and g =1in (2.3), we obtain f(0) = 0.Replacing x; = x,x, =+ =
x, =0and u =1in(2.3), we have
X
) =nf (=) (2.13)

for all x € A and m € N. It follows from (2.4) and (2.13) that

[a, b] ay b a b
(%) = o) ] = s o)
anlp(i 2 o)—o (2.14)
nm’nm’ - .
for all a,b € A. Taking the limit as m — oo in (2.14) and using (2.12), we obtain

f([a,b]) = [f(a),b] + [a, f(b)]
for all a,b € A. Also, if we put a = b = 0 and substitute ¢ by nim in (2.4), then

||f([a, b]) - [f(a)l b] - [arf(b)]” = an

IA

e~ F@ =nm | (5) = £ (o)

nm nm

< nm (o, onim) (2.15)

for all ¢ € A. Passing the limit as m — o in (2.15), we conclude thatf(c*) = f(c)*for all ¢ € A. Thereforef is a Lie *-
derivation on A. This complete the proof. m

Corollary 2.6. Let r,7 (j =1,2,-,n) and 6 be nonnegative real numbers such that 0 < }7_,7 # 1.Suppose that
A=A

is a mapping such that
n
A, flxq, %) || <6 Hlllelrj (2.16)
=il

If ([a, b]) — [f (@), b] —la, f(B)] + f(c*) — f()*Il < @llall" 1Bl IIcl™)

for all x;,-+,%,,a,b,c € Aand all u € T'. Then f is a Lie *-derivation on A.

Proof.Puttingx; = - =x, =0 and x = 1in (2.16), we obtain f(0) = 0. Replacing x; by x and setting x; = - =x, =0
and ¢ = 1in (2.16), we have

X
o =y (2)

for all x € A and m € N. The remaining assertion goes through by the similar method to be the proof of Theorem 2.5.
This completes the proof. =

Remark. Suppose that f: A — A is a mapping with £(0) = 0 such that there exist mappings ¢: A™ - [0, 0),1): A% — [0, )
satisfying (2.3) and (2.4). Let 0 < L < 1 be a constant such that

X1 s L ab L c L

(?,...,7) = o0y, %), 1/)(;,;,0) <— o(a,b,0), 1/)(0, O'Z) == ¢(0,0,0),

for all x{,++,x,,a,b,c € A. By the similar method as in the Theorem 2.5, we can show that there exists a unique Lie -
derivation D: A — A satisfying

1
1 f@) = D) |l < 7= 9(x,0,++,0)
for all x € A.
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