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Abstract

In this paper we introduce the concepts of generalized higher left centralizer and generalized Jordan higher left
centralizer of  Γ-rings M as well as we proved that every generalized Jordan higher left centralizer of certain
Γ-ring M is generalized higher left centralizer of M and we prove every Jordan generalized higher left centralizer
of certain  Γ-ring M is Jordan generalized triple higher left centralizer of M.
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1. Introduction

Let M and Γ be additive abeliane groups. M is called a Γ-ring if there exists a mapping M×Γ×M  into M (sending
(a,α,b) into aαb where a,b M and α Γ, such that for all a,b,c M and α,β Γ

i) (a+b)αc = aαc + bαc
a(α+β)b = aαb + aβb

aα(b+c) = aαb + aαc

ii) (aαb)βc = aα(bβc)
In 1964 Nobusawa [6] presented the notion of a Γ- ring. In 1966 Barnes [1] generalized the concept of Γ-ring

the above definition is dual to Barnes, this concept is more general than concept of a ring.

M is called prime Γ-ring if aΓMΓb = (0) with a,b M implies a=0 or b=0, M is called semiprime Γ-ring if aΓMΓa =

(0) with a M implies a=0 and M is n-torsion free if na = 0 , for a M implies a= 0 , where n is an positive
integer. as usual [a,b]α denotes the commutater aαb-bαa, M is commutative if [a,b]α= 0 for all a,b M , α
Γ.

In [5] J.Jing defined a derivation on Γ -ring as follows, an additive map d from M into itself  is said to be aГ
derivation of M if d(aαb) = d(a)αb + aαd(b) for all a,b M and α Γ. In [7] M. Sapanci and A. Nakajima defined a
Jordan derivation on Γ-ring as follows, an additive map d from M into itself is said to be a Jordan derivation of
Γ-ring M if d(aαa) = d(a)αa + aαd(a) for all a M and α Γ. It is clear that every derivation of M is Jordan
derivation of M.  M. Sappanci and A. Nakajima [7], proved that a Jordan derivation on a certain type of
completely prime Γ-ring is a derivation. In [2] Y. Ceven and M. Ozturk define a generalized derivation and a

Jordan generalized derivation on Γ-ring and proved that  Let M be a 2-torsion free prime Γ-ring, for all a,b,cГ
M so that for any α,β Γ we have cβxβ[a,b]α=0 or [a,b]αβxβc = 0α, β∈Г 𝑐β𝑥β[𝑎, 𝑏]

α
= 0 𝑜𝑟 [𝑎, 𝑏]

α
β𝑥β𝑐 = 0

implies c=0 for all x M and β Γ. Then every Jordan generalized derivation of M is generalizedβ∈Г 𝑀
derivation of M .𝑀

In [12] B. Zalar defined a left(resp. right) centralizer and left(resp. right) Jordan centralizer of semiprime ring as
follows a left (resp. right) centralizer of R is an additive mapping T from M into itself which satisfies𝑅 𝑇: 𝑅→𝑅

T(ab) =T(a)b (resp. T(ab) =at(b)) for all a,b R. A centralizer of a ring R is𝑇 𝑎𝑏( ) = 𝑇 𝑎( )𝑏 𝑟 𝑒𝑠 𝑝.  𝑇 𝑎𝑏( ) = 𝑎𝑇 𝑏( )( )
both left and right centralizer, and a left (resp. right) Jordan centralizer of a ring R is an additive mapping T𝑇: 𝑅→𝑅
from M into itself which satisfies T(aa) = T(a)a (resp. T(aa) = aT(a)), a Jordan centralizer of a ring R is both left and
right Jordan centralizer. It is also proved that every  Jordan centralizers of semiprime ring R of characteristic not
equal two is a centralizer on a ring R.  Joso Vukman [9],[10] and [11] developed some results by using centralizers
on prime and semiprime rings.

W.Cortes and G. Haetinger [3] defined σ-centralizer and Jordan σ-centralizer on ring and proved that any left
(resp. right) Jordan σ-centralizer of 2-torsion free ring is a left (resp. right) σ- centralizer.σ σ
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Md. Fazlud Hoque and A. C. Paul [4] defined a centralizer on Γ-ring as follows , an additive map T from M intoГ
itself is said to be a centralizer of M if T(aαb) = T(a)αb + aαT(b)𝑀

for all a,b M and α Γ, and  proved that every Jordan centralizer of a 2-torsion free semiprime Γ-ring is a
centralizer. Z.Ullah and M.A. Chaudhary [8] defined a left(resp. right) K-centralizer and Jordan left(resp. right)
K-centralizer of semiprime -ring as follows:-Г

Let M be a Γ -ring and K from M into M an outomorphism such that K(aαb) = K(a)αK(b) for all a,b M𝑀 Г 𝐾: 𝑀→𝑀
and α Γ. An additive mapping T from M into itself is a left(resp. right) K-centralizer if T(aαb) = T(a)αK(b) (resp.
T(aαb)= K(a)αT(b)) holds for all a,b M and α Γ . T is called𝑇 𝑥α𝑦( ) = 𝑇 𝑥( )α𝐾 𝑦( ) (𝑟𝑒𝑠𝑝. 𝑇 𝑥α𝑦( ) = 𝐾 𝑥( )α𝑇 𝑦( )) 𝑇
a K-centralizer if it is both a left and a right K-centralizer. And defined that an additive mapping T from M into
itself is called a Jordan left(resp. right) K-centralizer if T(aαa)= T(a)αK(a) (resp.   T(aαa) = K(a)αT(a) holds𝑇: 𝑀→𝑀
for all a M a nd α Γ . It is also proved that every Jordan left K-centralizer on Mis a left K-centralizer𝑥∈𝑀 α∈Г 𝑀
on M.𝑀

In this paper we present and study the concept of higher left centralizers ,Jordan higher left centralizers and
Jordan triple higher left centralizer we study the relation among them also we introduce generalized higher left
centralizer, Jordan generalized higher left centralizer Jordan triple generalized higher left centralizer and we study
the relation among them.

2. Jordan Higher Left Centralizer on Γ-Rings

In this section we present the concepts of  higher left centralizer , Jordan higher left centralizer of a Γ-ring M
also we study the properties of them. We begin with the following definition:

Definition 2.1: Let T= (ti) i N be a family of additive mappings of a Γ- ring M into itself. Then T is called higher left
centralizer if for every n N

tn(aαb) = for all a,b M, α Γ              …(1)
𝑖=1

𝑛

∑ 𝑡
𝑖

𝑎( )α𝑡
𝑖−1

𝑏( )

And T is called Jordan higher left centralizer of R if for every n N

tn(aαa) = for all a M, α Γ                    …(2)
𝑖=1

𝑛

∑ 𝑡
𝑖

𝑎( )α𝑡
𝑖−1

𝑎( )

T is called Jordan triple higher left centralizer of R if for every n N

tn(aαbβa) = for all a,b M, α,β Γ     …(3)
𝑖=1

𝑛

∑ 𝑡
𝑖

𝑎( )α𝑡
𝑖−1

𝑏( )β𝑡
𝑖−1

𝑎( )

Lemma 1: Let T= (ti) i N be Jordan higher left centralizer of a Γ- ring M into itself then for all a,b,c M , α,β Γ
and n N

1) tn(aαb+bαa) =
𝑖=1

𝑛

∑ 𝑡
𝑖

𝑎( )α𝑡
𝑖−1

𝑏( ) + 𝑡
𝑖

𝑏( )α𝑡
𝑖−1

𝑎( )

2) tn(aαbβc + cαbβa) =
𝑖=1

𝑛

∑ 𝑡
𝑖

𝑎( )α𝑡
𝑖−1

𝑏( )β𝑡
𝑖−1

𝑐( ) + 𝑡
𝑖

𝑐( )α𝑡
𝑖−1

𝑏( )β𝑡
𝑖−1

𝑎( )

In particular if M is 2-tortion free commutative Γ-ring

3)  tn(aαbβc)  =
𝑖=1

𝑛

∑ 𝑡
𝑖

𝑎( )α𝑡
𝑖−1

𝑏( )β𝑡
𝑖−1

𝑐( )

Proof:

1)

tn(( a+b)α(a+b)) =
𝑖=1

𝑛

∑ 𝑡
𝑖

𝑎 + 𝑏( )α𝑡
𝑖−1

𝑎 + 𝑏( )
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=
𝑖=1

𝑛

∑ 𝑡
𝑖

𝑎( )α𝑡
𝑖−1

𝑎( ) + 𝑡
𝑖

𝑎( )α𝑡
𝑖−1

𝑏( ) + 𝑡
𝑖

𝑏( )α𝑡
𝑖−1

𝑎( ) + 𝑡
𝑖

𝑏( )α𝑡
𝑖−1

𝑏( )

…(1)

On the other hand

tn(( a+b)α(a+b)) = tn ( aαa + aαb + bαa + bαb)

= + (aαb + bαa)                        …(2)
𝑖=1

𝑛

∑ 𝑡
𝑖

𝑎( )α𝑡
𝑖−1

𝑎( ) + 𝑡
𝑖

𝑏( )α𝑡
𝑖−1

𝑏( ) 𝑡
𝑛

Comparing (1) and (2) we get

tn(aαb+bαa)  =
𝑖=1

𝑛

∑ 𝑡
𝑖

𝑎( )α𝑡
𝑖−1

𝑏( ) + 𝑡
𝑖

𝑏( )α𝑡
𝑖−1

𝑎( )

2) Replace a+c for a in Definition 2.1 (iii)

tn(( a+c)αbβ(a+c)) =
𝑖=1

𝑛

∑ 𝑡
𝑖

𝑎 + 𝑐( )α𝑡
𝑖−1

𝑏( )β𝑡
𝑖−1

𝑎 + 𝑐( )

=
𝑖=1

𝑛

∑ 𝑡
𝑖

𝑎( )α𝑡
𝑖−1

𝑏( )β𝑡
𝑖−1

𝑎( ) + 𝑡
𝑖

𝑎( )α𝑡
𝑖−1

𝑏( )β𝑡
𝑖−1

𝑐( )

…(1)+ 𝑡
𝑖

𝑐( )α𝑡
𝑖−1

𝑏( )β𝑡
𝑖−1

𝑎( ) + 𝑡
𝑖

𝑐( )α𝑡
𝑖−1

𝑏( )β𝑡
𝑖−1

𝑐( )

On the other hand

tn(( a+c)αbβ(a+c)) = tn( aαbβa + aαbβc + cαbβa + cαbβc)

= …(2)
𝑖=1

𝑛

∑ 𝑡
𝑖

𝑎( )α𝑡
𝑖−1

𝑏( )β𝑡
𝑖−1

𝑎( ) + 𝑡
𝑖

𝑐( )α𝑡
𝑖−1

𝑏( )β𝑡
𝑖−1

𝑐( ) + 𝑡
𝑛
(𝑎α𝑏β𝑐 + 𝑐α𝑏β𝑎)

Comparing  (1) and (2) we get

tn(aαbβc + cαbβa) = =
𝑖=1

𝑛

∑ 𝑡
𝑖

𝑎( )α𝑡
𝑖−1

𝑏( )β𝑡
𝑖−1

𝑐( ) + 𝑡
𝑖

𝑐( )α𝑡
𝑖−1

𝑏( )β𝑡
𝑖−1

𝑎( )

3) Since M is commutative and from (2) we get

2 tn(aαbβc) = 2
𝑖=1

𝑛

∑ 𝑡
𝑖
(𝑎)α𝑡

𝑖−1
(𝑏)β𝑡

𝑖−1
(𝑐)

Since M is 2-torsion free we get the require result.

Definition 2.2: Let T=( t i ) i N be a family of higher Jordan left centralizer of a Γ- ring M and n N

δ
𝑛

𝑎, 𝑏( ) =  𝑡
𝑛

𝑎α𝑏( ) −  
𝑖=1

𝑛

∑ 𝑡
𝑖
(𝑎)α𝑡

𝑖−1
(𝑏)

Lemma 2: Let T=( t i ) i N be a family of higher Jordan left centralizer of a Γ-ring M then for all a,b,c M, α,β Γ
and n N

1) δ
𝑛
(𝑎 + 𝑏, 𝑐)

α
=  δ

𝑛
(𝑎, 𝑐)

α
+ δ

𝑛
(𝑏, 𝑐)

α

2) δ
𝑛
(𝑎, 𝑏 + 𝑐)

α
=  δ

𝑛
(𝑎, 𝑏)

α
+ δ

𝑛
(𝑎, 𝑐)

α

3) δ
𝑛
(𝑎, 𝑏)

α
=−  δ

𝑛
(𝑏, 𝑎)

α

4) δ
𝑛
(𝑎, 𝑏)

α+β
=  δ

𝑛
(𝑎, 𝑏)

α
+ δ

𝑛
(𝑎, 𝑏)

β
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Proof :

1)δ
𝑛

𝑎 + 𝑏, 𝑐( ) =  𝑡
𝑛

(𝑎 + 𝑏)α𝑏( ) −  
𝑖=1

𝑛

∑ 𝑡
𝑖
(𝑎 + 𝑏)α𝑡

𝑖−1
(𝑐)

= 𝑡
𝑛

𝑎α𝑐 + 𝑏α𝑐( ) −  
𝑖=1

𝑛

∑ 𝑡
𝑖

𝑎( )α𝑡
𝑖−1

𝑐( ) + 𝑡
𝑖

𝑏( )α𝑡
𝑖−1

𝑐( )

= 𝑡
𝑛

𝑎α𝑐( ) −  
𝑖=1

𝑛

∑ 𝑡
𝑖

𝑎( )α𝑡
𝑖−1

𝑐( ) + 𝑡
𝑛

𝑎α𝑐( ) −
𝑖=1

𝑛

∑ 𝑡
𝑖

𝑎( )α𝑡
𝑖−1

𝑐( ) 

=  δ
𝑛
(𝑎, 𝑐)

α
+ δ

𝑛
(𝑏, 𝑐)

α

2) As the same way of (1)

3) By Lemma 2.1 (i)

tn(aαb+bαa)  =
𝑖=1

𝑛

∑ 𝑡
𝑖

𝑎( )α𝑡
𝑖−1

𝑏( ) + 𝑡
𝑖

𝑏( )α𝑡
𝑖−1

𝑎( )

=𝑡
𝑛

𝑎α𝑏( ) −
𝑖=1

𝑛

∑ 𝑡
𝑖

𝑎( )α𝑡
𝑖−1

𝑏( ) − 𝑡
𝑛

𝑏α𝑎( ) +
𝑖=1

𝑛

∑ 𝑡
𝑖

𝑏( )α𝑡
𝑖−1

𝑎( )

 δ
𝑛
(𝑎, 𝑏)

α
=−  δ

𝑛
(𝑏, 𝑎)

α

Remark 2.3: Not that T=(t i) i N is higher left centralizer of a Γ- ring M,  iff

Lemma 3: Let T=( t i ) i N be a family of higher Jordan left centralizer of  2-torsion free prime  Γ-ring M then for

all a,b M ,α,β Γ and n N

δ
𝑛
(𝑎, 𝑏)

α
β[𝑡

𝑛−1
𝑎( ),  𝑡

𝑛−1
(𝑏) ]

α
= 0

Proof: we prove by induction on n N.

If n=1 ,

Let    w= aαbβmβbαa + bαaβmβaαb

t(w) = t( aα(bβmβb)αa + bα(aβmβa)αb)

= t(a)α(bβmβb)αa t(b)α(aβmβa)αb                          …(1)

On the other hand

t(w) = t((aαb)βmβ(bαa) + (bαa)βmβ(aαb)

= t(aαb)βmβ(bαa) + t(bαa)βmβ(aαb)                      …(2)

Compare (1) and (2)  we get

0 = ( t(aαb) – t(a)α b)βm β(bαa) + ( t(bαa) – t(b)αa) βmβ (aαb)

=  δ(𝑎, 𝑏)
α
β𝑚β𝑏α𝑎 + δ(𝑏, 𝑎)

α
β𝑚β𝑎α𝑏

=  δ(𝑎, 𝑏)
α
β𝑚β𝑏α𝑎 − δ(𝑎, 𝑏)

α
β𝑚β𝑎α𝑏

=  δ 𝑎, 𝑏( )
α
β𝑚β(𝑏α𝑎 − 𝑎α𝑏)

for all a,b,m R=  δ 𝑎, 𝑏( )
α
β𝑚β[𝑎, 𝑏]

α

Then we can assume that

δ
𝑛
(𝑎, 𝑏)

α
β[𝑡

𝑛−1
𝑎( ),  𝑡

𝑛−1
(𝑏) ]

α
= 0
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for all a,b,m R and n,s N, s < n.

Now,

tn(w) = tn (aα(bβmβb)αa+ bα(aβmβa)αb)

=
𝑖=1

𝑛

∑ 𝑡
𝑖

𝑎( )α𝑡
𝑖−1

𝑏β𝑚β𝑏( )α𝑡
𝑖−1

𝑎( ) +  𝑡
𝑖

𝑏( )α𝑡
𝑖

𝑎β𝑚β𝑎( )α𝑡
𝑖−1

𝑏( )

=
𝑖=1

𝑛

∑ 𝑡
𝑖

𝑎( )α𝑡
𝑖−1

𝑏( )β𝑡
𝑖−1

𝑏( )β𝑡
𝑖−1

𝑏( )α𝑡
𝑖−1

𝑎( ) +  𝑡
𝑖

𝑏( )α𝑡
𝑖

𝑎( )β𝑡
𝑖−1

𝑚( )β𝑡
𝑖−1

𝑎( )α𝑡
𝑖−1

𝑏( )

= (
𝑖=1

𝑛

∑ 𝑡
𝑖

𝑎( )α𝑡
𝑖−1

𝑏( ))β𝑡
𝑛−1

𝑚( )β𝑡
𝑛−1

𝑏( )α𝑡
𝑛−1

𝑎( )

+ 𝑡
𝑛

𝑏( )α𝑡
𝑛−1

𝑎( )β𝑡
𝑛−1

𝑚( )β
𝑖=1

𝑛

∑ 𝑡
𝑖−1

𝑎( )α𝑡
𝑖−1

𝑏( )

+ (
𝑖=1

𝑛

∑ 𝑡
𝑖

𝑏( )α𝑡
𝑖−1

𝑎( ))β𝑡
𝑛

𝑚( )β𝑡
𝑛−1

𝑎( )α𝑡
𝑛−1

𝑏( )

…(1)+ 𝑡
𝑛

𝑏( )α𝑡
𝑛−1

𝑎( )β𝑡
𝑛−1

𝑚( )β
𝑖=1

𝑛

∑ 𝑡
𝑖−1

𝑎( )α𝑡
𝑖−1

𝑏( )

On the other hand

tn(w)= tn( (aαb)βmβ(bαa) + (bαa)βmβ(aαb))

=
𝑖=1

𝑛

∑ 𝑡
𝑖

𝑎α𝑏( )β𝑡
𝑖−1

𝑚( )β𝑡
𝑖−1

𝑏α𝑎( ) + 𝑡
𝑖

𝑏α𝑎( )β𝑡
𝑖−1

𝑚( )β𝑡
𝑖−1

𝑎α𝑏( )

= 𝑡
𝑛

𝑎α𝑏( )β𝑡
𝑛−1

𝑚( )β𝑡
𝑛−1

𝑏( )α𝑡
𝑛−1

𝑎( ) +
𝑖=1

𝑛−1

∑ 𝑡
𝑖

𝑎α𝑏( )β𝑡
𝑖−1

𝑚( )β𝑡
𝑖−1

𝑏( )α𝑡
𝑖−1

𝑎( )

…(2)+ 𝑡
𝑛

𝑏α𝑎( )β𝑡
𝑛−1

𝑚( )β𝑡
𝑛−1

𝑎( )α𝑡
𝑛−1

𝑏( ) +
𝑖=1

𝑛−1

∑ 𝑡
𝑖

𝑏α𝑎( )β𝑡
𝑖−1

𝑚( )β𝑡
𝑖−1

𝑎( )α𝑡
𝑖−1

𝑏( )

Compare (1) and (2) we get

+ +

= 0

On our hypothesis, we have

0=

=

Theorem 4: Let T=(ti) i N be a Jordan higher left centralize of a prime Γ-ring M then for all a,b,c,d,m M ,α,β
Γ and n N

Proof: Replacing a+c for a in Lemma 3
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+ +

+ =0

By Lemma2.3 we get

+ =0

Therefore, we get

β β =0

- β β =0

Hence by primeness of M

=0 … (1)

Now, replace b+d for b in Lemma 3, we get

+

+ =0

By Lemma3 we get

+ = 0

Then we get

β β =0

- β β =0

Since M is prime then

=0 …(2)

Thus

=0

+ +

+ =0

By (1) and (2) and Lemma 3, we get

=0

Theorem 5: Every Jordan higher left centralizer of 2-torsion free prime Γ-ring M is higher left centralizer of M.
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Proof: Let T= ( t i) i N be Jordan higher left centralizer of prime Γ-ring M.

Since M is prime, we get from Theorem 4 , either or [tn-1 (c ) ,tn-1(d)]α=0 for all a,b,c,d M, α Γ
and n N.

If [tn-1 (c ) ,tn-1(d)]α 0 for all c,d M, α Γ, n N then by Remark 2.3   we get      T is higher
left centralizer of M.

If [tn-1 (c ) ,tn-1(d)]α=0 for all c,d M, α Γ, n N then M is commutative Γ-ring and by Lemma 1 we get

Since M is 2-torsion free, we obtain T is a higher left centralizer of M.

Proposition 6 : Let T= ( t i) i N be Jordan higher left centralizer of 2-torsion free  Γ-ring M, such that aαbβc =

aβbαc for all a,b,c M, α,β Γ then T is Jordan triple higher left centralizer of M.

Proof : Replace b by aβb + bβa  in Definition 2.1, then :

tn(aα(aβb+bβa) + (aβb+bβa)αa) = =

= …(1)

On the other hand :

tn(aα(aβb+bβa) + (aβb+bβa)αa) = tn( aαaβb + aαbβa + aβbαa+ bβaαa)

= tn (aαaβb + bβaαa ) + 2tn( aαbβa )

= …(2)

Now, compare (1) and (2) we get

Since M is 2-torsion free we obtain that T is Jordan triple higher left centralizer of M.

3. Generalized Higher Left Centralizer on Γ-Rings

In this section we present the concepts of generalized higher left centralizer and generalized Jordan higher left
centralizer of Γ-rings also we present some properties of them.

Definition 3.1: Let F= (fi) i N be a family of additive mappings of a Γ- ring M into itself. F is called generalized
higher left centralizer of M if there exists a higher left centralizer T=(t i) i N of M such that for every n N we
have

fn(aαb) = …(1)

for all a,b M and α Γ where T is called the relating higher left centralizer.
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F is called Jordan generalized higher left centralizer of M if there exists a Jordan higher left centralizer of M if for

every n N

fn(aαa) = …(2)

for all a M and α Γ where T is called the relating Jordan left centralizer.

F is called Jordan generalized triple higher left centralizer of M if there exists a Jordan triple higher left centralizer

of M if for every n N

fn(aαbβa) = …(3)

for all a,b M and α,β Γ where T is called the relating Jordan triple left centralizer,

Lemma 7: Let F= (fi) i N be Jordan generalized higher left centralizer of a Γ-ring M into itself then for all a,b,c

M ,α,β Γ and  n N

1) fn(aαb+bαa) =

2) fn(abc + cba) =

In particular if M is 2-tortion free commutative ring

3)  fn(aαbβc) =

Proof:1) fn(( a+b)α(a+b)) =

= …(1)

On the other hand

fn(( a+b)α(a+b)) = fn ( aαa+ aαb + bαa + bαb)

= + fn(aαb + bαa)                               …(2)

Comparing (1) and (2) we get

fn(aαb+bαa) =

2) Replace a+c for a in Definition 2.1 (iii)

fn(( a+c)αbβ(a+c)) =
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=
…(1)

On the other hand

fn(( a+c)αbβ(a+c)) = fn( aαbβa + aαbβc + cαbβa + cαbβc)

= …(2)

Comparing  (1) and (2) we get

fn(aαbβc + cαbβa) =

3) Since M is 2-torsion free commutative ring and from (2) we get the require result.

Definition 3.2: Let F=( fi ) i N be a family of Jordan generalized higher left centralizer of aΓ- ring M with relating
Jordan higher left centralizer T=(t i) i N of M , then for all a,b M, α Γ and n N,we define

Lemma 8: Let F=( fi ) i N be a family of higher Jordan left centralizer of a Γ- ring M with relating Jordan higher
left centralizer T=(t i) i N of M then for all a,b,c M, α Γ and n N

1)

2)

3)

Proof :

1)

=

=

=

2) As the same way of (1)

3) By Lemma 7 (i)

fn(aαb+bαa) =
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Remark 3.3: Not that F=(fi) i N is generalized higher left centralizer of a Γ- ring M with relating higher left

centralizer T=(t i) i N of M ,  iff

Lemma 9: Let F=( fi ) i N be a family of Jordan generalized higher left centralizer of  2-torsion free prime Γ-ring

M then for all a,b M, α,β Γ and n N

Proof: we prove by induction on n N.

If n=1 ,

Let w= aαbβmβbαa + bαaβmβaαb

f(w) = f( aα(bβmβb)αa + bα(aβmβa)αb)

= f(a)α(bβmβb)αa+ t(b)α(aβmβa)αb                          …(1)

On the other hand

f(w) = f((aαb)βmβ(bαa) + (bαa)βmβ(aαb)

=f(aαb)βmβ(bαa) + f(bαa)βmβ(aαb)                      …(2)

Compare (1) and (2)  we get

0= ( f(aαb) –f(a)α b)βmβ(bαa) + ( f(bαa) – f(b)αa)β mβ (aαb)

=

=

=

= for all a,b,m M and α,β Γ

Then we can assume that

for all a,b,m R and n,s N, s < n.

Now,

fn(w) = fn (aα(bβmβbαa+ bα(aβmβa)αb)

=

=

=
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+

…(1)

On the other hand

fn(w)= fn( (aαb)βmβ(bαa) + (bαa)βmβ(aαb))

=

=

+ …(2)

Compare (1) and (2) we get

0= (

+ +

On our hypothesis, we have

0=

=

Theorem 10: Let F=(fi) i N be a Jordan generalized higher left centralize of a prime Γ-ring M then for all a,b,c,d,m
M, α,β Γ and n N

Proof: Replacing a+c for a in Lemma 9

+ +

+ =0

By Lemma 9 we get

+ =0

Therefore, we get

β β =0
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- β β =0

Hence by primeness of M

=0 … (1)

Now, replace b+d for b in Lemma 9, we get

+

+ =0

By Lemma 9 we get

+ = 0

Then we get

β β =0

- β β =0

Since R is prime then

=0 …(2)

Thus

=0

+ +

+ =0

By (1) and (2) and Lemma 2.3, we get

= 0

Theorem 11: Every Jordan generalized higher left centralizer of 2-torsion free prime Γ-ring M is  generalized
higher left centralizer of M.

Proof: Let F= ( fi) i N be Jordan generalized  higher left centralizer of prime Γ-ring M.

Since M is prime, we get from Theorem10 , either or [tn-1 (c ) ,tn-1(d)]α=0 for all a,b,c,d M, α Γ
and n N.

If [tn-1 (c ) ,tn-1(d)]α 0 for all c,d M, α Γand n N then by Remark 2.3   we get T is higher
left centralizer of M.

If [tn-1 (c ) ,tn-1(d)]α=0 for all c,d M, α Γ and n N then M is commutative ring and by Lemma 7 we get

Since M is 2-torsion free, we obtain T is a higher left centralizer of M.
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Proposition 12: Let F= ( fi) i N be Jordan generalized higher left centralizer of 2-torsion free  Γ-ring M, such that

aαbβc = aβbαc, for all a,b,c M and α,β Γ then T is Jordan generalized triple higher left centralizer of M.

Proof : Replace b by aβb + bβa  in Definition 3.1, then :

fn(aα(aβb+bβa) + (aβb+bβa)αa) =

=

= …(1)

On the other hand :

fn(aα(aβb+bβa) + (aβb+bβa)αa) = fn( aαaβb + aαbβa + aβbαa+ bβaαa)

= fn (aαaβb + bβaαa ) + 2fn( aαbβa )

= …(2)

Now, compare (1) and (2) we get

Since M is 2-torsion free we obtain that F is Jordan generalized triple higher left centralizer of M.
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