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Abstract

In this paper we introduce the concepts of generalized higher left centralizer and generalized Jordan higher left
centralizer of T-rings M as well as we proved that every generalized Jordan higher left centralizer of certain
-ring M is generalized higher left centralizer of M and we prove every Jordan generalized higher left centralizer
of certain -ring M is Jordan generalized triple higher left centralizer of M.
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1. Introduction

Let M and I be additive abeliane groups. M is called a I'-ring if there exists a mapping Mx'xM into M (sending
(a,a,b) into aab where a,b € M and a €T, such that for alla,b,c € Manda,B €T

i) (a+b)ac = aac + bac
a(a+B)b = aab + afb

aa(b+c) = aab + aac

i) (aab)Bc = aa(bBc)
In 1964 Nobusawa [6] presented the notion of a I'- ring. In 1966 Barnes [1] generalized the concept of I'-ring
the above definition is dual to Barnes, this concept is more general than concept of a ring.

M is called prime I'-ring if alMI'b = (O) with a,b € M implies a=0 or b=0, M is called semiprime I'-ring if alMl"a =
(0) with a € M implies a=0 and M is n-torsion free if na = O, fora € M implies a= O, where n is an positive

integer. as usual [a,b], denotes the commutater aab-baa, M is commutative if [a,b],= O forallab €M, a €
r.

In [5] ).Jing defined a derivation on 'T-ring as follows, an additive map d from M into itself is said to be a
derivation of M if d(aab) = d(a)ab + aad(b) for all a,b € M and a € I". In [7] M. Sapanci and A. Nakajima defined a
Jordan derivation on I'-ring as follows, an additive map d from M into itself is said to be a Jordan derivation of
-ring M if d(aaa) = d(a)aa + aad(a) for alla € M and a € . It is clear that every derivation of M is Jordan
derivation of M. M. Sappanci and A. Nakajima [7], proved that a Jordan derivation on a certain type of
completely prime '-ring is a derivation. In [2] Y. Ceven and M. Ozturk define a generalized derivation and a

Jordan generalized derivation on I'r-ring and proved that Let M be a 2-torsion free prime '-ring, for all a,b,c €
M so that forany a,8 € I a, BeT'we have cfxf[a, b]a = 0or]|a, b]anBc = 0cBxBla,bl,=0 or [a,blBxBc = O

implies c=0 for all x € M and BEI'B € I'. Then every Jordan generalized derivation of MM is generalized
derivation of MM.

In [12] B. Zalar defined a left(resp. right) centralizer and left(resp. right) Jordan centralizer of semiprime ring as
follows a left (resp. right) centralizer of RR is an additive mapping T: R—RT from M into itself which satisfies
T(ab) = T(a)b(r es p. T(ab) = aT(b))T(ab) =T(a)b (resp. T(ab) =at(b)) for all a,b € R. A centralizer of a ring R is
both left and right centralizer, and a left (resp. right) Jordan centralizer of a ring R is an additive mappingT: R>R T
from M into itself which satisfies T(aa) = T(a)a (resp. T(aa) = aT(a)), a Jordan centralizer of a ring R is both left and
right Jordan centralizer. It is also proved that every Jordan centralizers of semiprime ring R of characteristic not
equal two is a centralizer on a ring R. Joso Vukman [9],[10] and [11] developed some results by using centralizers
on prime and semiprime rings.

W.Cortes and G. Haetinger [3] defined o-centralizer and Jordan o-centralizer on ring and proved that any left
(resp. right) Jordanc o-centralizer of 2-torsion free ring is a left (resp. right) o-ocentralizer.
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Md. Fazlud Hoque and A. C. Paul [4] defined a centralizer on I'T-ring as follows , an additive map T from M into
itself is said to be a centralizer of MM if T(aab) = T(a)ab + aaT(b)

forallab € Mand a €T, and proved that every Jordan centralizer of a 2-torsion free semiprime '-ring is a
centralizer. Z.Ullah and M.A. Chaudhary [8] defined a left(resp. right) K-centralizer and Jordan left(resp. right)
K-centralizer of semiprime I'-ring as follows:-

Let MM be a IT-ring and K: M—=MK from M into M an outomorphism such that K(aab) = K(a)aK(b) for all a,b € M
and a € T. An additive mapping T from M into itself is a left(resp. right) K-centralizer if T(aab) = T(a)aK(b) (resp.
T(aob)= K(a)aT(b)) holds for all a,b € Mand a € I'T(xay) = T(x)aK(y) (resp.T(xay) = K(x)aT(y)).TT is called
a K-centralizer if it is both a left and a right K-centralizer. And defined that an additive mapping T from M into
itself T: M—Mis called a Jordan left(resp. right) K-centralizer if T(aca)= T(a)aK(a) (resp. T(aaa) = K(a)aT(a) holds
foralla € MaxeMnd a € I a€T. It is also proved that every Jordan left K-centralizer on MMis a left K-centralizer
on MM.

In this paper we present and study the concept of higher left centralizers ,Jordan higher left centralizers and
Jordan triple higher left centralizer we study the relation among them also we introduce generalized higher left
centralizer, Jordan generalized higher left centralizer Jordan triple generalized higher left centralizer and we study
the relation among them.

2. Jordan Higher Left Centralizer on '-Rings

In this section we present the concepts of higher left centralizer, Jordan higher left centralizer of a I'-ring M
also we study the properties of them. We begin with the following definition:

Definition 2.1: Let T= (t;) ; € y be a family of additive mappings of a I'- ring M into itself. Then T is called higher left
centralizer if for everyn € N

t.(aab) = Y t(@at,_ (b) forallab €M, a€Tl -
i=1

And T is called Jordan higher left centralizer of R if for everyn € N

n
t,(a0a) = t(@at,_ (a)foralla €M a&T .(2)
i=1

Tis called Jordan triple higher left centralizer of R if for every n € N
t.(aobBa) = Y. t(@at,_ (b)Bt_ (a) forallab €M, aBETl ..(3)
i=1

Lemma 1: Let T= (t) ; € y be Jordan higher left centralizer of a I'- ring M into itself then foralla,b,c €M, aB €T
andn €N

1) t,(acb+baa) = ¥ t(@at_ (b) +t(b)at,_ (a)
i=1

4

2) t,(aabBc + cabBa) = . ti(a)ati_l(b)Bti_l(c) + ti(c)ati_l(b)ﬁti_l(a)
=1

L

In particular if M is 2-tortion free commutative '-ring

L

3) t.(aabBc) = ti(a)ati_l(b) Bti_l(c)
=1

Proof:

1)

t.((a+b)a(a+b)) = % t(a + bat_ (a + b)
i=1
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= ;: tl,(a)(xti_l(a) + ti(a)octi_l(b) + ti(b)(xti_l(a) + ti(b)ati_l(b)
i=1

(1)
On the other hand
tn(( a+b)a(a+b)) = tn( ada + adb + baa + bab)

= % t(@at_ (a)+ ¢t (b)at,_ (b) + tn(aab + baa) (2
i=1

Comparing (1) and (2) we get

L

n
t.(aab+baa) = t(@at_ (b) + t(b)at_ (a)
=1
2) Replace a+c for a in Definition 2.1 (jii)

t.((a+c)abB(a+c)) = ¥ t(a + cat,_ (b)Bt,_ (a + ¢)
i=1

3 t(@at_ (b)Bt_ (@) + t(aat_ (b)Bt_ (c)
i=1

L

+t(at_ (D)t _ (@) + t(c)at,_ (b)Bt_ (c) ()]
On the other hand
t,((a+c)abB(a+c)) = t,( aabBa + aabBc + cabBa + cabBc)

= % t(@at_ (b)Pt_ (@) + t(c)at_ (b)Bt_ (c) +t (aabBc + cabBa) (2
i=1

Comparing (1) and (2) we get

t,(aabBc + cabpa) = = % t(aat,_ (b)Bt_ (c) + t(c)at_ (b)Bt_ (a)
i=1

3) Since M is commutative and from (2) we get

2 t,(aabBc) = 2;} t(@ar,_ (b)Bt_ (c)

i=1

Since M is 2-torsion free we get the require result.

Definition 2.2: Let T=(t;) ; € y be a family of higher Jordan left centralizer of a'- ringM and n € N

Sn(a, b) = tn(aab)— ; ti(a)ati_l(b)
i=1

l

Lemma 2: Let T=(t;) ; € | be a family of higher Jordan left centralizer of a [-ring M then forall a,b,c €M, aBET
andn €N

1 § (@ + b)) =8 (a0 +8 (bo)
2) 8 (a,b+c) =8 (ab) +8(ac),
3) 8 (a,b) =— & (ba)_

4) 8 (ab) = 8 (@b) +5 (ab),
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Proof:

1)6n(a + b,c)= tn((a + b)ab) — ;: ti(a + b)ati_l(c)
i=1

tn(aac + bac) — . ti(a)ati_ 1(C) + ti(b)ati_ 1(c)
i=1

L

t (aac) - % t(aat_ (c)+t (anc) — n t(@at_ (c)
i=1 =1

Sn(a, c)a + 8n(b, c)a

L

2) As the same way of (1)
3) By Lemma 2.1 (i)
t,(acb+baa) = t(@at_ (b) + t(b)at,_ (a)
=1

t (aab) — § t(@at,_ (b) = —t (baa)+ % t(bat_ (a)
i=1 i=1

§ (a,b) =— 8 (ba)_

Remark 2.3: Not that T=(t;); €  is higher left centralizer of a I'- ring M, iff 6,(a,b), =0.

Lemma 3: Let T=(t;) ; € \ be a family of higher Jordan left centralizer of 2-torsion free prime -ring M then for
allab€EM,agBETandn €N

8 (a,b) Blt_(a)t_(B)] =0

Proof: we prove by induction onn € N.
If n=1,
Let w=aabBmBbaa + baafmBaab
t(w) = t( aa(bpmpBb)aa + ba(aPmpPa)ab)

= t(@)a(bBmBb)aa t(b)a@PmpPa)ab (1)
On the other hand
t(w) = t((aab)BmpB(baa) + (baa)BmpPB(aab)

= t(@aab)BmpB(baa) + t(baa)BmpB(aab) (2)
Compare (1) and (2) we get

0 = (t(aab) - t(@)a b)Bm B(baa) + (t(baa) - t(b)aa) BmP (aab)

S(a, b)aBme(xa + &(b, a)aBmBaab

6(a, b)aBmeaa — 8(qa, b)aBmBaab

5(a, b)aBmB(baa — aab)

8(a, b)aBmB[a, b]a forallabom € R

Then we can assume that

8 (a,b) Bt (@)t _(B)] =0
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forallabm € Randn,s € N,s<n.
Now,

t,(w) = t, (@aa(bBmpBb)aa+ ba(@afmpPa)ab)

= % ti(a)ati_l(meBb)ati_l(a) + ti(b)(xti(aBmBa)ati_l(b)
i=1

M =

t(aat,_ (b)Bt_ (b)Bt_ (Dat,_ (a) + t(b)at(a)pt_ (m)Bt_ (a)at_ (b)

M= =

= (X t(@at_ G)t_ (Pt _ (Blat,_ (@)

i=1

+ ¢ (bat ()t (m)B ;1 t_(@at,_, (D)

+ (2 t(bat,_ (a)Bt, (m)pt,_ (@)at, _,(b)

i=1

+ tn(b)atn_l(a)Btn_l(m)B » ti_l(a)ati_l(b) (1)
i=1
On the other hand
t.(w)= t,( (@aab)BmB(baa) + (baa)BmpP(aab))

= % ti(aocb)Bti_l(m)Bti_l(b(xa) + ti(baa)Bti_l(m)Bti_l(aab)
i=1

4

n—1

=t (aab)Bt (M)t _ (D)at (a)+ X t(aab)Bt_ (m)Bt_ (b)at_ (a)
i=1

n—1
+ tn(baa)Btn_l(m)Btn_l(a)atn_l(b) + ¥ ti(bcxa)Bti_l(m)Bti_l(a)ati_l(b) (2
i=1

Compare (1) and (2) we get

t,(aab) - if (@at, (D)L, (M)t (b)at, (a) +(,(baa) ~ il‘ (D)o, (@) pt,, (m) Bt (a)o, , (b)

L@, (DB ()P, (D), (@) + 1, (B)at (@B, (m)r, (@), ,(b)
S t,(acb)pt, ,(m)pt,  (b)at, (a)+ nz_l:tf (baa)pt,_ (m)pt,_ (a)at,_, (D)

=0

i=
On our hypothesis, we have

0- 6,(a,b), pt, ,(m)Bt,  (bat, (a)+6,(b,a), Bt (m)Pt,  (a)at, (D)

_ 0,(a.b), pt, ,(mBlt, ()., ()],

Theorem 4: Let T=(t) ; € \ be a Jordan higher left centralize of a prime '-ring M then for all a,b,c.dm € M ,a,8 €
MNandn €N

6,(a.b), pt, ,(m)plz, ,(c).t,,(d)], =0

Proof: Replacing a+c for a in Lemma 3
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5n (a + C’ b)tn—l (m)[tn—l (Cl + C), tn—l (b)] = O

6,(a,b),  (mlt,. (a)t,,(b)]  6,(ab), (m)t, (c)t, (b)) 6,(c.h)y, (mlt, (a)t, (D)
6,(c.by, ,(m)lt, ,(c).t,,(D)] _,

By Lemma2.3 we get

6,(a,b), pt, ,(m)Blz, (c)t,, D), , J,(c.b), Bt, ,(m)Blt, ()1, ,(D)], _,

Therefore, we get

6,(a,0), B, (m)Plt, ()1, (D), g1, (m) g 6,(a,b), Bt, . (m)BLt,, ()1, (D). g

_ 6/1 (aJ b)a ﬁtn—l (m)[))[tnfl (C)’ tnfl (b)]a B t”71 (m) B 6)1 (C, b)a ﬁtn—l (m)ﬁ[tn—l (a)i' tnfl (b)]a =0
Hence by primeness of M
6,(a,b), pt, ,(mBlz, ()1, , (D), _, . (1)

Now, replace b+d for b in Lemma 3, we get

6,(a,b+d), pt, (m)Blt, ()1, ,(b+d)], =0

6,(a,b), pt, ,(m)Blz, ()., (b)), . 6,(a,b), Bt, ,(m)B[t, (a).t, (d)],
6,(a,d), pt, ,(m)Blt, ()1, (D)), , 6,(a.d),pt, (mpBlt,,(a)t, ,(d)],

By Lemma3 we get

6,(a,b), pt, ,(mBlz, (a).t, (D), , 6,(a,d), pt, ,(m)Blt, (a).t,,(B)], _

Then we get

6,(a,0), Pt, . (m)BIt, (@)1, ()], g t,.(m) g 6,(a.b), B, (m)Blt,. ()1, (D],

_0,(a.b), pr, ., (m)BLt, (@)1, (D] g 1,1 (m) g8, (a.d), Pt, . (m)Blt,,. (@)1, , (D), g
Since M is prime then

5,, (aa b)a ﬁtn—l (m)ﬁ[tn—l (Cl), tn—l (d)]a =0 (2)
Thus

6,(a,b), pt,,(mpPlt, (a+c)t, (b+d)],
6,(a,b), pt,(mpBlt, (a)t, (B)], , d,(a.D), pt, (m)pBlt, ()1, (d)], ,
6,(a,b), Bt (m)Blz, ()1, ,(B)], , 6,(a.b), Bt, ,(m)Blt, (c).t, ()], _,

By (1) and (2) and Lemma 3, we get

6,(a,b), pt,,(m)Blt,, ()., ()], _q

Theorem 5: Every Jordan higher left centralizer of 2-torsion free prime I'-ring M is higher left centralizer of M.
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Proof: Let T= (t); €  be Jordan higher left centralizer of prime I'-ring M.

6,(ab), =0

Since M is prime, we get from Theorem 4, either or [t (c) t.(d)],=0forallabcd EM a €T

andn € N.

If[t,4(c) ty(d)]y # Oforallc.d €M, a €T, n€E N then 0,(a,b), =0

left centralizer of M.

by Remark 2.3 we get  Tis higher

If [tos () to4(d)]e=0 forallc,d € M,a € ', n € N then M is commutative [-ring and by Lemma 1 we get
t,2aab) =2t (a)at, , (b)
i1

Since M is 2-torsion free, we obtain T is a higher left centralizer of M.

Proposition 6 : Let T= (t) ; €  be Jordan higher left centralizer of 2-torsion free I'-ring M, such that aabc =
aBbac forall a,b,c € M, a,p € T then Tis Jordan triple higher left centralizer of M.

Proof : Replace b by aBb + bBa in Definition 2.1, then :

Zn:t,. (a)at,_(aPb+bPa)+t,(aPfb+bPa)at, (a)
t.(aa(aBb+bBa) + (aBb+bPa)aa) = =l -

il‘ [(@at,(a)pr,_(b) +1,(a)at,, ()P, (@) +1,(a) Bt (D)ot (@) +1,(D) Bt,_ (), (a)

Zn:ti (a)at;(a)pt, . (b) +1,_(D)Pt, (a)at,  (a) + 22": t;(a)at,_ (b)Pt,_ (a)

- =l (1)
On the other hand :
t.(aa(aBb+bBa) + (aBb+bBa)aa) = t,( acaBb + aabBa + afbaa+ bRaaa)
= t, (acafb + bBaaa ) + 2t,( aabBa)
Zn: t(a)at, (a)pt, (D) +1,(b)pt, (@)t (a)+2t,(acbPa)
R (2

Now, compare (1) and (2) we get
2t,(aabPa) =23 t,(a)at,  (b)pt,_, (a)
i1

Since M is 2-torsion free we obtain that T is Jordan triple higher left centralizer of M.
3. Generalized Higher Left Centralizer on IN'-Rings

In this section we present the concepts of generalized higher left centralizer and generalized Jordan higher left
centralizer of [-rings also we present some properties of them.

Definition 3.1: Let F= () ; €  be a family of additive mappings of a I'- ring M into itself. F is called generalized

higher left centralizer of M if there exists a higher left centralizer T=(t)) ; € | of M such that for every n € N we
have

> fi(@at, ,(b)
f.(aab) = = (1)

foralla,b € Mand a € I' where T is called the relating higher left centralizer.
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F is called Jordan generalized higher left centralizer of M if there exists a Jordan higher left centralizer of M if for
everyn €N

Zfz (a)at,_ (a)
f.(aca) = = -2

foralla € M and a € I' where T is called the relating Jordan left centralizer.

Fis called Jordan generalized triple higher left centralizer of M if there exists a Jordan triple higher left centralizer
of Mif foreveryn € N

ifz (@)at, (D), (a)
f.(aabBa) = = ..(3)

forallab € Mand a, € I where T is called the relating Jordan triple left centralizer,

Lemma 7: Let F=(f) ; € \ be Jordan generalized higher left centralizer of a '-ring M into itself then for all a,b,c €
M,aBE€Tand nE€N

i filwat,_ (D) + f,(b)at,_,(a)
1) f (aab+baa) = =!

i Ji(@), by, (e) + f,(o)t, ., (b)t; (a)
2) f.(abc + cba) = =

In particular if M is 2-tortion free commutative ring

S fi@at, (), ()
3) f.(aabBc) = i=!

i f.(a+b)at,_ (a+Db)
Proof:1) f((a+b)a(a+b)) = =!

Zn: St (a)+ f(a)at,,(b)+ f,(b)at,  (a) + f,(D)at,_, (D)
_ =l (1)

On the other hand
f.((a+b)a(a+b)) = f,( aca+ aab + baa + bab)

3 fi(@ya, (@) + £ B, ()

+f.(aab + baa) (2
Comparing (1) and (2) we get
2 fi@at, (b)+ f, (b, (a)
f.(aab+baa) = =l
2) Replace a+c for a in Definition 2.1 (i)
2 fila+cat (B)Bt;i(a+0)
f.((a+c)abB(a+c)) = =
223
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iﬁ (@at,_(D)Bt, (a)+ f(@at,_ (D)Bt,_(c)+ f(c)at, ,(B) Bt (a) + [, (), , (D) B, (¢)

= i=1

(1)
On the other hand
f.((a+c)abB(a+c)) = f.( aabBa + aabBc + cabBa + cabBc)

S f(@at, (b)Y, (a)+ fi, (@, (BB, (€) + f, (acbfe + cabfa)

- )

Comparing (1) and (2) we get

> fi@at,, (B)Br, (©)+ fi()ad, (BB, ,(a)
f.(aabBc + cabBa) = =l

3) Since M is 2-torsion free commutative ring and from (2) we get the require result.

Definition 3.2: Let F=(f,); € y be a family of Jordan generalized higher left centralizer of al'- ring M with relating
Jordan higher left centralizer T=(t;); € y of M, then foralla,b € M, a € " and n € N,we define

®,(a.b), = f,(aab)~ Y f(@)a,,(b)

Lemma 8: Let F=(f;); € | be a family of higher Jordan left centralizer of a I'- ring M with relating Jordan higher
left centralizer T=(t)); € y of Mthen forallab,c €M, a€landn €N

0 ® (a+b,c), =0, (a,c), +D, (b,c),

2) q)lr(a’b+c)a = q)n(a’b)a +q)n(b’c)a

3) ®,(a,b), =-D,(b,a),

Proof :

®,(a+be), = f,(@+b)e), -3 f(a+bat, ,(¢)
1) i=1

£, (aac +bac) - Z":f, (a)at,_ (c)+ f;(b)at,_ ()

f,(aae) =Y fi(@)at, (€)+ £, (boc)~ 3 £ (Bad, )

_ ®,(a,0), +D,(b,0),

2) As the same way of (1)
3) By Lemma 7 (i)

S f(@at,, (b) + f, (bt (@)
f.(aab+baa) = =
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aob)= Y. (@t () =1, (baa) + 3 £, Bt @)

®n (a’b)a = —®n (b9 a)a

Remark 3.3: Not that F=(f); €  is generalized higher left centralizer of a I'- ring M with relating higher left
ff ® (a,b), =0.

centralizer T=(t); € y of M, i

Lemma 9: Let F=(f;); € | be a family of Jordan generalized higher left centralizer of 2-torsion free prime '-ring
M thenforallab € M, €ETMandn €N

q)n (aﬂb)a Btn—l (m)ﬁ[tn—l (a)9 tn—l (b)]a = 0

Proof: we prove by induction onn € N.
If n=1,
Let w= aabBmBbaa + baafmpBaab
f(w) = f( aa(bBmpBb)aa + ba(aBmpBa)ab)
= f(@)a(bBmBb)aa+ t(b)a(aBmpBa)ab (M
On the other hand
f(w) = f((@ab)BmpB(baa) + (baa)BmpP(aab)
=f(aab)BmB(baa) + f(baa)BmpB(aab) (2
Compare (1) and (2) we get
0= (f(aab) -f(a)a b)BmPB(baa) + (f(baa) - f(b)aa)B mB (aab)

_ ®(a,b), fmpPboa+D(b,a), fmPacb
_ ®(a,b), fmpbaa—d(a,b), fmPacb
®(a,b), PmpP(baa —aab)
. P@D), pmpla-bl, g oiabmeMandaper

Then we can assume that

@ (a,b)t, (m)t, (@)t (b)]=0

forallabm € Randn,s € N,s<n.

Now,

f.(w) = f, (@a(bBmBbaa+ ba(aBmPBa)ab)

Zn: fi(a)at,, (bpmpb)at; () + f;(D)at; (aPpmPa)at, , (D)

- =l

Zn:f,- (a)at; (D) Bt (m) Bt (D)t (a) + fi(D)at, (@) Bt (m) Bt (a)at, , (b)

_ =l

./ (@at, (B)Bt, ()P, (B)at, (@) + [, BB, (@B, ()Y 1, (@, (B)
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(O f bt (@), ()Pt (@, 1 (B) + f, (Bt (@B Yt (@, (B, @)

+ =l
(1)

On the other hand

folw)= f,( (aab)BmpB(baa) + (baa)BmpB(aab))

Zn: fiaab) Bt (m)Bt,_(baa)+ f,(baa)Bt,_,(m)pt,_ (aab)

= =l

S (aab)pt,  (m)pt,  (b)at, (a) + if (aab)pt, (m)pt, (b)at, ,(a)

1 (baa)t, ,(m)Br, (acb)+ Y 1 (baa)Br, ,(m)Bt, , (a)at, , ()
i=1 .(2)

.
Compare (1) and (2) we get
0= (

foaob) =31 (@, ()Pt . ()i, (D)o, (@) + (f, (baa) ~ 3, (Bod, (@) Bt (m)fi,. @D, ()

fo@yat, (DY 1 (m)t, (B, (@) + £, (D)o, (@B Y., (m)Bi, (@)od,, (b)
> fi(acb)Bt, \(m)t, ,(B)a, (@) + 3. £, (boa)Bi, ,(m)r, (@), , (5)

On our hypothesis, we have

0- @, (a,b), pt, (m)pt, (bt (a)+ D, (b,a), Bt (m)pt, (a)at, (D)

- ®,(a,b), pt, ,(m)Blt, (a),t, ,(D)],

Theorem 10: Let F=(f;) ; € \ be a Jordan generalized higher left centralize of a prime '-ring M then for all a,b,c,d,m
EMaBETlandn €N

@, (a,b), pt,,(m)Blt, ()1, ,(d)], =0
Proof: Replacing a+c for a in Lemma 9

@, (a+c,b), pt, ,(m)B[t, (a+c)t, (D)), =0
@, (a,b), pt,,(m)plt, (a)t,, ()], N @, (a,b), pt, ,(m)B[t, ()1, ()], +
©,(¢,0), Bt (P, ()1, (D)), P, (c:b), Bt (MBIt ()1, , (D)) g
By Lemma 9 we get
®,(a,b), pt, . (m)Blt, (c),1,, D)), , ®,(c.D),pt, ,(m)Plt, (a)t,,(D)], _

Therefore, we get

@, (a.b), pt,.,(m)Plt, 1 (€),1,, D)o g 1 (m) o @, (a,0), P, ()Pt 1 ()., (D).
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_ o, (a,b), B, (m)Blt, ()1, (D), B £, (m) B ®,(c,b), B, (m)B[t, (a)t, (D), -0
Hence by primeness of M
®, (a.b), B, (ML, (.1, B, g »

Now, replace b+d for b in Lemma 9, we get

®,(a,b+d), pt, ,(m)Blt, (a)t, ,(b+d)], =0
O, (a’b)a ﬁtn—l (m)ﬂ[tn—l (@)1, (b)]a . O, (aﬁb)tn—l (m)t,.(a).t,, (d)]

6,(a,d), pt, ,(mplt, (a).t,,(D)], , ®,(a.d),pt, ,(m)Blt,,(a)t, (D],
By Lemma 9 we get

6,(a,b)t, ,(mt, (a).t, ()] @, (a,d),pt, ,(m)Blt, (a)t, (D), _,
Then we get

@, (a,b), pt,..(m)Blt, (@)1, ()], g1, (m) g @,(a,0), Bt (MBIt (a).1,., (D), g

_®,(a.b), Bt (m)Blt, (@)1, (D], g t,.,(m) g @, (a,d), Bt,, ()P, (@)1, (D). g
Since R is prime then

@, (a,b), pt,,(m)plt, ().t (d)], _, -(2)
Thus

@, (a,b), pt, (m)Blt, (a+c)t, (b+d)], _,
@, (a, b)a ﬂtn—l (m)ﬂ[tn—l (@)1, (b)]a + o, (a, b)a ﬁtn—l (m).B[tn—l (a)atn—l (d)]a N
D, (a,b), pt,  (m)Blt,,(0).1,,(D)], , ©,(a.b),pt, ,(m)Blt, (c).t, (D],

By (1) and (2) and Lemma 2.3, we get
(Dn (a7 b)a ﬂtn—l (m)ﬁ[tn—l (0)5 tn—l (d)]a - O

Theorem 11: Every Jordan generalized higher left centralizer of 2-torsion free prime I'-ring M is generalized
higher left centralizer of M.

Proof: Let F= (f) ; €  be Jordan generalized higher left centralizer of prime '-ring M.

® (a,b), =0

Since M is prime, we get from Theorem10, either or[t, (c) t,(d)]=0 foralla,b,c,d €M, a €T

and n € N.

If [tos(c) tos(d)y  Oforallc,d € M, a € Fand n € N then ®,(a,b), =0

left centralizer of M.

by Remark 2.3 we get T is higher

If [t (c) t.4(d)]e=0 forall c,d € M, a € I and n € N then M is commutative ring and by Lemma 7 we get

t (2aab) = 2i t.(a)at,, (b)

i=1

Since M is 2-torsion free, we obtain T is a higher left centralizer of M.
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Proposition 12: Let F= (f) ; €  be Jordan generalized higher left centralizer of 2-torsion free I'-ring M, such that
aabBc = aBbac, forall a,b,c € Mand a,8 € T then Tis Jordan generalized triple higher left centralizer of M.

Proof : Replace b by ab + bPa in Definition 3.1, then :

i f.(a)at,_(aPb+bPa)+ f,(aPb+bPa)at, (a)
f.aa(apb+bBa) + (aBb+bBa)aa) = i-!

if; (@)t (a) Bt (D) + f,(a)at,_ (D) Bt (@) + f,(a) Bt (Dot (a) + f,(D) Bt (a)at,_  (a)

-

Zn: Ji@at, ()t (D) + £,(D) Bt (@)at,, (a) + 2Zn:f [(@at, (b)Pt,(a)

= =l i=l (1)
On the other hand :
f.(aa(aBb+bpBa) + (aBb+bBa)aa) = f,( acaBb + aabBa + aBbaa+ bRaaa)

=f, (acaPb + bBaaa ) + 2f,(aabBa)

Zn: Ji@at, ()t (D) + f,(D)Bt, (@)t (a) + 2 f, (aabPa)

- e

Now, compare (1) and (2) we get
2f,(aabPa) =2} fi(a)at, ,(b)pt, (a)
i=1

Since M is 2-torsion free we obtain that F is Jordan generalized triple higher left centralizer of M.
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