
Journal of Advances in Mathematics Vol 21 (2022) ISSN: 2347-1921                 https://rajpub.com/index.php/jam 

 66 

DOI: https://doi.org/10.24297/jam.v21i.9230 

Hesitant Fuzzy Prime Ideal of Γ- ring 

Rand Shafea Ghanim
(1)

  , Mazen Omran Karim
(𝟐)

 

(1)(2) Department of mathematics College of Educations. University of Al-Qadisiyah , Iraq. 

Abstract 

In this paper, we introduce the notions of hesitant fuzzy ideal, hesitant fuzzy prime ideal, hesitant fuzzy strongly 

prime ideal in gamma rings and hesitant 3-prime ideal. Also, we study the relation between the above concepts 
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Introduction  

N. Nobusawa [11] introduces the notion of  Γ- rings as more general that a ring)  

W. E. Barnes[8] we a kened the conditions of definition of Γ-ring in the sence of Nobusawa Barnes, K.Yuno and 

Luh[1,6,9] studied the structure of Γ-ring and obtained various generalizations. 

In 1965, The notions of fuzzy sets was introduced by L. A. Zadeh[15] while W. J. Liu in 1982[7] introduced the 

concept of fuzzy ring. Jun and Lee in [3] introduced the notions of fuzzy Γ-ring, many mathomaticians, work on 

this subject after W. J. Liu . In 2009, Jorra. And Narukawa Proposed a new type of fuzzy set which is called hesitant 

fuzzy set and some generalized concepts related to them[13]. 

Mohammad and others [10] in 2018 introduced the concepts hesitant fuzzy ideal, hesitant fuzzy Bi- ideal in ring 

and some others concepts. 

In this paper, we introduce the notions of hesitant fuzzy ideal, hesitant fuzzy prime ideal, hesitant fuzzy strongly 

prime ideal in gamma rings and hesitant 3-prime ideal. 

Also we study the relation between the above concepts. 

2. Preliminaries  

Definition 2.1 [11] 

Let 𝑀 and is Г be two additive abelian groups. 

𝑀 is called a  Г – ring if the following conditions are satisfied fir all a, b, c ∈ 𝑀 and for all 𝛼 , 𝛽 , 𝛾 ∈  Г 

1) a α b  ∈ 𝑀 

2) (a + b) α c = a α c + b 𝛼 c    , a(α + 𝛽 ) b = a α b  + a 𝛽 b   , a α (b + c) = a α b + a 𝛼 c 

3) a α (b 𝛽 c) = (a α b) 𝛽 c 

Definition 2.2 :- [13] 

Let 𝑋 be a reference set a hesitant fuzzy set of 𝑋 is a function ℎ: 𝑋 → 𝑃[0,1]  that returns a subset of some values 

in [0,1] .Where 𝑃[0,1]  denotes the set of all subsets of [0,1] , and expressed the HFS by a mathematical symbol 

𝐴 = {< 𝑋, ℎ𝐴(𝑦) >∶ 𝑦 ∈ 𝑋} . we will denote the set of all HFSs in 𝑋 as HFS (𝑋) 

Definition 2.3 :- [4] 

Let ℎ ∈ 𝐻𝐹𝑆(𝑋)  . such that 𝑋 be a reference set than ℎ is called a hesitant fuzzy point (in short 𝐻𝐹𝑃) with the 

support  𝑥 ∈ 𝑋 and the value 𝑡 denoted by 𝑥𝑡  if 𝑥𝑡: 𝑋 → 𝑃[0,1]  is the mapping given by : for each 𝑦 ∈ 𝑋  

                     𝑥𝑡(𝑦) = { ∅                  𝑜𝑡ℎ𝑒𝑟 𝑤𝑖𝑠𝑒 
𝑡⊂ [0,1]        𝑖𝑓 𝑦=𝑥

 

We will denote the set of all 𝐻𝐹𝑃𝑠 in 𝑋 as 𝐻𝐹𝑃(𝑋). 

 

Definition 2.4 :-  [4] 
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Let ℎ ∈ 𝐻𝐹𝑆(𝑋)   and  𝑥𝑡 ∈ 𝐻𝐹𝑃(𝑋)  . Then𝑥𝑡 is said to be belong to ℎ and  denoted by 𝑥𝑡 ∈ ℎ  if  𝑡 ⊆ ℎ(𝑥)   

Definition 2. 5 :- [4] 

Let 𝑋 be a reference set and let ℎ1 , ℎ2 ∈ 𝐻𝐹𝑆(𝑋). Then the hesitant fuzzy product of  h1 and h2   denoted by ℎ1 ∘

ℎ2  is a 𝐻𝐹𝑆(𝑋).   and defined by : for each 𝑥 ∈ 𝑋  

(ℎ1 ∘ ℎ2)(𝑥) = {
 ∅                                                      𝑖𝑓 𝑜𝑡ℎ𝑒𝑟 𝑤𝑖𝑠𝑒  

⋃𝑥=𝑦𝛼𝑧[ℎ1(𝑦) ∩ ℎ2(𝑧)]             𝑖𝑓 𝑥=𝑦
                                                                         

Theorem 2.6 :- [4,2] 

let ℎ1 , ℎ2 ∈ 𝐻𝐹𝑆(𝑋)and 𝑥𝑡 , 𝑦𝑞 ∈ 𝐻𝐹𝑃(𝑋)   then :- 

1-  𝑥𝑡 ∘ 𝑦𝑞 =  (𝑥𝛼𝑦)𝑡∩𝑞   

2- 𝑥𝑡 + 𝑦𝑞 =  (𝑥 + 𝑦)𝑡∩𝑞 

3- 𝑥𝑡 + 𝑦𝑞 =  (𝑥 + 𝑦)𝑡∩𝑞 

4- ℎ1 ∘  ℎ2 = ∪𝑥𝑡∈ℎ1,𝑦𝑞∈ℎ2
𝑥𝑡 ∘ 𝑦𝑞 

Definition 2.7 [5] 

A right (left) ideal of a Г– ring M is an additive subgroup I of  M such that I Г M ⊆ I (M Г I ⊆ I) if I is both left and 

right ideal , then we say that I is an ideal or two sided of M 

an ideal P of a Г– ring M is prime if for any ideals A,B ⊂M, A ГB ⊆P implies that A⊆P or B ⊆P 

 

3- HESIANT FUZZY PRIME IDEAL IN Г– RING 

Definition 3.1 :-  

Let 𝑀 be is Г- ring and ℎ ∈ 𝐻𝐹𝑆(𝑀) then ℎ is a hesitant fuzzy Г- subring iff 

1-  ℎ(𝑥 − 𝑦) ⊇ ℎ(𝑥) ∩ ℎ(𝑦) 

 

2- ℎ(𝑥𝛼𝑦) ⊇ ℎ(𝑥) ∩ ℎ(𝑦) 

for any 𝑥, 𝑦 ∈ 𝑀  and  𝛼 ∈ Г  

Definition 3.2 :- 

Let 𝑀 be Г-ring and h is said to be a hesitant fuzzy ideal of 𝑀 iff 

1- ℎ(𝑥 − 𝑦) ⊇ ℎ(𝑥) ∩ ℎ(𝑦) 

 

2- ℎ(𝑥𝛼𝑦) ⊇ ℎ(𝑥) ∪ ℎ(𝑦) 

for any 𝑥, 𝑦 ∈ 𝑀  and  𝛼 ∈ Г  

Definition 3.3:- 

Let 𝑀 be a Г- ring and  let ∅≠h∈ HFR(𝑀) . Then h is called 

1- hesitant fuzzy left ideal (in short , HFLI ) of 𝑀 if h(x𝛼y)⊃h(y) ,   for any x,y 𝜖𝑀   and  𝛼 ∈ Г  

2- hesitant fuzzy right ideal (in short HFRI) of 𝑀 if h(x𝛼y)⊃h(x) ,     for any x,y 𝜖𝑀      ,  𝛼 ∈ Г  

3- hesitant fuzzy ideal (in short , HFI) if it is both a HFLI and a HFRI of 𝑀  

We will denote the set of all HFLIs [resp. HFRIs  and HFIs ] of 𝑀 as HFLI(𝑀) [resp. HFRI(𝑀)  and HFI (𝑀)] . 

Theorem 3.4 :-  

Let 𝑀 be Г – ring and let ℎ1 , ℎ2 ∈ 𝐻𝐹𝑆(𝑀) and {ℎ𝑖|𝑖 ∈ 𝐼 } ⊂ 𝐻𝐹𝑆(𝑀) , then  

1- ℎ1 ⊂ ℎ2 if and only if 𝑥𝑡 ∈ ℎ1 for each 𝑥𝑡 ∈ ℎ2   

2- 𝑥𝑡 ∈ ℎ1 ∩ ℎ2 if and only if 𝑥𝑡 ∈ ℎ1 and  𝑥𝑡 ∈ ℎ2   

3- if 𝑥𝑡 ∈ ℎ1 or  𝑥𝑡 ∈ ℎ2then 𝑥𝑡 ∈ ℎ1 ∪ ℎ2    
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4- 𝑥𝑡 ∈ ⋂𝑖 𝜖 𝐼ℎ𝑖 if 𝑥𝑡 ∈ ℎ𝑖   for each 𝑖 ∈ 𝐼  

5- if 𝑥𝑡 ∈ ℎ𝑖   for  some  𝑖 ∈ 𝐼   then 𝑥𝑡 ∈  ⋃𝑖𝜖 𝐼ℎ𝑖 

Example 3.5 :- Let ( 𝑍3 , +3) and (𝑍 , +) are additive abelian groups, then ( 𝑍3 , +3) is  𝑍 – ring , the mapping h: 

Z3 → P[0,1] defined as  

h(0)= [0.2,0.9 ]  , h(1) = [0.3 , 0.6 ]= h(3)   , h(2) = [0.2 , 0.7 ) 

 then  ℎ ∈ 𝐻𝐹𝐼(𝑍3)  

Theorem 3 .6 :-  Let M be a ring and let ℎ ∈ 𝐻𝐹𝑅(𝑀) 𝑡ℎ𝑒𝑛 hϵ HFI( M) iff the following condition are holds                                                                                                                                               

    1 - For all 𝑥𝑡  , 𝑦𝑞 ∈ ℎ  ,  𝑥𝑡 − 𝑦𝑞 ∈ ℎ   

    2- For all 𝑥𝑡 ∈ 𝐻𝐹𝑃(𝑀) ,  𝑦𝑞 ∈ ℎ       , xt 𝛼 yq ϵ h   

Proof :- suppose that  ℎ ∈ 𝐻𝐹𝐼(𝑀)    and 𝑥𝑡  , 𝑦𝑞 ∈ ℎ   

   so that  𝑡 ⊆ ℎ(𝑥), 𝑞 ⊆ ℎ(𝑦) ((by definition 2.4 )) , 

 so ℎ(𝑥 − 𝑦) ⊇ ℎ(𝑥) ∩ ℎ(𝑦) ⊇ 𝑡 ∩ 𝑞 ,  

 then 𝑥𝑡 − 𝑦𝑞 =  (𝑥 − 𝑦)𝑡∩𝑞 ∈ ℎ (( by theorem 2 .6 )) , thus  𝑥𝑡 − 𝑦𝑞 ∈ ℎ     

Now, 

Let  𝑥𝑡 ∈ 𝐻𝐹𝑃(𝑀) , 𝑦𝑞 ∈ ℎ    

Then ℎ(𝑥𝛼𝑦) ⊇ ℎ(𝑥) ∪ ℎ(𝑦) ⊇ ℎ(𝑥) ⊇ 𝑡 ⊇ 𝑡 ∩ 𝑞 

and  ℎ(𝑥𝛼𝑦) ⊇ ℎ(𝑥) ∪ ℎ(𝑦) ⊇ ℎ(𝑥) ⊇ 𝑞 ⊇ 𝑡 ∩ 𝑞  

Hence  𝑥𝑡𝛼𝑦𝑞 = (𝑥𝛼𝑦)𝑡∩𝑞 ∈ ℎ 

So xt 𝛼 yq ϵ h    ∀ x,y ϵ 𝑀        and 𝛼 ϵ Г  

⇐ suppose that the conditions are satisfy  𝑥, 𝑦 ∈ 𝑀 

Let 𝑘 = ℎ(𝑥) ∪ ℎ(𝑦)  and  𝑥𝑘  , 𝑦𝑘 ∈ ℎ      such that 𝑥𝑘 −  𝑦𝑘 ∈ ℎ  , 

 so that (𝑥 − 𝑦)𝑘 ∈ ℎ it is follows 𝑘 ⊆ ℎ(𝑥 − 𝑦)  

Thus ℎ(𝑥) ∪ ℎ(𝑦) ⊆ ℎ(𝑥 − 𝑦)  

Also  ℎ(𝑥) ∩ ℎ(𝑦) ⊆ ℎ(𝑥) ∪ ℎ(𝑦) ⊆ ℎ(𝑥 − 𝑦)   

Hence ℎ(𝑥 − 𝑦) ⊇ ℎ(𝑥) ∩ ℎ(𝑦)   

Now ,let 𝑥𝑘 ∈ 𝐻𝐹𝑃(𝑀) ,𝑦𝑘 ∈ ℎ        such that  (𝑥𝛼𝑦)𝑘 ∈ ℎ        , 

 So   𝑘 ⊆ ℎ(𝑥𝛼𝑦)  ,this implies  

ℎ(𝑥) ∪ ℎ(𝑦) ⊆ ℎ(𝑥𝛼𝑦)     for all   𝑥, 𝑦 ∈ 𝑀  , 𝛼 ∈ 𝛤   

Hence  ℎ ∈ 𝐻𝐹𝐼(𝑀)   

 Theorem 3.7 : - let 𝑀 be Г-ring  and let h1 and  h2 are two 𝐻𝐹𝐼  of  𝑀 ,  then h1 ∩  h2 ϵ HFI(𝑀). 

Proof:- Let  𝑥𝑡  , 𝑦𝑞 ∈ ℎ1 ∩ ℎ2 , implies 𝑥𝑡,𝑦𝑞 ∈ ℎ1 𝑥𝑡  , 𝑦𝑞 ∈ ℎ2   

hence  𝑥𝑡 −  𝑦𝑞 ∈ ℎ1,  𝑥𝑡 − 𝑦𝑞 ∈ ℎ1since h1 , h2 be two HFI of 𝑀. (( by theorem 2.6))   and so  𝑥𝑡 − 𝑦𝑞 ∈ ℎ1 ∩ ℎ2. 

Also  xt 𝛼yq ϵ h1   and  xt 𝛼yq ϵ h2   it is follows   xt 𝛼yq ϵ h1 ∩ h2 . 

Thus h1∩h2 ϵ HFI(𝑀). 

Theorem 3.8:- Let 𝑀 be a Г-ring  and let {ℎ𝑖| 𝑖 ∈ 𝐼 }  be a family of HFI of  𝑀,    then   ⋂𝑖∈𝐼ℎ𝑖 ∈  𝐻𝐹𝐼(𝑀). 

 Proof:- Let    𝑥𝑡  , 𝑦𝑞 ∈ ⋂𝑖∈𝐼ℎ𝑖 , so that 𝑥𝑡 , 𝑦𝑞 ∈ ℎ𝑖  for all  𝑖 ∈ 𝐼   
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hence  𝑥𝑡 −  𝑦𝑞 ∈ ℎ𝑖for all 𝑖 ∈ 𝐼 , Hence  Let    𝑥𝑡 − 𝑦𝑞 ∈ ⋂𝑖∈𝐼ℎ𝑖 ,Also  𝑥𝑡𝛼 𝑦𝑞 ∈ ℎ𝑖for all 𝑖 ∈ 𝐼  

Then  xt 𝛼yq ∈ ⋂𝑖∈𝐼ℎ𝑖   . 

Thus ⋂𝑖∈𝐼ℎ𝑖  ∈ 𝐻𝐹𝐼(𝑀). 

Definition 3.9 :- Let 𝑀 be Г-ring . An hesitant fuzzy ideal h of 𝑀 is said to be a hesitant fuzzy prime ideal ( in 

short , 𝐻𝐹𝑃𝐼)if for any two hesitant fuzzy points  𝑥𝑡  , 𝑦𝑞 ∈ 𝐻𝐹𝑃(𝑀) ,  𝑥𝑡  ∘ 𝑦𝑞 ∈ ℎ, implies either 𝑥𝑡 ∈ ℎ or , 𝑦𝑞 ∈ ℎ  

will denote the set of all HFPIs 𝐻𝐹𝑃𝐼𝑠 in 𝑀 as 𝐻𝐹𝑃𝐼(𝑀). 

Theorem 3.10:-  Let  𝑀 be Г-ring  and let ℎ ∈ 𝐻𝐹𝐼(𝑀) then ℎ ∈ 𝐻𝐹𝑃𝐼(𝑀) if and only if     ℎ(𝑥) ∪ ℎ(𝑦) ⊇ ℎ(𝑥𝛼𝑦)  

for all 𝑥, 𝑦 ∈ 𝑀 and 𝛼 ∈Г  

Proof :- Assume ℎ ∈ 𝐻𝐹𝑃𝐼(𝑀) , and h(xo) ∪ h(yo) ⊆ h(xo 𝛼 yo) for some   𝑥0, 𝑦0 ∈ 𝑀 and 𝛼 ϵГ ,  

 put t=h (xo 𝛼 yo) , then  h(xo) ∪ h( yo) ⊂ t  and  (xo 𝛼 yo)t ϵ h 

So h(xo) ⊂ t this implies (xo)t ∉ h and h(yo) ⊂ t  this implies  ( yo)t ∉ h . 

This is contradiction, therefore, for all  x,y ∈ 𝑀  and 𝛼 ϵГ , h(x) ∪ h(y) ⊇ h(x𝛼y) 

Suppose that the condition is hold. 

Now, let xt , yt ∈ HFP(𝑀) , such that xt  ̥yt ∈ h   then (x 𝛼 y)t ϵ h  and let xt ∉ h  and yt ∉ h  

 Put t= h(x𝛼y) 

If  xt ∉ h   , then h(x) ⊂ t  , so that  h(x) ⊂ h(x𝛼y) 

If  yt ∉ h   , then h(y) ⊂ t  , so that  h(y) ⊂ h(x𝛼y) 

Thus xt ₒyt ∈ h   implies either  xt ∈ h  and yt ∈ h  

Thus  hϵ HFPI(𝑀) 

Remark:- If  h∈ HFPI(𝑀) then for any x, y ϵ 𝑀 and 𝛼 ∈Г , h(x𝛼y) = h(x) ∪ h(y) 

Theorem 3.11:- let 𝑀 be is Г-ring then  every HFPI(𝑀)  is HFI(𝑀). 

Proof :- The prove is clear 

The converse of theorem 3.10 may be not true in general for example. 

Example 3. 12 :- Let(𝑍4 , +4)  , (Z , +) are additive  abelian then(𝑍4 , +4) is Z-ring where         Z4={0,1,2,3}and the 

mapping h: Z4 → P[0,1] and  h(o) = [0.2,0.8] , h(1) = (0.3,0.7) = h(3) ,h(2)= [0.2,0.7] , then we can easily  show  that  

h ϵ  HFI(M)                                    

But  ℎ(2∙41.∙42) = h(o)= [0.2,0.8] ⊈ h(2) ∪ h(2) = [0.2, 0.7]  so h∉ HFPI (𝑀)  

Theorem 3.13: - If 𝑀 be Г-ring and ℎ is  hesitant fuzzy prime ideal of 𝑀 then              

ℎ𝐸 = {𝑥 ∈ 𝑀| ℎ: (𝑥) ⊇ 𝐸}  where E⊆ P[0,1] is a prime ideal of 𝑀 . 

Proof :- assume that  h  is hesitant fuzzy prime ideal of 𝑀 and let  𝑎, 𝑏 ∈ 𝑀  such that   a𝛼 b ϵ hE  

So ℎ(𝑎𝛼𝑏) ⊇ 𝐸   , 𝛼 ϵ Г then (𝑎𝛼𝑏)𝐸 ∈ ℎ  since  h  is hesitant fuzzy prime ideal of 𝑀 then 𝑎𝐸 ∈ ℎ  or bE ∈ ℎ then E 

⊆ h(a) or E ⊆ h(b)   , Hence  𝑏 ∈  ℎ𝐸 , thus 𝑎𝛼𝑏 ∈ ℎ𝐸   implies either 𝑎 ∈ ℎ𝐸   or  𝑏 ∈ ℎ𝐸 

Hence  ℎ𝐸  is prime ideal of 𝑀  . 

Definition 3.14:- Let 𝑀 be Г-ring  a hesitant fuzzy ideal of 𝑀  is a called a hesitant fuzzy strongly prime  ideal 

(in short , HFSPI) if for any  𝑥, 𝑦 ∈ 𝑀, 𝛼 ∈ Г ,   ℎ(𝑥𝛼𝑦) = ℎ(𝑥) or ℎ(𝑥𝛼𝑦) = ℎ(𝑦) 

will denote the set of all hesitant fuzzy strongly prime ideal set 𝐻𝐹𝑆𝑃𝐼𝑠 in 𝑀 as 𝐻𝐹𝑆𝑃𝐼(𝑀). 

Example 3.15 :- let (Z2 , +2) ,(Z , +) are additive abelian groups and then (Z2 , +2) is Z2 -ring and define           h(0)= 

[0.1, 0.8]  ,  h(1)=[0.3, 0.6] then we can easily see that h is  HFI in 𝑀 . 
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 Hence h (0.21.20) = h(0)  ,  h (0.21.21) = h(0)   ,   h (1.21.21) =h(1) ,   h (0.2n.20) =h(0) , ∀ n ∈ Z2   

Theorem :- 3.16 :  - Every a hesitant strongly fuzzy prime ideal is a hesitant fuzzy prime ideal. 

Proof :- suppose ℎ is hesitant strongly fuzzy prime ideal and 𝑥𝑡  , 𝑦𝑞 ∈ 𝐻𝐹𝑃 (𝑀)  such that  𝑥𝑡 ∘  𝑦𝑞  ∈ ℎ  this 

implies (𝑥𝛼𝑦) 𝑡∩𝑞 ∈ ℎ , 

 Let k=t∩q , so (x 𝛼 y)k ϵ h , 

Then 𝑘 ⊆ ℎ(𝑥𝛼𝑦)  since ℎ(𝑥𝛼𝑦) = ℎ(𝑥)   so that 𝑘 ⊆ ℎ(𝑥)  it is follows 𝑥𝑘 ∈ ℎ  or  ℎ(𝑥𝛼𝑦) = ℎ(𝑦) so that  𝑘 ⊆ ℎ(𝑦)  

it is follows  𝑦𝑘 ∈ ℎ   

Thus ℎ ∈ 𝐻𝐹𝑃𝐼(𝑀) . 

Theorem:- 3.17 :  Let 𝑀 be Г-ring and let ℎ ∈ 𝐻𝐹𝑆𝑃𝐼(𝑀) and ℎ∗ = { 𝑥 ∈ 𝑀 | ∈ ℎ(𝑥) = ℎ(0)}  , then ℎ∗ is a strongly 

prime ideal of 𝑀 . 

Proof :- suppose ℎ ∈ 𝐻𝐹𝑆𝑃𝐼(𝑀)  , since  0 ∈ 𝑀 it is clear that 0 ∈ ℎ∗thus ℎ∗ ≠ ∅  Let  𝑎, 𝑏 ∈ 𝑀 and 𝑎𝛼𝑏 ∈ ℎ∗  

Thus ℎ(𝑎𝛼𝑏) = ℎ(0) since  ℎ ∈ 𝐻𝐹𝑆𝑃𝐼(𝑀) 

Either ℎ(𝑎𝛼𝑏) = ℎ(𝑎) = ℎ(0)  then ℎ(𝑎) = ℎ(0) which implies that 𝑎 ∈ ℎ∗ 

ℎ(𝑎𝛼𝑏) = ℎ(𝑏) = ℎ(0)  then ℎ(𝑏) = ℎ(0) which implies that 𝑏 ∈ ℎ∗ 

Hence ℎ∗ strongly prime ideal of 𝑀 

Theorem 3.18:-  Let 𝑀 be is Г-ring . If  ℎ ∈ 𝐻𝐹𝑃𝐼(𝑀) then  

                                    h(x1 α x2 ……αxn )= h(x1) ∪ h(x2)…..∪ h(xn)   

For all x1 , x2 …… xn ϵ M and  α ϵ Г. 

Proof  : - we will do the demonstration by induction on n the theorem is evident for n=2 

It is follows h(x1 αx2) = h(x1) ∪ h(x2)   

Let us suppose that it is true for n = r  it is follows 

     h(x1 αx2 αx3 αx4 …  αxr) = h(x1) ∪ h(x2) ∪  … .∪  h(xr) 

Now, we must prove is true for n = r + 1   

h(x1 αx2 αx3 αx4 … αxr αxr+1) =  h((x1 αx2 αx3 αx4 … αxr) α(xr+1)) 

    = h(x1 αx2 αx3 αx4 … αxr) ∪  h(xr+1) 

    =  h(x1) ∪ h(x2) ∪  … .∪  h(xr) ∪  h(xr+1) 

This implies 

  h(x1 αx2 αx3 αx4 … αxr αxr+1) = h(x1) ∪ h(x2) ∪  … .∪  h(xr) ∪  h(xr+1)   

Theorem 3.19:- Let M be a Г-ring and let  h ∈ HFPI(M)  and K ⊂ [0,1] , then the set    h
k

= {x ∈ M: h(x) ⊂ k}  is 

prime ideal  of M.                                                                        

 proof:--suppose that    hϵHFPI(M) and  K ⊂ [0,1] ,Let   x, y ∈ M  and α ∈ Γ and xαy ∈ h
k
 

Then   h(xαy) ⊂ k 

Since h ∈ HFPI(M)  it is follows  h(xαy) = h(x) ∪ h(y)  ⊂ k 

so h(x) ⊆ k  , then  x ∈ h
k
   and   h(y) ⊆ k  then  y ∈ h

k
 

Hence h
k
 is prime ideal of  . 

Theorem:3.20:-  Let M be a Г-ring and h1 ∈ HFPI(M)    if h2 is hesitant fuzzy Г- subring of  M , then h1 ∩ h2 ∈

HFPI(M)   . 
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Proof :- Assume h1 ϵ HFPI(M) and h2 ϵ HFR(M) 

Let x, y ϵ M.  

Then (h1 ∩ h2) (xαy)=  h1(xαy) ∩ h2 (xαy) 

                                 ⊆ { h1(x) ∪ h1(y)} ∩ { h2(x) ∪ h2(y)}    

                               ⊆ { h1(x) ∪ h2(x)} ∩ { h1(y) ∪ h2(y)} 

                               = (h1 ∩ h2)(x) ∪ (h1 ∩ h2)(y) 

So (h1 ∩ h2)(xαy) ⊆ (h1 ∩ h2)(x) ∪ (h1 ∩ h2)(y) 

Hence  (h1 ∩ h2) ϵ HFPI(M) 

Theorem 3.21:-  Let M be is Г-ring and  let  h1 , h2  ϵ HFPI(M)  .Then h1 ∩ h2 ϵ HFPI(M). 

Proof:- suppose h1 , h2 ϵ HFPI(M) and ( xαy)t ϵ h1 ∪ h2  

Then ( xαy)t ϵ h1   and    ( xαy)t ϵ h1  

Since   h1  ϵ HFPI(M)  and ( xαy)t ϵ h1 , we have xt ϵ h1  or yt ϵ h1  

A gain ,since h2  ϵ HFPI(M)  and ( xαy)t ϵ h2 , we have xt ϵ h2  or yt ϵ h2  

Thus, either xt ϵ h1 ∩ h2  or yt ϵ h1 ∩ h2   

So h1 ∩ h2 ϵ HFPI(M). 

Definition 3.21 

Let M be Г-ring and  a hesitant fuzzy ideal of M    define : 

                                    ℎ2 (x) = { 𝑡2 | t ϵ h(x) , x ϵ M} 

Theorem 3.22:-   For every hesitant fuzzy prime ideal h of a Γ- ring  M , then ℎ2 is hesitant fuzzy prime ideal. 

Proof:- suppose hϵ HFPI(M), and x,y ϵ M   ,   α ∈ Г 

ℎ2 (xαy) = { 𝑡2 : tϵ h(xαy)} = { 𝑡2 : tϵ h(x) ∪ h(y)}  

={ 𝑡2 : t ϵ h(x) ∨ t ϵ h(y)}  

={ 𝑡2 : t ϵ h(x)} ∪ {𝑡2 : t ϵ h(y)}= ℎ2 (x) ∪ ℎ2 (y)  

Hence  ℎ2 ϵ HFPI(M). 

Theorem 3.23:- Let M be is  Г-ring  and let f:M → M* be a homomorphism of Г-rings. If f is onto and  hM ϵ 

HFPI(M ). Then f(h M) ϵ HFPI( M∗
). 

Proof :- Let xt, yq ϵ HFP(M* )  such that xt α yq ϵ f (hM)  

Since f onto homomorphism 

So that there exists at ,bq ϵ HFP(M) , such that 

f(at)= xt , f(bq) = yq  

f(at) αf(bq) ϵ f(hM)  

Thus f(at) f(bq) ϵ f(hM) , this implies 

f(at α bq) ϵ f(hM) which means at α bq ϵ hM implies, either  at ϵ hM  or   bq ϵ hM  

If at ϵ hM this implies   f(at) ϵ f(hM) then xt ϵ f (hM) 

If bq ϵ hM this implies  f(bq) ϵ f (hM)   then yq ϵ f(hM) 

Thus  xt α yq ϵ f (hM)  implies , either xt ϵ f(hM)  or yq ϵ f(hM) 
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