Journal of Advances in Mathematics Vol 23 (2024) ISSN: 2347-1921 https://rajpub.com/index.php/jam

DOT https://doi.org/10.24297 /jam.v23i.9574

An Engineering Boundary Eigenvalue Problem Studied by
Functional-Analytic Methods

L. KoHauprT

Berlin University of Applied Sciences and Technology (BHT), Department of Mathematics,
Luxemburger Str. 10, 13353 Berlin, Germany,
Email: lkohaupt4@web.de

Abstract

In this paper, we take up a boundary value problem (BVP) from the area of engineering that is described in a
book by L. Collatz. Whereas there, the BVP is cast into a boundary eigenvalue problem (BEVP) having complex
eigenvalues, here the original BVP is transformed into a BEVP that has positive simple eigenvalues and real
eigenfunctions. Further, unlike there, we derive the inverse T' = G of the differential operator L associated with the
BEVP, show that 7' = G is compact in an appropriate real Hilbert space H, expand Tu = Gu and u for all w € H in
a respective series of eigenvectors, and obtain max-, min-, min-max, and max-min-Rayleigh-quotient representation
formulas of the eigenvalues. Specific examples for generalized Rayleigh quotients illustrate the theoretical findings.
The style of the paper is expository in order to address a large readership.
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1 Introduction

In the author’s opinion, it is most important to illustrate general results by applications. Therefore, in this paper, we
take up a boundary value problem described in a book of L. Collatz, namely the damped vibration of a string with
the following characteristic data: length [, string force S, density o, and cross-section area A. However, we make a
series of changes, precisions, and extensions such as follows:

e We introduce different notations

e Instead of [ = 1, we admit a general length [

e We formulate the BEVP such that it can be treated by functional-analytic methods

e In the derivation of the solution to the BEVP, we first merely demand that the occurring partial derivatives be
continuous, but later we introduce appropriate function spaces, norms, and scalar products as well as operators
in these spaces.

e Thereby, it will be possible to determine the inverse T' = G of the differential operator L pertinent to the BEVP.
And it can be shown that the operator T = G is compact having positive (and thus real) simple eigenvalues
converging to zero.

e This opens the way to obtain expansions of Tu = Gu and u = Pu in series of eigenvectors, where H is an
appropriate Hilbert space and where P is the projection operator onto the geometric eigenspace of T'= G

e Additionally, one can derive expansions for (T'u,v) = (Gu,v) and (u,v) = (Pu,v) for u,v € H
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e Based on this, generalized Rayleigh-quotient formulas are derived and tested on specific examples

e In the same way as damped vibrations of a string, also damped torsional vibrations of rods and shafts as well
as the telegraph equation can be treated

Next, we give a table of Contents that contains the sections and subsections handling the above items.
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Now, we make some comments on the individual sections.

For the readers convenience, Sections 2 and 3 recapitulate corresponding sections in [20] and [21], but without proofs.
Section 4 is devoted to the conditions (C1y,) - (C51) for the linear operator L replacing the conditions (C1y) - (C5y)
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in [2I] that guarantee the conditions (C1) - (C4) for the inverse operator T' = G of L. Sections 5 and 6 make up
the core of the present paper. Whereas in Section 5 the BEVP from the area of engineering is treated in an informal
way, Section 6 shows how the general results of the preceding sections can be applied by using precise conditions and
functional-analytic methods. Finally, Section 7 contains the conclusion. The non-cited references [1], [3], [5], [(7] -
18], [, [19], [22], [23], [25], [27] - [29], [31], [32], [34], and [35] are taken from [2I]. They are included here since the
author thinks that they could be of interest to the reader in the context of this paper.

2 Expansion of a Linear Compact Operator and of a Pertinent Projec-
tion Operator in Hilbert Space

Together with Section 3, this section forms a basis for what follows. The statements are taken over from [20], but
most of the proofs are omitted.

(i) The Conditions (C1) - (C4)

We assume the following conditions:

(C1) {0} # H is a Hilbert space over the field F = C with scalar product (-, -)

(C2) 0# T € B(H) is compact having countably many simple non-zero eigenvalues A1, Ao, Ag, -+ - with limg_00 Ay =0
pertinent to the eigenvectors x1, x2, X3, --. Further, 0 & o(T).

(C3) The eigenvectors of the adjoint T* of T' with the eigenvalues A1, A2, A3, - -+ are 1y, g, s, - - -

One has the following theorem.
Theorem 2.1 (Biorthonormality relations for A\; # A\g, j # k)

Let the conditions (C1) - (C4) be fulfilled. Then, with appropriate normalization, the eigenvectors x1, X2, X3, and
1,9, s, - -+ are biorthonormal, that is,

(Xj> %) = 0ji, J,k € J. (2.1)
Proof: See [20, Theorem 3.1]. o
Furthermore, we obtain the following theorem.
Theorem 2.2 (Expansion of Tu as well as of Pu in a series of eigenvectors)

Let the conditions (C1) - (C4) be fulfilled. Then,

Tu =" \(u,)x;, u€ H (2.2)
jeJ
as well as
Py = Z(u,wj)xj, ueH, (2.3)
jeJ

where P is the projection operator from H onto the geometric eigenspace of T.

Proof: See [20, Theorem 3.2]. o

Remark: From (2.2) we conclude that
[Xla X2, X3, ] = T(H) = R(T)
where R(T') means the range of T'. Further, from (2.3),

P:Hw— [XlaXQaXfﬁv”']'
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o
Moreover, in [20, Theorem 3.3], we have proven the following theorem.
Theorem 2.3
Let the conditions (C1) - (C4) be fulfilled. Then, we obtain
u=Pu= Z(u,i/)j)xj, ueH (2.4)
jEJ
and the projection operator
Py=I-P:H— N(T)={0} < P, =0. (2.5)
o

If condition (C4) is not fulfilled, one can remedy this, e.g., by using a biorthogonalization pre-process, as the next
lemma shows.

Lemma 2.4

Let the conditions (C1) - (C8) be fulfilled, and let, for instance, \j,,Nj,, -, N;, be eigenvalues of T with linearly

independent eigenvectors Xj,, Xj,» " > Xj,; further, let ¥; ,vj,, - 1, be linearly independent eigenvectors pertinent
to le,sz, e ,ij of T*. Then, these eigenvectors can be biorthonormalized such that

(Xjka¢jz):5kl7 kvl:1727"' y D- (26)
Proof: See [20, Lemma 3.4]. o

After appropriate application, for instance, of the biorthogonalization pre-process, condition (C4) is satisfied.
(iii) Special Case of a Selfadjoint Compact Operator T = A

If T = A is selfadjoint and compact and if there is a countable set of non-zero eigenvalues A;, j € J, then it is known
that the relation
lim A; =0 (2.7)
‘]*)OO

is fulfilled. Further, the eigenvalues are real and the pertinent eigenvectors ¢; can be chosen real so that one has

Yi=Xj= T/Jj, jed (28)
meaning that the biorthonormality relations (2.1) turn into the orthonormality relations
(@ja‘pk) = 5jk7 jak € J. (29)
Thus, if 0 # o(A), the relations (2.2) and (2.4) turn into the known results
Au = Z)\j (u,0j)pj, ue H (2.10)
JjeJ
and
u:Pu:z:(u,cpj)gaj7 ue H. (2.11)
jeJ
For all this, see [30, Section 7].
For the next theorem, we define new subspaces of H. For every j =1,2,...; let
J
Ny ={ueH|u= Zaka withar € C, k=1,2,...,5} = [x1,.--, X5, (2.12)
k=1
j=1,2,...and
J
Nyjr:={u€H|u=> Bxxwith By € R, k=1,2,....5} = [x1,---, Xj]r, (2.13)
k=1
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j=1,2,... as well as

Ny = Nyo:={uecH|u=> ", apx;existsin Hwith oy, € C,k =1,2,...}
(2.14)
= [Xla X2y ]
and
Nyr = Nyoor:={u€ H|u=Y ;- Brxk exists in Hwith 8 e R,k =1,2,...}
(2.15)
= [Xl?XQ?"']]R'
Likewise, we define
J
Nyj={u€H|lu=>Y appwithay € C, k=1,2,...,j} = [,..., 4], (2.16)
k=1
7=1,2,...and
J
Nyjri={u€Hlu=> B with B € R, k=1,2,...,j} = [tb1,..., %], (2.17)
k=1
7 =1,2,... as well as
Ny = Ny :={uecH|u=> ", apyexistsin Hwith oy € C,k =1,2,...}
(2.18)
= [/(/)17 ¢27 o ]
and
Nyr = Nypoor:={u€H|u=> -, By exists in Hwith 8, e R,k =1,2,...}
(2.19)
= [wlanP"]R'
After these preparations, we are able to prove the following theorem.
Theorem 2.5 Let the conditions (C1) - (C4) be fulfilled. Then,
(TU,U) = Z)‘] (U" %‘)(vav)’ u,v€H (2'20)
jeJ
and
(u,0) = (Pu,v) =Y (u,0) (x5, 0), uw, v € H (2.21)
jeJ
where
(u,5), (xj,v) €ER, u € Nyr, v € Nyg, j€J (2.22)
leading to
Re (Tu,v) = ZR@ Aj(u, ¥;)(xj,v), u € Nyr, v € Nyg, j€J. (2.23)
jeJ
Proof: See [21, Theorem 3.4]. o

In order to set up the formulas for the generalized Rayleigh quotients, we have to define the following subspaces of
N, and Ny.
My 1 == Nyr = [x1,X2; - - Jp (2.24)

Mx,j,]R = {UGNX7R|(ua¢k):Ovk:]-v?v"'vj_l}
(2.25)
= [ talh L, G =23,

where M, ;r is called an orthogonal complement in N, r and

valﬁR = N’lﬁ-,R = [17[]1a 2)[}27 B ']]Rv (226)
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Myjr = {u€ Npr|(u,xx)=0,k=12,...,j -1}
(2.27)
= [Xl?"'axj—l]ﬁw.ka ]:2737
where My, jr is called an orthogonal complement in Ny r. The next lemma characterizes these spaces.

Lemma 2.6 Let the conditions (C1) - (C4) be fulfilled as well as {x1, X2, ...} and {11,102, ...} be sets of biorthogonal
eigenvectors of T and T™ respectively, i.e., such that

(Xi, %) = 6ij, 4,5 =1,2,.... (2.28)

Then, -
MijvR = [Xjan-‘rla"'}Rvj = 1727"' (229)

and -
Mz/),j,]R = [’(/)j71/)j+17"']Raj = 1a2a"' (230)
Proof: See proof of [2I, Lemma 3.5]. o

Now, let u € Ny g with u = > agxi and a; € R as well as v € Ny g with v = Y 72 | Bpty, and By, € R. Then, due
to Theorem 2.1,

(w,0) = b (2.31)
k=1

In order to facilitate the manner of speaking, we say that the scalar product (u,v) of u € Ny r and v € Ny g is strongly
positive iff agBr >0, k=1,2,... and 220:1 a8 > 0. For short, we write

(u,v) > 0.
Remark: One has oy = (u, %), u € Nyr and B = (xx,v), v € Ny for K =1,2,.... Therefore, (u,v) > 0 means
(u, Y1) (xk,0) > 0, k= 1,2,... and (u,v) = 35327, (u, ¥x) (X, v) > 0. o

Remark: For (u,v) > 0, one can admit linear combinations u = Yoreq Xk and v = Y p0 ) Brty with ag, B €
C, k =1,2,... such that ay8), = |axBk|, k = 1,2,... and > p, |agBk| > 0. For example, all elements oy, B € C
with ap = |agle*?* and B = |Br|e*?* where ¢y is in 0 < ¢, < 27, k= 1,2,... are acceptable. o

3 Generalized Rayleigh-Quotient Formulas for the Real Parts of the
Eigenvalues

Again, for the readers’ convenience, [2I, Section 4] is recapitulated without proof, but we restrict ourselves to the
formulas for the real parts of the eigenvalues.

In the sequel, we suppose that the non-zero eigenvalues are arranged according to
R€/\1 Z R6>\2 Z Re)\3 2 e (31)

Such an arrangement is possible, for instance, if the real parts of all eigenvalues are positive. An arrangement that is
always possible will be dealt with in Section 11.

One has the following generalized max-representation.
Theorem 3.1

Let the conditions (C1) - (C4) be fulfilled. Further, let the eigenvalues of T be arranged according to (3.1). Moreover,
let the vector spaces M, jr resp. My jr for j € J be defined by (2.24), (2.25) resp. (2.26), (2.27) or (2.29) resp.
(2.30). Then,
Re (T
Re ) = max M, jeJd (3.2)

(u,0) >0 (u,v)
uwEMy i RVEMy ;R
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The mazimum is attained for u = x;, v = ;.
Proof: See proof of [2I, Theorem 4.1]. o

For the next theorem, we need the following denotation of codimension. A subspace M C H has codimension j for
j € J denoted by codim M = j if there exist linearly independent vectors v1,...,v; € H such that

M =vy,...,05]" = [v1,...,v]5 ={u € H|(w,v) =0, k=1,...,j}.

Further, we set
codim M =0

if M = H. Next, we prove a generalized min-max-representation.
Theorem 3.2
Let the conditions (C1) - (C4) be fulfilled. Further, let the eigenvalues of T be arranged according to (3.1).

Then, for every j € J and every subspace M, C Nyr and My C Nygr with codim M, = codim My = j — 1, the
following inequalities are valid:

Re (Tu,
Redj < max BT gy (3.3)
(u,0) >0 (u,v)
wE My ,vE My,
and the following min-maz-representation formulas hold:
Re (T
Red,—  min max  2edwy) Lo (3.4)
codim My =j—1 (u,v)>>0 (u, ’U)

codim My =j—1 u€My,vEM,
The minimum is attained for
My = My jr, My = My, jR.

Proof: See proof of [2I, Theorem 4.2]. o

The next theorem contains a generalized min-representation.
Theorem 3.3

Let the conditions (C1) - (C4) be fulfilled. Further, let the eigenvalues of T be arranged according to (3.1). Moreover,
let the vector spaces Ny jr resp. Ny ;r for j € J be defined by (2.13) resp. (2.17). Then,

Re (T
Redj—  mim  DedwY) Loy (3.5)
(u,0)>0 (u,v)
uENX j JR*”ENU,: iR
The minimum is attained for uw = x;, v = ¥;.
Proof: See proof of [2I| Theorem 4.3]. o

Next, we state the following generalized max-min-representation of Rel;.
Theorem 3.4

Let the conditions (C1) - (C4) be fulfilled. Further, let the eigenvalues of T' be arranged according to (3.1). Moreover,
let the vector spaces Ny jr resp. Ny jr for j € J be defined by (2.13) resp. (2.17).

Then, for every j € J and every subspace Ny, C Nyr and Ny C Nyr with dim N, = dim Ny = j, the following
inequalities are valid:

. Re (T'u,v)

min ——=

(u,v)>0 (u’ v
uENy ,wENy,

< Re);, (3.6)

and the following max-min-representation formulas hold:

Re (T
Re\j = max min Ma JeJ (3.7)
dim Ny=j  (u,v)>0 (u,v)
dim Ny, =j UENy ,vENy,
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The mazimum is attained for
Ny = Nyjr, Ny = Ny jr.

Proof: See proof of [2I, Theorem 4.4]. o

4 Series Expansions and Generalized Rayleigh Quotients for Compact
Inverse of Differential Operator

In this section, we include the findings of [20, Sections 3 and 4]. However, we need a slight modification of the conditions.
Namely, there, a differential operator L : Hp — Hr C H := L3(0,1) was considered with Hp =Hp = L5(0,1) in
the pertinent conditions (C1,) - (C5,4) where d stands for densely defined. As opposed to this, in this paper, we have
only Hg = L(0,1), and the corresponding conditions without Hp = L(0,1) are called (C1z) - (C51) where L stands
for the differential operator associated with the BEVP. Since in [20], we used only Hg = L2(0,1), the results derived
there are thus also valid under the new conditions (C1z) - (C5p1).

This section is structured as follows. We begin with the conditions (C11) - (C51) on the differential operator L, its
formally adjoint operator Ly and their pertinent compact inverses G and G 4. Then, it is stated that G, = G* is the
adjoint operator of G. Next, expansions of Gu and u for u € Ly(0,1) in series’ of eigenvectors stated in [20, Section
4] resp. |21} Section 3] are given followed by generalized Rayleigh quotients for the real parts of the eigenvalues of G
stated in [2I], Section 4].

4.1 Series Expansions

In this subsection, in the case of simple eigenvalues, expansions in series’ of eigenvectors are stated.

(i) The Conditions (C1r) - (C5L)

We assume the following conditions:

(C1r) {0} # H is a Hilbert space over the field F = C with scalar product (-, -)
(C21) {0} # Hp and Hp are pre-Hilbert spaces with
Hp C HR C H, ﬁR:H

and where
LD(L) = Hp+— Hp

is a linear operator with the countably many simple non-zero eigenvalues
1, 2, 43, - - and the property lim;_,o t; = co as well as pertinent eigenvectors x1, x2, X3, -+ € Hp. Further,
L possesses a compact inverse

G:=L""'e B(H)

(C31) {0} # Hp + and Hp are pre-Hilbert spaces with
HD7+CHRCH, FRZH

and where
L+ N D(L+) = HD’+ —> HR

is a linear operator with the countably many simple non-zero eigenvalues
M4y 2,45 43+, - and the property lim;_,o i1+ = 00 as well as pertinent eigenvectors 11, %2,%3, -+ € Hp 4.
Further, L, possesses a compact inverse

G4 :=L;' € B(H)

(C4r) (Lu,v) = (u,Lyv), u€ Hp, v € Hp 4
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(C5L) /jfj #Nka]#k7 j7k€J

Remark: We mention that due to the above conditions, 0 ¢ o(G). Further, that we also have G € L(Hpg, Hp).
Moreover, if pj, = p, for two indices jo # ko, then xj,, xx, and ¥;,, ¥r, can be biorthonormalized such that we
obtain (x;,¥x) = d;x for j, k € {jo, ko}. o

(i) Series Expansions of Gu and Pu

The first theorem reads as follows.

Theorem 4.1

Let the conditions (Cly) - (C5) be fulfilled. Then,

Wit =Ty, J € J (4.1)

and
Gy =G" (4.2)

where G* € B(H) is the adjoint operator of G defined by
(Gu,v) = (u,G*u), u, v € H. (4.3)

Further, the operator G has the eigenvalues \j = 1/p; as well as the eigenvectors x;, and G = G* has the eigenvalues
Nj+ = Aj = 1/pj =1/, as well as the eigenvectors ; for j € J. In addition, lim; . A; = 0.

Proof: See proof of [20, Theorem 4.1] with (C1y4) - (C54) replaced by (C1y) - (C5L). o

From Theorem 3.1 and the results of Section 2, we obtain the following corollary.
Corollary 4.2
Let the conditions (Cly) - (C54) be fulfilled. Then,

Gu = Z)\j(u, Yi)x;, w € H, (4.4)
jed
u:Pu:Z(u,wj)Xj, u€ H. (4.5)
JjeJ
Proof: See proof of [20, Corollary 4.2] with (C1,) - (C54) replaced by (C1r) - (C5p). o

Remark: In the case G = G4 = G*, then - as already mentioned in Section 2 (iii) - the eigenvalues \; are real and
wj=Xj =, J €Jaswell as limj_,o A\j = 0. o

4.2 Generalized Rayleigh Quotients

Since the conditions (C1y) - (C51) entail the conditions (C1) - (C4) for T = G € B(H), we obtain the following
corollaries.

One has the following generalized max-representation.

Corollary 4.3

Let the conditions (C1y) - (C51) be fulfilled. Further, let the eigenvalues of T = G be arranged according to (3.1).
Moreover, let the vector spaces My jr = My jr = My jr for j € J be defined by (2.25), (2.26) resp. (2.27), (2.28)
or (2.29) resp. (2.80) with x; =; = ;, j € J. Then,

Re (G
Re)j = max M, jed. (4.6)
(u,v)>0 (u7’())
w, vEM,, ;g
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The mazimum is attained for u=v = @;.

Proof: This follows from Therorem 3.1. o
Next, we prove a generalized min-max-representation.

Corollary 4.4

Let the conditions (Cly) - (C51,) be fulfilled. Further, let the eigenvalues of T = G be arranged according to (3.1).

Then, for every j € J and every subspace M, C N,r with codim M, = j — 1, the following inequalities are valid:

Re\; < max M < Re )\, (4.7)
Wz (u,v)
u,vGMV,

and the following min-maz-representation formulas hold:

Re (G
Re); = min max M, jeJd (4.8)
codim My=j—1 (wv)>0  (u,v)
u,UEMw
The minimum is attained for
My = M j k-
Proof: See proof of |21 Theorem 4.2]. o

The next theorem contains a generalized min-representation.
Corollary 4.5

Let the conditions (C1y) - (C51,) be fulfilled. Further, let the eigenvalues of T = G be arranged according to (3.1).
Moreover, let the vector spaces Ny ;r for j € J be defined by (2.13) with x; = @; resp. (2.17) with v; = ;. Then,

Re (G
S N L Py (4.9)
(u,v)>0 (u, ’U)
w, 7’€N¢,j,R
The minimum is attained for u =v = @;.
Proof: This follows from Theorem 3.3. o

Next, we state the following generalized max-min-representation of Rel;.
Corollary 4.6

Let the conditions (C1y,) - (C5y,) be fulfilled. Further, let the eigenvalues of T be arranged according to (3.1). Moreover,
let the vector space Ny, r for j € J be defined by (2.13) with x; = p; resp. by (2.17) with 1; = @;.

Then, for every j € J and every subspace N, C Ny, g with dim N, = j, the following inequalities are valid:

min (G0 gy (4.10)
wn>0  (u,v)
u, vENy

and the following max-min-representation formulas hold:

Re (Gu,v)

Re)j = max min ,jed (4.11)
dim Np=j (x>0 (u,v)
The mazimum is attained for
Ny = Ny jR-
Proof: This follows from Theorem 3.4. o

It is clear that the Re sign can be omitted when the eigenvalues are real.
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5 A BEVP from Area of Engineering

In this section, a damped vibration model of a string is investigated whose mathematical formulation as a boundary
value problem (BVP) reads —u" (x,t) = —m i(x,t)—bu(z,t), u(0,t) = u(l,t) = 0. For its solution, it is transformed by
the ansatz —u" (x,t) = k u(x,t) into the boundary eigenvalue problem (BEVP) —u" (x,t) = ku(z,t), u(0,t) = u(l,t) =
0 with the constraint mii(x, t) + bu(x,t) + ku(x,t) = 0. Then, with the separation of variables u(x,t) = w(x) y(t), the
constraint - after division by w(z) - has the form mij(t)+by(t)+k y(t) = 0 whose solution is stated for various cases. The
separation of variables - this time after division by y(t) - transforms the BEVP —u//(z,¢) = ku(z,t), u(0,t) = u(l,t) =
0 into the BEVP —w"(z) = kw(z), w(0) = w(l) = 0 whose eigenvalues k = k; and eigenfunctions w(z) = w;(z) for
j=1,2,... are presented. Then, for the eigenvalues k = k;, the solutions y; 1(t), y;2(t) of mgj(t) +by(t)+ky(t) =0
for a selected case representing small damping are found. Finally, the solutions w;(z) and y; 1(t), y;,2(t) are combined
to yield the eigenfunctions x;1(z,t) = w;(z)y;1(t), X 2(z,t) = wj(x)y;2(t), j = 1,2,... of the BEVP —u"(x,t) =
ku(z,t), u(0,t) = u(l,t) = 0 with the constraint mii(x,t) + bu(x,t) + ku(z,t) = 0 which is equivalent to the original
BVP —u"(x,t) = —mii(z,t) — bu(x,t), u(0,t) = u(l,t) = 0.

5.1 Damped Vibration Model of a String

The problem is described in [0l p.42]. The author’s translation from German into English reads as follows, where

/ 0, : 9y .
Yy =52 and §y = F¥:

There are also physical problems leading to complex eigenvalues, e.g., damped vibrations of a string [with S=const: see
Eqgn. (2.2), K as damping constant]:

(4.3) Sy =oF i+ Ky.

The same differential equation occurs also with other damped vibrations such as torsional vibrations of rods and shafts,
telegraph equation, and so on.

With the ansatz
yla,t) = Mt Y(x),

(4.3) turns into
Sy" = (eF N+ K\)y,

or, with different notations (k1, ko positive constants):
Y = (k1 A 4+ ko \) y.
For the boundary conditions (length of stringl =1)
y(0) =y(1) =0,

one has the solutions
y=sinnwx

with
ki A2 + ko = —n’m2.

The eigenvalues determined from this are, in general, complez, e.g., when the values of ky are not too large.

We stress that the above equation numbers (2.2) and (4.3) are those of the book [6].

5.2 Boundary Eigenvalue Problem

Using the new function w instead of y, the partial differential equation of subsection 5.1 reads

S (x,t) = o Fii(z,t) + K u(w,t).
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Next, we multiply this by —1/S yielding

O L APV
u’(x,t) = 5 i(x,t) 5 u(x,t)
Introducing the new variables
oF K
==—>0, b:=—>0
T s 0

we obtain the partial differential equation (PDE)

|~ (x,t) = —mii(z,t) - bi(z, 1) ]

In a further step, we make the solution ansatz

‘ —u"(z,t) = ku(z,t) ‘

Equating the right-hand sides of (5.1) and (5.2) leads to

‘mii(x,t)—i—bu(x,t) + ku(z,t) = O‘.

(5.3)

This is interpreted as a constraint on the solution to the differential equation (5.2). The boundary conditions read

u(0,) = u(l,t) = 0.

(5.4)

Thus, the original BVP (5.1), (5.4) with the new notations is equivalent to the BEVP (5.2), (5.4), where the solutions

to this BEVP have to satisfy the constraint (5.3).

Equation (5.2) can also be written in the form

with the ordinary differential operator

5.3 Separation of Variables

The usual way to solve the BEVP in Subsection 5.2 is to separate the variables « and ¢ by setting

u(a, 1) = w(@) y(t).

Then, (5.2), (5.4) turn - after division by y(t) - into

and (5.3) becomes - after division by w(z) -

my(t) +by(t) + ky(t) =0, 0<t< 0.

5.4 Solution of mgj(t) + by(t) + ky(t) = 0 for Various Cases

The differential equation
mi(t) +by(t) + ky(t) =0

is known in the Theory of Vibrations where it describes a one-mass vibratory model with displacement ¥y, mass m,
damping constant b and stiffness constant k, see, for instance, [33] Section 2.6]. In what follows we recapitulate the
solution of the above differential equation whereby we use verbatim passages from the cited textbook.

22



Journal of Advances in Mathematics Vol 23 (2024) ISSN: 2347-1921 https://rajpub.com/index.php/jam

For the solution, as usual, the differential equation is divided by m giving

b k
(T —y(t —y(t) =0.
§(0) + () + y(t)
Set
6= _b (5.11)
=g .
and
k
5 5.12
w - (5.12)
This yields
§i(t) — 208 9(t) + w?y(t) = 0. (5.13)
The solution ansatz
y(t) =gt (5.14)
delivers the quadratic equation
AN —20A+w?=0 (5.15)

with the two roots
)\172 = V 52 - w2 . (516)

Case 1: § =0

For =0, (5.16) reduces to
A2 = Fiw (5.17)

so that the roots lie on the imaginary axis and correspond to the undamped case, w is called (natural) circular
eigenfrequency. The pertinent complex basis is given by

yi(t) = e, ya(t) = goe™ ™" (5.18)

A corresponding real basis of the above ordinary differential equation (ODE) is given by

[91(t) = gusinwt, s(t) = Gocoswt |. (5.19)

Case 2 a: 0 < § < w?

For 0 < § < w?, (5.16) shows that the roots A\; and Ay are conjugate-complex:

)\1,2 =0+t i\/ w2 — 52 =0+ iwd (520)

with
wg = Vw? -2 (5.21)
where b
)\ = —— = 6 .22
Re 1,2 m <0 (5 )
and

ImA o =+Vw? -2 =twy (5.23)

where wg > 0. This is the so-called underdamped case. Here, § is known as logarithmic decrement and wq as damped
circular eigenfrequency. The pertinent complex basis is given by

yr(t) = G gy (1) = goeO Tt (5.24)

A corresponding real basis reads

’ y1(t) = gredtsinwgt,  ya(t) = §2e® coswqt |. (5.25)

Remark: We avoid to call A an eigenvalue since in our formulation of the BEVP, it is no eigenvalue. As a consequence,
the functions y1(t), y2(t) are called merely basis functions and not eigenfunctions. o

23



Journal of Advances in Mathematics Vol 23 (2024) ISSN: 2347-1921 https://rajpub.com/index.php/jam

Case 2 b: 0 < 62 = w?

In this case,

wg=0. (5.26)
Further, here we have the double root
A =9 (5.27)
with only one pertinent real basis function
y1(t) = 91 |. (5.28)

This is the critically damped case. It is known that a second basis function is given by
yo(t) = o tedt|. (5.29)
Thus, (5.28) and (5.29) is a real basis of the ODE (5.10).

Case 3: 62 > w?

In this case, (5.16) shows that the roots A; and Ay are real and negative since

)\1,2 =0+Vi2 —w?2<0]. (530)

This is the overdamped case leading to a monoscillatory motion.

5.5 Solution of the BEVP —uw"(z) = kw(z), w(0) =w(l) =0
The solution of the BEVP
—w"(z) =kw(z), 0 <z <l
w(0) = w(l) =0,

i.e., of (5.8), (5.9), is obtained by the ansatz
w(z) = sinVkz . (5.31)

Apparently, the function (5.31) satisfies (5.8), and the boundary condition (BC) w(0) = 0 is also fulfilled. Further,
the BC w(l) = 0 leads to

sinVkl =0 (5.32)
yielding
Vil=jm jeJ:=(1,23,...) (5.33)
or
k=kj =525 =5k, j€J (5.34)
so that
’w(x) =wj(z) =w;sinjng, j € J‘ (5.35)

are the pertinent (real) eigenfunctions.

5.6 Solutions of my(t) + by(t) + ky(t) = 0 with k = k;, j € J for Selected Case

The solutions of (5.10), i.e., of
mij(t) + by (t) + ky(t) =0
with
k =k (5.36)

for all possible cases can be found in subsection 5.4 by the replacements

k 1 w2 k1 k; 1 72
W= =12 :—:w%:wZ o W= = 52

m m 2 m m o m’ 2 7 €J (5-37)
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and
vi(t), y2(t)  —  yia(t), yi2(t), j€J. (5.38)
In the sequel, we restrict ourselves to the real basis in the case 2 a with k = 7—22 replaced by k; = j2’;—22 = j2w? = j2w?
Then, case 2 a takes on the form
Case 2 a (j): 0<5<wJ2»,j€J
Here,
k.
w? = EJ jeJ (5.39)
and
) w2 .
kij=3j Z—Q,JGJ. (5.40)
The pertinent real basis functions read
yia(t) = g€’ sinwg jt, y;2(t) = ;26 coswg jt, j € J (5.41)

with

waj = Jwi—0%j€J. (5.42)

5.7 Solutions of BEVP —u"(z,t) = ku(x,t), u(0,t) = u(l,t) = 0 with constraint mii(z,t) +
bu(z,t) + ku(z,t) =0

It has been shown that the original BVP —u'(z,t) = —mdi(x,t) — ba(z,t), u(0,t) = u(l,t) = 0 can be transformed
into the BEVP —u/(z,t) = ku(z,t), uw(0,t) = u(l,t) = 0 with constraint mii(z,t) +bu(x,t) +ku(x,t) = 0. According
to (5.34), the eigenvalues of the last one are given by

2
2T .

and, according to (5.35) and (5.41), the pertinent eigenfunctions by

N .. X . .

Xji(z,t) = w;(z) y;1(t) = w; smwa Uit et sinwg ;t, j € J, (5.43)
N .. X .

X2z, t) = w;(x) yj2(t) = 0; 51nj7r7 V5,2 et coswq it j € J. (5.44)

6 The Example in a Functional-Analysis Setting
In this section, we
e introduce the function spaces and operators allowing us to treat the BEVP by employing functional-analytic
methods

e determine the eigenvalues and eigenfunctions of the differential operator L and of its inverse T = G

e give expansions of Gu and u = Pu for all v in an appropriate Hilbert space H as well as of (Gu,v) and
(u,v) = (Pu,v) for all u, v € H

e and present illustrative specific examples with generalized Rayleigh quotients for the positive eigenvalues of

T=G
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6.1 The Function Spaces and Operators

The operators (5.6), i.e
Liu] = Lu = —u"

is here defined in the vector space Hp over the field F = R as

Hp = D(L)

= {u € C’2 [0,1] x [0,00) |u(0,t) = u(l,t) = 0, mii(z,t) + bu(x,t) + ku(z,t) =0,

fo (x,t) dtdz < oo}

Further, we define the vector space Hg over the field F = R as

Hpr:={ueC]0,]] x Ooo|// ?(x,t) dtdr < oo}

as well as
H := L5 (0,1) x (0,00)

where L (0,1) x (0, 00) is the space of real measurable functions defined almost everywhere on (0, 1) x

the following Lebesgue integral satisfies

// xtdtdw<oo

We mention that the norm in H is given by

1
2
Jull = ||u|H<// xtdtdx> well

and the pertinent scalar product by

l [
(u,v) = (u,v)g = / / u(z,t)v(x,t)dtde, u, v € Hp
o Jo

(6.4)
(0, 00) such that

(6.6)

that is well-defined by the Cauchy-Schwarz inequality. Further, due to the BCs w(0,t) = u(l,¢) = 0 and v(0,t) =

v(l,t) =0 for u, v € H, employing partial integration, we have
(Lu,v) = (u, Lv), w,v€ Hp = Hp 4
so that the formally adjoint Ly of L is equal to L in Hp = Hp 4+ := D(L4). One has
C§°(0,1) x (0,00) C HrR C H = L3 (0,1) x (0, 00).

From [2] Section 1], we conclude that

Ce° (0,1) % (0,00) = Hr = H = Ly (0,1) x (0,00).

Further, L
Hp C Hg CHR:H:L2(07Z) X (0,00)

(6.7)

We mention that L € L(Hp, Hr) where L(Hp, Hg) is the set of linear operators mapping Hp into Hr. The Green’s

function associated with
Lu=0,ueHp

is given by
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see [21], Section 10.5], and the pertinent inverse operator G = L™' = G4 = L '€ L(Hg, Hp) is given by
1
(Gu)(z,t) = / G(z,s)u(s,t)ds, z € [0,1], t € (0,00). (6.11)
0

Before we continue to show that G € B(H, H) = B(H) and that G is compact, we make some remarks on the above
norm | - ||z and further norms.

First, from [26, Fubini’s theorem in Sections 66 and 67],

l ) 0o l
|\u||§,=// u2(x,t)dtdx=/ /uz(x,t)dxdt. (6.12)
0 0 0 0

Next, we define

Hu(x,-)HQLz(OJ) = n%Q(OJ)(u(x,-)) = /0 u?(z,t)dt, x €[0,1], u € C[0,1] x [0,00) (6.13)
and .
||u(~,t)H%2(0,oo) = n%Z(Opo)(u(-,t)) ::/0 u?(z,t)dz, t € [0,00), u e C[0,1] x [0, 00). (6.14)
Then,
ull? = ||u|‘%2(o,z)x(o,oo)
l [e%S) l
= [ [ endeds = [ a1 de
0o Jo 0
= | HU,( )”L2 0,00) ”L2 0,0) (nL2(0 I n%z(o,oo))(u) . (6‘15)

oo l l
/ /ﬁ@ﬁMﬁz/HWﬁﬁm@ﬁ
0 0 0

= G, 0.0 170,000 = (250,00) © ME0(0,0) (W)

We note that np,,) acts on the first argument of u and np, g ) on the second argument.

(i) Boundedness of the Operator T'= G € L(H)

We have
T=GeL(Hg,Hp) C L(Hr,Hg) C L(H,H) = L(H)

with
1
Tu(z,t) = Gu(z,t) = (Gu)(z,t) = / G(z, s)u(s,t)ds, z €10,1], t € [0,00), u € Hg, (6.16)
0
and we will show that T = G € B(H) with ||T|| = |T||la < (f} o G(x,s)ds dz)*.

This is obtained as follows. From (6.16), we have

! !
[Tu(z,t)] = \/ Gz, 8) u(s, ) ds| S/ G (2, s)|u(s, t)] ds
0 0
) ) (6.17)
I b I 3
< (/ G?(x, s) ds) </ u?(s,t) ds) , u€ Hp
0 0
This entails
[Tu(z,t)] / G?(x, s) ds/ u?(s,t)ds, u € Hg (6.18)
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yielding
00 l 9] l
/ [Tu(ac,t)]thS/ G*(z, s) ds/ / u?(s,t)dsdt, u € Hp
0 0 0o Jo
=llull?
and thus to l Do
/ / [Tu(z,t)]dt de < / / G?*(x,s)dsdx ||ul|%, w€ Hr = H
0 Jo 0 Jo
or

Ul
||Tu||§1 < / / Gz(x,s) dsdzx Hu||%1, u € H.
o Jo

Thus, T € L(H) is bounded, that is,
T € B(H)

T l l
|T|| =||T||z = sup I Tl < / / G?*(w,s)dsdx
0#ueH l|ull 7 0o Jo

(ii) Compactness of T' € B(H)

and

N|=

Starting point is the inequality
9] l
/ (Tu(z, £)]2dt < / G2(x, ) ds ||ully, u € Hp = H,
0 0
see (6.19), leading to

max [ (Tula,)Pdt < ma / G (a, 5) ds [ull}y, u € H.

0<z<l Jg

oo 3
(max/ [Tu(a:,t)]th) < (maX/G2 ,s) ) lull, we H
0<z<l J, 0<z<l

0o % l
max (/ [Tu(z,t)}zdt) < max </ G*(z, ) ds) llw|lgr, we H.
0<a<i \ J, o<z<i \ Jo

[fllcwioq = max [f(x)].

or

Nl=

so that also

N|=

Let f € C[0,]] and

0<w<l
Then,
a0, hemion < gmis ( [ s ds> fuls. u € A
Further,
I poo
iraly < [ [ et e
0 Jo
l
< 1 max/[Tu(:z:,t)]th
0<a<l J,
= 1 s 70 ) 0.y = LTl g 0 € B
Define

| Tull, 2= 11Tl £y (0,00) | oo 0,175 w0 € H.

Then, due to (6.28), T' € B(H, Hy) and
ITuller < Vil Tullm,, we H
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entailing
1
2

!
|Tullg < VI|Tul|g, < max (/ G?(x, s) ds) [lee]) - (6.30)
0<z<t \ Jo

Next, we show that T' € B(H, Hy) is compact. We mention that, due to the inequality (6.30), we then have also that
T € B(H,H) = B(H) is compact.

For the proof of the compactness of T'€ B(H, Hy), we show that g defined by
g(x) == | Tw(z, )| L, (0,00), v € H, x € [0,]] (6.31)

is equicontinuous. We have, for all z,y € [0,1],

!
Tu(z,t) - Tu(y.t)] < / G (@, 8) — G(y, 5)| [u(s, )| ds

) ) (6.32)
l 2 l 2
< </ |G (z,5) — G(y,5)|? ds) (/ |u(s,t)|2d5> ,ueEH
0 0
implying
1 1
Tu(a,t) — Tu(y,t)|* < | |Gla,s) — G(y,S)\QdS/ lu(s,t)|* ds, ue H
0 0
and thus l .
/ |Tu(z,t) — Tu(y,t)>dt < / |G(x, 5) — G(y, s)|? ds/ / lu(s,t)|? dsdt, u € H
0 0 o Jo
or l
/ |Tu(z, t) — Tu(y,t)*dt < / |G (x,5) — G(y,8) > ds ||ul|%, w € H, x €]0,]]. (6.33)
0 0
Now,
0G
Gla,) ~ Ols) = S+ (y—2),5) (2~ )
with 0 < ¥ = ¥(z,y,s) < 1 and, due to (6.10),
((—s)
0<zr<s<l]
0G(xz,s) 7 r=s=h
or s
- 0<s<z<I,
so that 0C
max (z, 5) =1
0<z<l ox
Thus,
|G(z,s) — G(y,s)| < |z —vy|, 0 <z, s <. (6.34)
From (6.33), (6.34), we obtain
| 1Tute.t) - Tuty.OPat < 1o~ yPlulfy, we B
0
or
1T, ) = Tuly, M, 0.00) < o —ylPllullfy, uwe H
and therefore,
lg(x) =g = [Tu(z,)llL.0.000 = ITuly; )l Lo (0,00) |
(6.35)

< Tz, ) = Tuly, )l La0.00) < Ve = ylllulla, we H.

This means that g is equicontinuous in || - ||¢_[0,. Thereby, with the Arzela-Ascoli theorem, it follows that T'= G €
B(H, H,) is compact implying that, due to (6.30), also T'= G € B(H, H) = B(H) is compact.
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6.2 The Eigenvalues and Eigenfunctions of L and T'=G

(i) The Figenvalues

The eigenvalues of

are given by
2,
po=pj=kj=53% J€J. (6.37)
The inverse operator T'= G has the eigenvalues
1 1 21
A=\i=—=—=——,7¢€J 6.38
J 14 k; 72 j2’ Je ( )
so that
lim A; =0, (6.39)
j—o0

as it must be.
(ii) The Eigenfunctions

The eigenfunctions of L and T' = G are the same. According to the Subsections 5.5, 5.6, and 5.7, the eigenfunctions
are given by

R N . .

vz, t) =x1(x,t) = ¥j1(z,t) = wi(z) y;1(t) = W, SlIl]7T7 Ui et sinwg jt, j € J, (6.40)
P .

oz, t) = xj2(x,t) = Y2z, t) = wi(z) y,2(t) = W, SlIlj7T7 Uj2 et coswq it j € J. (6.41)

Next, we determine w;, 9; 1, 95,2, j € J such that

(@)1, ¢r1) = (5,2, 0k,2) = Ok, j, k € J.

Herewith, we further calculate
(pj1,952), 7 €J.

This is done in several steps. We mention that, for functions p(z,t) = w(z) y(t) and (x,t) = v(x) z(t) with ¢, ¥ €
Hp C Hg C H, one has

l o)
(o, ) = (p, V) = /0 w(x)v(x) dx/o y(t) 2(t) dt = (u,v)py(0,0) (Y5 2) L2(0,00), U,V € H.

Remark: The following points (iii) - (x) essentially state the results without derivations; the omitted details use [4}
p. 327, No. 459, No. 461, and No.362]. o

(ili) Determination of w;, j € J

We determine w;, j € J such that (wj, w;)r, (0.1 = 1, j € J yielding

Wy =w:=/%,j€J| (6.42)

(iv) Orthonormality of w;, wy, j, k € J

One obtains

[(wjwe) =0, j £k, j, kel (6.43)

(v) Determination of §;1,j € J
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The condition (y;,1,¥5,1) 1,0, = 1 entails

G =2vV=8 L jeJ (6.44)
Wd, j
resp.
Jin =2V=0 ——1— jeJ| (6.45)
\Jw? — 62
J
Thus, for (6.44) resp. (6.45), we have
‘ (Y5,1, Y1) Lo(0,00) = 1, J € J ‘ (6.46)

(vi) Determination of §j 2, j € J

The condition (yj,1, yj,l)Lz(oﬁl) = 1 gives

. 2V-0wjJwa; .
Jjo = ——""0 G J| (6.47)

\Jwi 402 7

‘(yj727yj72)L2(0,oo) =1,j¢€ J‘.

As a consequence, for (6.47), we have

(vii) Determination of (y;1,Yy;2), j € J

The condition (y;1,y;,2) £ 0 entails

2 _ 2 2 _ 59
Y1, Y2 VI 0 12wy 2V 0w\ fwa; \/Yi 0

(Yj,1,¥5,2) =

2 9 2
2 2w; 2 \/w§—62 \/w]2-+52 2w;
-8 o
NG RVY >0
w? + 52
so that
[(yj1,952) >0, j € J] (6.48)
or
951 £ 952, 5 €T (6.49)
and thus also
]%,1 Lpio jeJ \ (6.50)

More precisely, one has

P e 1) NS o L RVIcL (V@4 o ey (6.51)

Yj1 = s Yip=m ——", (Yj1,¥j2) = —F——
,/w?—52 ,/wj?—I—(SQ w]2-+62

In order to remedy this, one could orthogonalize the two functions y;1 and y;2 for j € J, for instance, by using
Schmidt’s method leading to

Gz = Yiz = Wi Yi2)Uia o g (6.52)
lyj2 — (W15 95.2) Yiall

with

yia(t) = gi1e’" sinwg;t,

yi2(t) = g]j,ge“ coswq,; t.
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But then, the similar shape of y;1 and y; » is lost.

An alternative method is to replace these functions by the following ones:

ijl(t) = 7:’]‘71 €6t sin(wdd t+ Oéj) R (653)
zjo(t) = %j2e°! cos(wa,t+ ), (6.54)
7 € J. Due to
sin(wgjt+a;) = sinwg;t cosa; + coswg jt sina;,
cos(wg,jt+ ;) = coswg,tcosa; —sinwg;t sina;,
7 € J, one has
(25,15 2j2) = [W1,W52], G €7, (6.55)

i.e., the subspace spanned by z;1 and z;2 is the same as the subspace spanned by y;1 and y; 2 for j € J. We shall
see that «; can be determined such that

(2,15 2j.2) = (25,15 2j,2) 2 (0,00) = 0, J € J. (6.56)
(viil) Determination of o; such that (zj1,252) =0

The condition (zj,1,2;,2) = 0 yields

72504_7' «
5., 5. wd, j wd, J -0
(2j,1,2j,2) = 21z £ ¢ J2 — sin2a; +cos2aq; | | . (6.57)
’ ’ 2 dej ( 5 ) o \Wd,j
> — + 1 p
wq,j
Thus,
(2j1,22) =0
is equivalent to
— sin2a; +cos2a; =0 (6.58)
wd, j
or oo
tan2a; = gﬂ <0 (6.59)
so that
1 .
a; = - arctan (ﬂ) <0]|. (6.60)
2 1)
(6.59) is equivalent to
tan2 (—a;) = wi(’; >0 (6.61)
(ix) Determination of 2;1 such that (zj1,2,1) =1
The condition (2,1, 2;1) = 1 gives
2(=3) oy 200.1 9
o € “hi €T Wy . (=9) . Wa,j
2i1, % = 2 2 sin o sin aj + cos
( g1 J,l) 5,1 wa; 4%2_ J Wa.; i+ i)+ (_5)
!
= Zj1fin=1
with
2(—6) oy 2604] 9
e “di o etdi wy . (=0) . Wa,j
; = = 128 i | ——=s i + cos ;
fi1 wa; 4%2 { sin o (wd’j na; + aj |+ (=o)
wd, j : (_6) . Wd,j
= —% |2sinaq; sin o + cos o >0.
17 [2ama; () sy +emey )+ 25
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Result: With the values 2;1 =1/+/f;j 1,

(2j,1,24,1) = (24,1, 2j,1) La(0,00) = 1 -

(x) Determination of Z; 2 such that (zj2,2;2) =1

s !
The condition (2,2, 2;2) =1 leads to
2(=9) o 25 aj

@ 2
g € C T W (=9) : Wd,j

259,24 = ZZ 2 cos o cos j + sin(—a; +

(J,27 3,2) 7,2 i 4 Jz J i J ( J) ( 5)

~ !
= Zyfia=1

with
2(=9) o 25 aj 9
e wdi e¥dhi wy . (=9) . Wd,j
fio = 2 {2 COS v ( cosaj + sin(—aj) | + —2
J Wd,j 4 wjz J Wa,j J ( J) (75)
Wd,j (=9) , Wdj
= 4w12» [2 oS (Wd’j cos a; —&—sm(—oq)) + (_(;)] >0.

Result: With the values 22 = 1/+/fj .2,

(2j,2:2j,2) = (24,2, 2j,2) Lo (0,00) = 1.

6.3 Expansions of Gu and u = Pu for u € H as well as of (Gu,v) and (u,v) = (Pu,v) for
u,veH

The expansions in series of eigenvectors for Tw and u = Pu with u € H as well as of (T'u,v) and (u,v) = (Pu,v) with
u, v € H can be found in Subsection 4.1. The pertinent expressions are applied to T = G.

For the differential operator L defined by Lu = —u”, the conditions (C1y) - (C5) are fulfilled, and for the pertinent
compact inverse T = G € B(H), the conditions (C1) - (C4) of Theorems 2.2 and 2.3 and Lemma 2.4 are satisfied.
Thus, under the conditions (C1y) - (C5L), according to Theorem 2.2,

TU_GU_ZZ)\jk SDJk QDJk,U/EH
jeJ k=1

and

2

w="Pu=> " (u, k) pjr vEH
jed k=1

as well as, according to Theorem 2.5,

(Tu,v) = (Gu,v) ZZ)‘J’“U%’“ (pjk,v), u,veH
jeJ k=1

and

(u,v) = (Pu,v) ZZUQOJIC ®jkv), u€ H |

jEJ k=1
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6.4 Generalized Rayleigh-Quotient Formulas for 7'= G

The generalized Rayleigh quotients for the real parts of the eigenvalues of a compact operator T € B(H) are found
in Subsection 4.2. For T' = G, we only have to replace Re \; by Re \; = A, as well as x; and ¥; by ¢, k=1,2.
The details are left to the reader.

6.5 Illustrative Examples with Generalized Rayleigh Quotients for the Eigenvalues

From Theorem 3.1 for j =1 and (3.2), we obtain
Re (Tu,v) Re (Tu,v)

Re )\ = max = max
(u,)>0 (u,v) (u,0) >0 (u,v)
wEM, | RVEMy 1 R WENy R WENY R

Now, we apply this to T' = G and take into account that the eigenvalues of T = G are positive. Thus, Re \1(T') = A1 (G),
and we obtain

(Tu,v) _ (Gu,v)
(u,v) (u,v)

The following examples are similar to those in [I8] Subsection 8.4] in the case of a diagonalizable matrix T'= G = A.

0< </\1(G), ’LLENXJR,’UENQ/)’R .

More precisely,

1 l2 1
N=MD =M@= =5 L e
j
and
pia(z,t) = wsinjr? . g;1et sinwgt,
@jo(z,t) = wsingr% g€t coswat,

€ 10,1], t € [0,00) with

waj = y/wi — 6%, w]2- = w?j?
2\/ 5wj g 2\/ 50.)]
W= ¥j,

Remark: At this point, it becomes clear that the basis functions y; 1 (¢ ) = g1 €t sinwg jt and y;2(t) = 95,1 €%t coswa jt
cannot be called eigenfunctions in our setting: they are just multiples depending on T = G of the eigenfunctions
wj(x) = sinjm. o

and

As to the spaces N, r and Ny g, they both are equal to

Nor = [@1,1, 91,25 ©2.1, ©2.25 ©3,15 ¥3,25 -+ g -
Now, let
U = —5¢11+ 3939,
v = —4p11+2¢30.

Then uq, v1 € Ny g as well as (ug,v1) > 0, and one obtains
(Tui,m1) = (=BAMpi,1+3A3¢32,—4011+2¢32)
= 201 [l > = 10 A1 (@11, 93.2) — 123 (@32, 01.1) + 6 X3 |32
— 20\ +6)\s

since [[o1,1]| = |l@s2]l = 1 and (@11, 03.2) = (¢3,2,¢1,1) = 0. Therefore,

(T’u,l,’l}l)_20)\1+6)\3<20)\1+6)\1 _ . 12

0< = =
(uy,v1) 20+6 —  20+6 TR
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so that
T 12
w1, v1) €10, =]
(uy,v1) w2
Let
Uy = 321,
vo = —4@41+2p21.

Then ug, v2 € Ny, g as well as (ug,v2) > 0, and one obtains
(Tug,v2) = (BA2p21,—4pa2+2¢21)

= —12X2(p2,1,9042) + 6 A2 |21

= 06X
since ||p2,1]| =1 and (@21, p4,2) = 0. Therefore,
(TUQ,’UQ) 6)\2 6)\1 l2
0< 2t 222 24, oD
(Ug,vz) 6 6 ! 7T2
so that
(Tuz, v2) € |0; L .
(UQ,’UQ) 7T2
Let
uz = =511 +3pa1 —4pso,
v3 = —4dp11+2p21 —2p30.

Then ug, v3 € N, r as well as (u3,v3) > 0, and one obtains
(Tug,vz) = (=5 11 +3X2p21 —4A3032, 411 +2p21 —2p32)
= 20X +6)X3+8)3

since [lp11]] = [l¢s2ll = 1 and (¢1,1,p2,1) = (91,1, P3.2) = (2,1, p3,2) = 0. Therefore,

0 < (Tuz,v3) 201 46 X2 + 8)3 < 0 +6M+8M 7
(u3,v3) 2046 + 8 20+6+8 w2
so that
T 12
(Lus,vs) o D1
(U/g,’U?,) 71-2
Let
ug = —5¢11+ 329,
V4 = —2(,0271.

Then w4, v4 € Ny g, but (ug,vs) % 0, and one obtains
(Tug,vs) = (=5Ar@11+3A2922,—2922)
= —6X
since [|¢2,2]l =1 and (91,1, p2,2) = 0. Therefore,

(TU4, ’U4) —6 AQ l2
0 = = -
< (U4,7)4) —6 /\2 < >\1 7T2
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so that

(U4, 1}4) ﬁ

even though (ug4,v4) % 0.

Let
us(z,t) = wa(z)201(t) =wWsin2Fw- 29, edt sin(wg 2t + az),
vs(z,t) = wa(x)z02(t) =wWsin2Fx- 290 edt cos(wgat + ag),
xz €10,1], t €[0,00) with
a9 = — arctan (w§’2) <0

so that, due to Subsection 6.2, (viii),

(22,15 22,2) L2 (0,00) = 0.

One has
sin(wgjt+a;) = sinwg;t cosa; + coswg jt sina;,
cos(wgjt+ ;) = coswg,tcosa; —sinwg;t sina;;
set 7 = 2 and
So = sinasg, co = cosas .
Then,
us(x,t) = wo(x)221(t) =W sin2F -2, et [cy sin wa2t+ s2coswgat],
2272 C2 22,1 52
= wa(x) = y2,1(t) + w2(2) —— y2,2(t)
Y21 Y2,2
291 C2 291 52
= ——p21(t) + —— p2.2()
Y21 Y22
vs(2,t) = wa(x)202(t) =wWsin2Fw- 290 eSt [—sy sinwg ot + cocoswgatl,
z -5 Za1cC
= @) 222 ) (@) 22 4 (1)
Y21 Y2,2
291 (—s2) Z9.1C2
= ————pa1(t) + ——— p22(t)
Y2,1 Y2,2
so that
us = Po1p2,1+ Br2922,
Vs = 72,1921 T 7V2,2¥22
with N s
Bon = 2250, gy = 222 <,
Ay2,1( ) Y22
22,1 (—5S2 22,2 C2
Y21 = > Oa Y22 = = > 07
Y2,1 Y2,2

since sy =sinay < 0 and cp = cosag > 0. Thus, us, vs € Ny g, but (us,vs) % 0. Here,

(us,vs5) = lwl|Z,01) (22,1, 22,2) La(0,00) = 1-0 =0

so that

(Tufn 05)

is not defined |,
(us,vs)

which is not surprising since (us, vs) % 0.
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7 Conclusion

In this paper, the boundary value problem (BVP) —u" (x,t) = —m ii(z,t) —bu(z, ), u(0,t) = u(l,t) = 0 presented in a
book by L. Collatz is taken up describing the damped vibration of a string. Whereas there, this problem is transformed
into a quadratic eigenvalue problem (BEVP) with complex eigenvalues, here it is cast into a symmetric boundary
eigenvalue problem with positive eigenvalues and real eigenfunctions. The main reason for this difference is that, in the
book by Collatz - after separation of the variable u(x,t) = w(x) y(t) -, the differential expression m 4i(t) +by(t) +k y(t)
with the time derivatives are at the center of the consideration leading with the ansatz y(t) = §e? to the quadratic
eigenvalue problem (m A% 4+ b\ + k)j = 0, whereas in this paper, the differential expression —u”(x,t) with space
derivative is concentrated on leading - after separation of variables - to the BEVP —w" (x) = kw(z), w(0) = w(l) = 0.
We have seen that the eigenvalues in Collatz[ 6] are complex-conjugate and the pertinent eigenfunctions are complex,
but allow to construct real eigenfunctions y; 1(t), y;2(¢). In our approach, however, these real functions y; 1(t), y,,2(t)
are used only as multiples to the eigenfunctions w;(x) yielding the eigenfunctions x; 1(z,t) = y;1(t) w;(z), x;2(z,t) =
yj,2(t) wj(x). Therefore, we called y;1(t), y;2(t) merely basis functions, but not eigenfunctions because they are not
eigenfunctions in our setting. A further difference is that, there, no expansion theorems occur, whereas, in our paper,
the inverse T' = G of the considered differential operator L is determined, and a BEVP is formulated such that it can
be investigated by using functional-analytic methods. This leads to expansion theorems for the inverse operator T' = G
in series of eigenvectors as well as max-, min-max-, min-, and max-min-formulas for generalized Rayleigh quotients.
Another important point is that we illustrate the results on the generalized Rayleigh quotients by specific examples
that underpin the theoretical findings. Finally, we point out that the results can also be applied to other damped
vibrations such as torsional vibrations of rods and shafts as well as to the telegraph equation.
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