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Abstract:

In the present work, we submit and study a new class AN (4,1,n,p) containing holomorphic univalent functions
defined by linear operator in the open unit disk 4 = {s € C:|s| < 1}. We get some geometric properties, such as,
coefficient inequality, growth and distortion bounds, convolution properties, convex set, neighborhood property,

radii of starlikeness and convexity, weighted mean and arithmetic mean for functions belonging to the class
AN (A, T,n, p).
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1. Introduction
Let A be symbolize the function class of the form:

k(s)=s+ Z d,s™, €Y
n=2

which are holomorphic and univalent in the open unit disk A={s € C: |s| < 1}.

Let V" be symbolize the function subclass of A containing of functions of the form:

k(s)=s— ) d,s™, (d, = 0). (2)
For function k(s) € IV, given by (2), and h(s) € IV given by
h(s) =s— Z Cp S™ (s €hf;c, =0), 3
n=2

the convolution ( or Hadamard product ) of k(s) and h(s) is defined by

(k*h)(s) = s — Z dcn s™ = (h* K)(s). @
n=2
A function k(s) € A is called univalent starlike of order y (0 < y < 1), if k(s) satisfies the condition:
Re (SEE)) (s € 4) 5
e (s) Y S . 5)
Also, a function k(s) € A is called univalent convex of order y (0 < y < 1), if k(s) satisfies the condition:
re(1+55 NS, sen 6
e\ 1+ ) >y Gen. ©)
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Symbolized by S*(y) and C*(y) the classes of univalent starlike and univalent convex functions of order y,
respectively.

The following infinite series is named after Emile Leonard Mathieu (1835-1890) who investigated it in his 1890
monograph [7] on elasticity of solid bodies:

o2
S(p) = Zm, (p>0).
n=1

The series §(p) has a closed integral form provided by (see[3])

1 ‘ t sin(pt)
so) =3 [
0

The Mathieu-type power series is described as follows (see[10])
so9=Y 2o e okl<D
IR Lt LTRSS
n=

This series was defined specifically for functions of real variables, however it was redefined for complex variables by
Bansal and Sokdl [2]. Since S§(p; s) & A so using following normalization, we have

Pr+1)2% 2n
S(p;s) = ",
(i9) =" z (nZ + p?)2°
n=

o n(p? +1)?
2" @
n=2

=5+

By using the Hadamard product in conjunction with (1) and (7), Liu at el. [6] introduced a new linear operator
Q(n,p): A - A as follows

n(p? + 1)

QU pIk(s) = k(s) xS(pi ) =5+ ). g o ™ 8)

Now, by using the linear operator Q(n, p), we define the following:
Definition 1 A function k(s) € IV is said to be in the class AN (4, 1,1, p) if it satisfies the following condition:

As2(Q(n, p)k(s))"" + s(Q(n, p)k(s))” | <1
AsQ(n, p)k(s))" + 1+ H(A - D)(Q(n k()|

where0<1<1,0<t<1,p>0n€eNands € A.

Some of the following properties studied for other classes in [5,1,11,8].

2. Coefficient Inequality
The following theorem gives a necessary and sufficient condition for a function k(s) to be in class AN (4,7, n, p).

Theorem 1 A function k(s) € V' is in the class AN (4, 1,1, p) if and only if
N (p* +1)°

(n? + p2)2 dy <(1+)A—1), 9

an[l(n2—2n+2—r)+n—r]

n=2
where 0<1<1,0<t<1,p>0n€eNands €A
The result is sharp for the function k(s) given by

1+ DA -1)(n® + p?)? .
n2[A(n% —-2n+2 —1) +n—1](p? + 1)2 s, (n=2). (10)

k(s) =s—
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Proof. Assume that inequality (9) holds true and |s| = 1. Then we have

[As2(Q(n, p)k(s))" + s(Q(n, p)k(s))"| = 12s(Q(n, p)k(s))" + (1 + D(1 — 1)(Q(n, pIk(5))']

:|Z;.10:2"2(n—1)(1 + An — 21) (?+1)° d, s"1

(n2+p2)2

- |(1 F D=1 =T (A=) +1—1) & g gnt

(n2+p2)2

had 2 © 2
< ) -1+ 20— 20) ((pz " 2))2 dy s = (14 DA =0 + Y 72U -0 +1- r)((pz " 2))2 d,, |s|""1
n=2 n=2
N (p? +1)? et
:;n [A(n? —2n+2—r)+n—r]mdn|s| —-1+A0DA-17)<0,
by hypothesis. Hence by maximum modulus principle, we get k(s) € AN (4,1, n, p).
Conversely, let k(s) € AN (4, 1,1, p). Then
As?(Q(n, p)k(s))"" + s(Q(n, p)k(s))"
As(Q(n, p)k(s))" + (1 + H(1 — 1)(Q(n, p)k(s))’
2 2
3, n?(n — 1)(1 + An — 24) % d, 5"
= < 1-
1
(L+D)(1—1) =Y, n2(An—1) + 1 —r)% d, sn-1
Since R(s) < |s] for all s (s € 4), then we obtain
T, n2(n — 1)(1 + An — 22) ((p + 12))22 d, s
Re T <1 (11)
A+DA-17) =¥ ,n2(An—1) +1 —r)(”“rw d, sn1

Now, choosing the values of s on the real axis and allowing s = 1 from the left through real values, the inequality
(11) immediately yields the desired condition in (9). Finally, it is observed that the result is sharp for the function is
given by (10).

Corollary 1 If k(s) € AN (4, 1,1, p), then
A+DA—-1)(n? + p?)?

< > 2).
dn < n2[An2-2n+2-1t)+n—1](p2+1)?% (n=2) (12)
3. Growth and Distortion Bounds
Next, we prove the growth and distortion bounds for the linear operator Q(n, p).
Theorem 2 If k(s) € AN (4, 1,1, p), then
(1 - T) 2 ( - ) 2 —
r —mr < QM p)k(s)| <r mr , (O<]s|=r<1). (13)
The result is sharp for the function k(s) is given by
1—1)(4 + p?)?
k(s) =5 — L= D@HPD)” (14)

42 —1)(p? + 1)2
Proof. Let k(s) € AN (4,1,n,p). Then by Theorem 1

[oe]

(p% + 1% (p? +1)?
12D+ D Gy Z)ZZd Zn A(n? —2n+2—10) +n— ](2+—2)2 d,<(1+0)1-1)

Zd” < (1-1¢+pH? (15)

=12 -0(pr+ D

n=2

Hence,
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n(p* +1)2 o 20241 a-o ,
10 PK(S)] < Is] + Z L Z dy STH3G—T (16)
Similarly
S n(p? + 1)2 we o 200°+1)? X (-0 ,
00 (O 2 bl = ) G Il 2 = G Z dy 27— 5T (7)
From (16) and (17), we get (13). Thus, the proof is complete.
Theorem 3 If k(s) € AN (4, 1,1, p) then
1- 1-
EZ r< (e p)k())| <1 +( T; r, (0<|s|=r<1). (18)
The result is sharp for the function k(s) is given by (14).
Proof. Let k(s) € AN (4, 1,n,p). Then by Theorem 1
2(2 1+ ’ N nd, < N 1 2 2 (” + 1)° 1+
@- 00+ D Gt Z n_Zn (0 = 2n+2=0) 4 n =Tl b dy < (14 DA = 7)
(1-0D¢+p?)?
Z < DR A (19)
Thus
n?+? o 2000412 ,a-0
1(Q@(n, p)k ()l <1+Zm ndy|s| S1+m ann— z-o" (20)
Similarly
, o n(p? + 1)2 - 2(p +1)? © 1- ‘r)
QLK1 21 ) G nda s 2 1= T2 Z nd, 21~ G @
From (20) and (21), we get (18). Thus, the proof is complete.
4. Convolution Properties
Theorem 4 Let the function k; (j = 1,2) defind by
ki(s) = s — Z dy;s" (doy 20,  j=12), 22)
be in the class AN (4,1,n,p). Then k; xk, € AN (u,t,n,p), where
n[An?-2n+2-0D+n—-112@?*+1)? - (n—-1)A —1)[1 + 1)?(n? + p?)?
T2 -2n4+2-7)1-0DA+ D22 +p2)?2 —n?[A(n? -2n+2-1)+n—1]%(p? + 1%
Proof. We must find the largest u such that
2l un? —2n+2—1) +n—1](p* + 1)2
Zn[u(n n 7) 2n Tz]gp ) dod,, <1,
A+ +p) o
Since k;j € AN'(4,1,1,p), (j = 1,2), then
Cn2[A(n? —2n+2—1) +n—1](p? + 1)2 o
Z DA T D E T o5 dj <1, (=12 (23)

n=2

By Cauchy — Schwarz inequality, we get
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- n[An?-2n+2-1)+n—-1](p?+1)*?
2, A=D1 + D2 + p2)2 Vinadnz < 1 (24

n=2
We want only to show that

nun®> —-2n+2—-1)+n—1](p*+1)2 n[An? =2n+2—-1) +n—1](p? + 1)?
— 2 2)2 dn.ldn,Z = — 2 272 Vdn,ldn,Z'
1 -0 +wn*+p?) 1 -0 +Dn*+p?)

This equivalently to

A+wAn?-2n+2-1)+n-1]

m5(1+,1)[M(n2—2n+2—r)+n—r]' )

From (24), we get

(1 -1 + D) (n? + p?)?
Vinitne < o7 —on 2D +n—71007 + D*

Thus, it is sufficient to show that

11—+ 1) (n? +p?)? A+W[An®=-2n+2-1)+n—1]
n2[An2-2n+2-+n—-1](P2+ 12~ A+D[un2-2n+2-1)+n—-1]

which implies to

n[Am?-2n+2-)+n—11?E*+1D? - (n—1)1 — 1)1 + 1)?(n? + p?)?
M2 -2n+2-1)1-1)1+ )22 +p2)2 —n?[A(n? -2n+2—1) + n—1]%(p? + 1)?

u<

Theorem 5 Let the function k; (j = 1,2) defined by (22) be in the class AN (4, 1,1, p).
Then the function k defined by

k(s) = s — Z(dﬁl +d2,)s", (26)
n=2

belong to the class AN (€, 1, n, p), where

- n2[An®>=2n+2-1)+n—1?(*+1)?-2n—1)(1 — 1)(1 + 1)?(n? + p?)?
€= 22 =2n+2—-1)1—1)(1 + D2M2+p2)2 —n2[A(n2—-2n+2—17) + n—1 2(p%2 + 1)

Proof. We must find the largest € such that

(o)

n?[em?-2n+2—-1)+n—1](p?+ 1)?
Z A -1+ e)(n? + p?)?

(d2,+d%,) <1

n=2

Since kj € AN (4, 1,1, p), (j = 1,2), we get

- n[An?-2n+2—-1)+n—1](p?+1)? 2d2
Z( A=D1+ D(nZ + p2)2 ) n

(27)

n2[Am2 —=2n+2—-1)+n—-1](p?+1)2 2
< Z( 1 -1 + D)2 + p?)? dm) <1

and

- n[An?-2n+2-1)+n—-1](p?+1)? 2d2
Z( 1 -1+ D)+ p?)? ) 2

- 2
SZ(712[,1(712—2n+2—r)+n—r](pz+1)2 dn,Z) <1 (28)

1 -DA+D* + p?)?
Combining the inequalities (27) and (28), gives
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o 12 [A(n? —2n+2—1) +n—7](p2 +1)?)’ 2 2
ZE( A =1)(1 + D)(n? + p?)? ) (di,+d3,) <1 29)

n=2

But, k € AN (¢, 7,1, p) if and only if

inz[e(nz—2n+2—‘r)+n—T](p2+1)2

A -9 + e)(n? + p?)? (d%J + d%‘z) <1. (30)

n=2
The inequality (30) will be satisfied if
nlen®?-2n+2-1t)+n—-1](?*+1)? n*[An?-2n+2-1)+n—-1]%(*+ 1*
A-DA + 2 + p?)? = 201 — D2(1 + D2(nZ + p2)*

So that

- n[Am?-2n+2-)+n—-112E?*+1D?-2(n—1)(1 — 1)1 + 1)2(n? + p?)?
€= 22 =-2n+2—-1)1 —1)A + D22+ p2)2 —n?[A(n?2 —2n+2—1) + n— 1 2(p?% + 1)%

5. Convex Set
Theorem 6 The class AN (4,1, n, p) is convex set.
Proof. Let functions k and h be in the class AN (4, t,n, p). Then for every 0 < m < 1, we must show that
1 —m)k(s) +mh(s) € AN, 1, n,p). (31)
We have

(1 —m)k(s) + mh(s) =s — Z[(l - m)d, +mc,]s™

n=2

So, by Theorem 1, we get

(p* + 1)?

an[l(n2—2n+2—r)+n—f]m

n=2

[(1 —m)d, + mc,]

(p? +1)*

(p? + 1)

=(1—m)Zn2[/1(n2—2n+2—r)+n—r] mcn

n=2

<A-mA+H)A-9+mA+HA-19)=0+1)A-1).

d, +mZn2[/1(n2—2n+2—‘r)+n—T]
n=2

6. Neighborhood Property

Following the earlier investigations of Goodman [4] and Ruscheweyh [9], we define the ¢ — neighborhood of
function k(s) € v by

N, (k) ={h€]\f: h(s) =s—2€ns" and nld, —c,| < 0'} (32)
n=2 n=2
In particular, for the identity function e(s) = s, we immediately have
N,(e) = {h EN:h(s)=s— Z c,s™  and Z nlc,| < a] (33)
n=2 n=2

Definition 2 A function k(s) € IV is said to be in the class AN, (4, 7,n, p) if there exists a function h € AN (4,1,1,p),
such that

k(s) 1|<1 (sed,0<sy<1)
h(s) o seA Ty
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Theorem 7 If h(s) € AN (4,1,n,p) and

202 —1)(p? + 1)?
42 -2+ 12 - (1 -4+ p2)?’

y=1 (34)
then Ny(h) € AN, (4,1,1,p).

Proof. Let k(s) € N,(h). Then we get from (32)

[ee]

Z nldn - Cnl <o,

n=2

- [
Zldn - Cnl < E
n=2

Also, since h(s) € AN (4,1,n, p), we get from Theorem 1

which implies the coefficient inequality

i (1—1)(4 + p?)?
c, < 2
" T4 -0 (p? + 1)?

n=2
So that
k(s) Ynezldn — cpl 202 —1)(p? + 1)?
- 1| < - < =1-y.
h(s) 1-Yr,00 42-DE2+ D~ (1 -0+ pd)?

Thus by Definition 2, k(s) € AN, (4, 1,1, p) for y given by (34).

7. Radii of Starlikeness and Convexity
In the next theorems, we will find the radii of starlikeness and convexity for the functions in the class AN (4, T, n, p).

Theorem 8 Let k(s) € AN (4, 1,1, p). Then the function k(s) is univalent starlike of order y (0 < y < 1) in the disk
|s| < Ry, where

WG~ 2n 2= ) +n = 7] = (P + D]

=i - N+ DA-D0 +p2) - =2

The result is sharp for the function k(s) given by (10).
Proof. It is sufficient to prove

K _glc1-y 0<y<),

k(s)
for |s| < Ry, we get

SK'() | _ Siea(n = Dy Is"™!

k(s) To1=Xdy st
Thus

s
if

nzzrll:]’:dn st < 1. (35)

Therefore, by using Theorem 1, (35) will be true if

122



Journal of Advances in Mathematics Vol 21 (2022) ISSN: 2347-1921 https://rajpub.com/index.php/jam

n—y
1—

et < n[An?-2n+2-1)+n—-1](p?+1)*?
IsI™ = 1+ D1 - D@ + p?)? '

Hence
n[An?-2n+2-1)+n—1](1 —y)(p? + 1)? =
n=y)A+ DA -1)(n? + p?)? '

Setting |s| = R,, we obtain the desired result.

Is| <

(n=2).

Theorem 9 Let k(s) € AN (4, 1,1, p). Then the function k(s) is univalent convex of order y (0 <y < 1) in the disk
|s| < R,, where

1

A -2n+2—-1)+n—1](1 —py)(p? + 1?1
R2=lnf 2 N2 ) (TLZZ).
n n—-y)A+ADHA-1)(n*+p?)
The result is sharp for the function k(s) given by (10).
Proof. It is sufficient to show that
KO 1) 0sy<)
K |~ 14 sy ,
for |s| < R,, we get
SK"(S)| _ Zian(n = 1)dy 5"~
K@G)|™ 1-X7, nd, |s[*?
Thus
kll
KOy,
k'(s)
if
Cn(n—7v) _
Zl——ydn ISIn 1 <1 (36)

n=2
Therefore, by using Theorem 1, (36) will be true if

et < n[An? —2n+2—-1)+n—1](p?+ 1)?
IsI™ < A+ DA -0 + pD)? ’

n(n—y)
1—

and hence

n[An?-2n+2-1)+n—1]1 —y)(p? + 1)? =
n—-y)A+ DA —-1)(n? + p?)?

Setting |s| = R,, we get the desired result.

Is| < ,(n>2).

8. Weighted Mean and Arithmetic Mean.
Definition 3 Let k(s) and h(s) belong to V. Then the weighted mean E,(s) of k(s) and h(s) is presented by

Eq(s) = >[(1 = @)k(s) + (1 + Dh(s)], 0<q<1),
The following theorem shows the weighted mean for the functions belong to the class AN (4, T, n, p).

Theorem 10 Let k(s) and h(s) be in the class AN (4,1, n, p). Then the weighted mean of k(s) and h(s) is also in the
class AN (4, 1,1, p).

Proof. By Definition 3, we have

1
Ey() = 101 = Dk(s) + (1 + D))
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:%[(1 -q) (s - szns") +(1+¢q) (s - Z cns">l

o 1
=s- ;5[(1 — Qdy + (L4 Qe ls™

Since k(s) and h(s) are in the class AN (4,1, n,p), so by Theorem 1 we get

[oe]

;nz[l(n2—2n+2—r)+n—r]%dn <A+D1-1)
and
an[l(n2—2n+2—‘[)+n—r]((rfj+7+:2); c, <@A+A1HDA-1).
Hence, .
i n2A(ME —2n+2—1) +n—1] E(l—q)dn+%(1+CI)Cn %
=%(1—q)22n2[/1(n2—2n+2—r)+n—r]((rfzz+—+p12))22 d,
(p? +1)*

1 (o]
+E(1+q)nz=2n2[l(n2 —2n+2 —T) +Tl—T](nTp2)2 Cn
S%(l -1 +1)A-1) +%(1 +)A+)A-1)=10+1)A—-1).
This shows that E, € AN (4, 1,1, p).

In the following theorem, we shall demonstrate that the class AN (4, 1,1, p) is closed under arithmetic mean.
Theorem 11 Let k;(s), k;(s), k3(s), ..., k,,(s) that defined by

km(s) =5 — X2, dnms™, (dym =0, m=12,..v, n>2), (37)
are in the class AN (4,1,n, p). Then the arithmetic mean of k,,(s) (m = 1,2, ..., v) that defined by

1 v
MOEEDW SO} 38)

is also in the class AN (4,1, 1, p).
Proof. By (37) and (38), we can write

9(5)=% v (s—idn,ms"> =s—i(%zv: dn,m>5n-

Since k., (s) € AN (A, 1,1, p) for every m = 1,2, ...,v, so by Theorem 1, we have

an[l(n2—2n+2—r)+n—r]((fT+:2))2 (%Z dn,m>

n=2 m=1
v e
1 (p? +1)?
:;Z <Zn2[/1(n2 —2n+2 —T) +n—'[](nTp2)2 dn’m
m=1 \n=2

s% Zl A+DA-1) =1+ -1).

This ends the proof.
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