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Abstract:

In this research a suggested method has been proposed to solve the non-linear ordinary differential equations, This
method is somewhat similar to the Adomain decomposition method of solving equations but it is quite different in the
using steps to find the non-linear boundaries , in the suggested method does not use an unknown parameter to
calculate non-linear boundaries as well as the steps used to calculate non-linear boundaries are very simple and do
not need many and complex steps. we can be called this approach by Fatima style to solve nonlinear ODE.
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Introduction

In many scientific disciplines, including hydrodynamics, solid-state physics, and plasma physics, complex processes are often
described using nonlinear differential equations (NLDEs), as they are known. It is of great importance to search for the exact
solutions of these nonlinear equations. As a result, several effective techniques have been introduced. For example,
homogeneous equilibrium method [1], Jacobi elliptic function method [2], algebraic method [3], inverse scattering method
[4], contrast method [5, 10, 11], decomposition method [6], Backlund transform [7], sine-Gordon expansion method [8],
Hirota’s bilinear method [9] and so on to solve these differential equations. In contrast to earlier methods, particularly the
Adomain decomposition method, we describe a fresh approach to the resolution of equations of nonlinear differential type
that makes it simple to calculate nonlinear terms and produce accurate solutions.

Description of the suggested approach (Fatima approach)

The steps of the suggested approach are described in this section. First, it’s described in terms of the ordinary
differential equation; take the following into consideration for the nonlinear ordinary differential equation;

(1)𝐿 𝑦 𝑡( )( ) + 𝑅 𝑦 𝑡( )( ) + 𝑁(𝑦 𝑡( )) = 𝑔 𝑡( )

R denotes the rest of the differential operator, nonlinear terms are expressed by N(y), and an inhomogeneous term is
denoted by g(t). The differential operator L can be assumed to be the highest-order derivative in this equation..

Consider the operator is𝐿

(2)𝐿 = 𝑑𝑛

𝑑𝑡𝑛 ,     𝑛 = 1, 2, 3, ….

Next, let’s assume that L may be inverse, and the inverse operator for L-1 will be written out as

(3)𝐿−1 .( ) =
0

𝑡

∫
0

𝑡

∫...
0

𝑡

∫(.)𝑑𝑡𝑑𝑡…𝑑𝑡⏟
𝑛−𝑡𝑖𝑚𝑒𝑠

When L-1 is applied to both sides of eq. (1), the result is

, (4)𝑦 𝑡( ) = ω
0

+ 𝐿−1𝑔 𝑡( ) − 𝐿−1𝑅 𝑦( ) − 𝐿−1𝑁(𝑦)

where

ω
0

= {𝑦 0( )           𝑓𝑜𝑟 𝐿 = 𝑑
𝑑𝑡 ,  𝑦 0( ) + 𝑡𝑦' 0( )            𝑓𝑜𝑟 𝐿 = 𝑑2

𝑑𝑡2 ,  𝑦 0( ) + 𝑡𝑦' 0( ) + 1
2! 𝑡2𝑦'' 0( ) 𝑓𝑜𝑟 𝐿 = 𝑑3

𝑑𝑡3 ,  

(5)

And so on . The equation which most accurately captures the solution can be summed up as an infinite series

(6)𝑦 𝑡( ) =
𝑘=0

∞

∑ 𝑦
𝑘

,𝑦
0

= ω
0

+ 𝐿−1𝑔 𝑡( )
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𝑦
𝑘+1

=− 𝐿−1𝑅 𝑦
𝑘( ) − 𝐿−1𝑁

𝑘

as well as the nonlinear factor N(y), which can be calculated as

, (5)𝑁 𝑦( ) =
𝑘=0

∞

∑ 𝑁
𝑘
   

where

𝑁
𝑘

= 1
𝑘!

𝑑𝑘𝑁(𝑦)

𝑑𝑡𝑘
⎡⎢⎣

⎤⎥⎦𝑡=0
   ,  𝑤ℎ𝑒𝑟𝑒  𝑑𝑘

𝑑𝑡𝑘 𝑦 = 𝑘! 𝑦
𝑘
,   𝑘 = 0, 1, 2, …    

Application

In this section we introduce two examples by using this method, where these examples showed simplicity and
convergence this method if compare with Adomain decomposition method.

Example 1: Take into account the differential equation, which is

(6)𝑦' − 𝑦2 = 1,   𝑦 0( ) = 0

Write the eq.(6) by operator L, where 𝐿 = 𝑑𝑦
𝑑𝑡

, taking we get𝐿 𝑦( ) = 1 + 𝑦2 𝐿−1

,𝑦 = 𝑡 + 𝐿−1 𝑦2( ) 𝑦2 = 𝑁 𝑦( )

𝑦
0

𝑡( ) = 𝑡
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= 𝐿−1 𝑁
𝑗
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𝑁
0

= 𝑦
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𝑁
1
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1

, …𝑁
2
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2! 2𝑦𝑦'' + 2 𝑦'( )2( ) = 2𝑦

0
𝑦

2
+ 𝑦

1
2

Thus, , , …𝑦
1

= 1
3 𝑡3 𝑦

2
= 2

15 𝑡5

So, 𝑦 𝑡( ) = 𝑡 + 1
3 𝑡3 + 2

15 𝑡5 + …

The close solution is 𝑦 𝑡( ) = 𝑡𝑎𝑛⁡(𝑡)

Example 2: To solve the equation

(7)𝑦' − 𝑒𝑦 = 0,  𝑦 0( ) = 1

𝑦 𝑥( ) = 1 + 𝐿−1 𝑒𝑦( )
𝑦

0
𝑡( ) = 1

𝑦
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𝑗
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𝑁
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= 𝑒
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𝑁
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1
𝑒

𝑦
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2
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2( )𝑒
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Thus ,

𝑦
0

𝑡( ) = 1
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𝑦
1

𝑡( ) = 𝑒𝑡

𝑦
2

𝑡( ) = 𝑒2

2 𝑡2

, …𝑦
3

𝑡( ) = 𝑒3

3 𝑡3

So, 𝑦 𝑡( ) = 1 + 𝑒𝑡 + 𝑒2

2 𝑡2 + 𝑒3

3 𝑡3 + …

The exact solution is 𝑦 𝑡( ) = 1 − 𝑙𝑛 1 − 𝑒𝑡( ),   − 1≤𝑒𝑡≤1

Conclusion

For the purpose of this article, the typical non-linear differential equations were solved using suggested approach.
The straightforward procedures allowed for the effortless acquisition of accurate solutions to the non-linear equations.
This is a unique way of calculating the non-linear boundaries in the differential equation when compared with other
methods, particularly the Adomian decomposition approach because it produced the same findings without utilizing
any unknown parameters or complicated rules to calculate those boundaries. This makes it a standout method for
calculating the non-linear boundaries in the differential equation.
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