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Abstract

In this paper, we introduce the notions of hesitant fuzzy ideal, hesitant fuzzy prime ideal, hesitant fuzzy strongly
prime ideal in gamma rings and hesitant 3-prime ideal. Also, we study the relation between the above concepts
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Introduction
N. Nobusawa [11] introduces the notion of T- rings as more general that a ring)

W. E. Barnes[8] we a kened the conditions of definition of I'-ring in the sence of Nobusawa Barnes, K.Yuno and
Luh[1,6,9] studied the structure of '-ring and obtained various generalizations.

In 1965, The notions of fuzzy sets was introduced by L. A. Zadeh[15] while W. J. Liu in 1982[7] introduced the
concept of fuzzy ring. Jun and Lee in [3] introduced the notions of fuzzy I'-ring, many mathomaticians, work on
this subject after W. J. Liu . In 2009, Jorra. And Narukawa Proposed a new type of fuzzy set which is called hesitant
fuzzy set and some generalized concepts related to them[13].

Mohammad and others [10] in 2018 introduced the concepts hesitant fuzzy ideal, hesitant fuzzy Bi- ideal in ring
and some others concepts.

In this paper, we introduce the notions of hesitant fuzzy ideal, hesitant fuzzy prime ideal, hesitant fuzzy strongly
prime ideal in gamma rings and hesitant 3-prime ideal.

Also we study the relation between the above concepts.

2. Preliminaries

Definition 2.1 [11]

Let M and is I be two additive abelian groups.

M is called a I - ring if the following conditions are satisfied fir alla, b, c € M and forall a8,y € T
Naab eM

2)(@+b)ac=aac+bac ,aa+pB)b=aab +afb ,aab+c)=aab+aac
aa(bBc)=(@ab)pc

Definition 2.2 :- [13]

Let X be a reference set a hesitant fuzzy set of X is a function h: X — P[0,7] that returns a subset of some values
in [0,1] .Where P[0,7] denotes the set of all subsets of [0,1] , and expressed the HFS by a mathematical symbol
A ={< X hy(y) >y € X}.we will denote the set of all HFSs in X as HFS (X)

Definition 2.3 :- [4]

Let h € HFS(X) . such that X be a reference set than h is called a hesitant fuzzy point (in short HFP) with the
support x € X and the value t denoted by x; if x,: X — P[0,7] is the mapping given by : for each y € X

0,1 i =
() = 0n g

other wise

We will denote the set of all HFPs in X as HFP(X).

Definition 2.4 :- [4]
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Let h € HFS(X) and x, € HFP(X) . Thenx, is said to be belong to h and denoted by x; € h if t € h(x)
Definition 2. 5 :- [4]

Let X be a reference set and let h;, h, € HFS(X). Then the hesitant fuzzy product of hiand h, denoted by h; o
h, isa HFS(X). and defined by : for each x € X

_ Ux:yaz[h7(J/) n hZ(Z)] if x=y
(h1ohp)(x) = {q) if other wise

Theorem 2.6 :- [4,2]
let hy,h, € HFS(X)and x,,y, € HFP(X) then :-

1- Xe°oYq = (x(ZY)mq

2- X + Yq = (x+ J’)mq

3- X + Yq = (x+ J’)mq

4- hie hy, = Uxteh1,yqeh2 Xt ° Vq

Definition 2.7 [5]

A right (left) ideal of a [-ring M is an additive subgroup | of M suchthatlFfM c I (M1 cl)iflis both left and
right ideal , then we say that | is an ideal or two sided of M

an ideal P of a /= ring M is prime if for any ideals A,B cM, A B SP implies that ACP or B P

3- HESIANT FUZZY PRIME IDEAL IN I'- RING

Definition 3.1 :-

Let M be isT-ring and h € HFS(M) then h is a hesitant fuzzy I'- subring iff
1- h(x —y) 2 h(x) N h(y)

2- h(xay) 2 h(x) N h(y)
foranyx,y €M and a €l

Definition 3.2 :-
Let M be I-ring and h is said to be a hesitant fuzzy ideal of M iff

1- h(x —y) 2 h(x) N h(y)

2- h(xay) 2 h(x) U h(y)
foranyx,y €M and a €l

Definition 3.3:-
Let M be al-ring and let @#he HFR(M) . Then h is called

1- hesitant fuzzy left ideal (in short, HFLI ) of M if h(xay)>h(y), foranyxyeM and a €l
2- hesitant fuzzy right ideal (in short HFRI) of M if h(xay)oh(x), foranyxyeM , a€rl
3- hesitant fuzzy ideal (in short, HFI) if it is both a HFLI and a HFRI of M

We will denote the set of all HFLIs [resp. HFRIs and HFIs] of M as HFLI(M) [resp. HFRI(M) and HFI (M)] .
Theorem 3.4 :-

Let M be I —ring and let h;,h, € HFS(M) and {h;|i € I } € HFS(M) , then

1- h; € h, if and only if x, € h; for each x; € h,
2- X; € hy N hy if and only if x, € h; and x; € h,
3- if Xt € h7 or x; € hzthen Xt € h] U h2

‘@ @ 67



Journal of Advances in Mathematics Vol 21 (2022) ISSN: 2347-1921 https://rajpub.com/index.php/jam

4- X € Ny h; ifx, €h; foreachiel

5- if x; € h; for some i €l thenx, € U,k

Example 3.5 :- Let (Z3,+3) and (Z, +) are additive abelian groups, then (Z3,+3) is Z —ring, the mapping h:
Z3 — P[0,1] defined as

h(0)=[0.2,09] ,h(1) =[0.3,0.6]=h(3) ,h(2) =[02,0.7)
then h € HFI(Z3)
Theorem 3 .6 :- Let M be aring and let h € HFR(M) then he HFI( M) iff the following condition are holds
1-Forallx,,y,€h , x,—y, €h
2-Forall x, € HFP(M), y; €h Xt Yq€h
Proof :- suppose that h € HFI(M) andx;,y, € h
so that t € h(x),q € h(y) ((by definition 2.4)),
soh(x—y)2h(x)Nh(y)2tng,
then x, —y, = (x —¥)¢nq € h ((by theorem 2 .6)), thus x, —y, € h
Now,
Let x, € HFP(M),y, € h
Then h(xay) 2 h(x) Uh(y) 2 h(x) 2t 2tNg
and h(xay) 2 h(x)Uh(y) 2h(x) 2g2tng
Hence x.ay, = (xay)ing € h
Soxitayqeh VxyeM anda el
& suppose that the conditions are satisfy x,y € M
Letk = h(x) Uh(y) and x;,y, €h suchthatx, — y, €h ,
so that (x —y), € hitis follows k € h(x —y)
Thus h(x) U h(y) € h(x —y)
Also h(x) N h(y) € h(x) U h(y) € h(x —y)
Hence h(x —y) 2 h(x) N h(y)
Now ,let x, € HFP(M) ,y, € h such that (xay), € h ,
So k < h(xay) ,thisimplies
h(x)Uh(y) € h(xay) forall x,y eM ,a€rl
Hence h € HFI(M)
Theorem 3.7 : - let M be I'-ring and let h1 and h; are two HFI of M, then hin h; € HFI(M).
Proof:- Let x;,y, € hy N h,, implies x,y, € h; x¢,y, € h,
hence x, — y, € h;, x, — y,; € hysince hy, h be two HFIl of M. (( by theorem 2.6)) and so x, — y, € h; N h,.
Also x; ayq € hs and x: ayq € hy itis follows x;ayqehinh;.
Thus hinh, € HFI(M).
Theorem 3.8:- Let M be a[-ring and let {h;| i € I} be a family of HFl of M, then N, h; € HFI(M).

Proof:- Let x,,y, € Nigh; , so that x,,y, € h; forall i€l
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hence x, — y, € h;foralli € I, Hence Let x. —y, € N;gh; Also x.ay, € hiforalli €l
Then x: ayq € Nighy
Thus ﬂie,hi € HFI(M)

Definition 3.9 :- Let M be l'-ring . An hesitant fuzzy ideal h of M is said to be a hesitant fuzzy prime ideal ( in
short, HFPI)if for any two hesitant fuzzy points x,,y, € HFP(M), x. ° Y, € h, implies either x, Ehor,y, €h
will denote the set of all HFPIs HFPI; in M as HFPI(M).

Theorem 3.10:- Let M bel-ring and let h € HFI(M) then h € HFPI(M) if and only if  h(x) U h(y) 2 h(xay)
forallx,y € M and a €l

Proof :- Assume h € HFPI(M) , and h(xo) U h(yo) € h(xo a Yyo) for some xp,yo € M and « €I,
put t=h (Xo @ yo) , then h(x,) U h(yo) €t and (X, @ yo)t € h

So h(xo) € t this implies (xo): € h and h(y,) c t this implies (yo) & h.

This is contradiction, therefore, for all x,y € M and a €', h(x) U h(y) 2 h(xay)

Suppose that the condition is hold.

Now, let x¢, y: € HFP(M) , such that x;,y: € h then (x ay)ieh andletx; € h andy: & h
Put t= h(xay)

If € h ,thenh(x) ct ,sothat h(x) c h(xay)

If yi&h ,thenh(y) ct,sothat h(y) c h(xay)

Thus x: .yt € h implies either x;€ h andy; € h

Thus he HFPI(M)

Remark:- If he HFPI(M) then for any x, y € M and a €I, h(xay) = h(x) U h(y)

Theorem 3.11:- let M be is I'-ring then every HFPI(M) is HFI(M).

Proof :- The prove is clear

The converse of theorem 3.10 may be not true in general for example.

Example 3. 12 :- Let(Z,,+,) , (Z, +) are additive abelian then(Z,, +,) is Z-ring where Z4={0,1,2,3}and the
mapping h: Z, = P[0,1] and h(o) = [0.2,0.8], h(1) = (0.3,0.7) = h(3) ,h(2)= [0.2,0.7], then we can easily show that
h e HFI(M)

But h(2:41:42) = h(o)=[0.2,0.8] £ h(2) U h(2) = [0.2, 0.7] so h& HFPI (M)

Theorem 3.13: - If M be I'-ring and h is hesitant fuzzy prime ideal of M then

hg = {x € M| h: (x) 2 E} where EC P[0,1] is a prime ideal of M .

Proof :- assume that h is hesitant fuzzy prime ideal of M and let a,b € M such that aa b € he

So h(aab) 2 E , a €l then (aab)g € h since h is hesitant fuzzy prime ideal of M then az € h orbe € hthen E
C h(@ orEc h(b) ,Hence b € hg,thus aab € hy implies either a € hy or b € hy

Hence hg is prime ideal of M .

Definition 3.14:- Let M be I'-ring a hesitant fuzzy ideal of M is a called a hesitant fuzzy strongly prime ideal
(in short, HFSPI) if forany x,y € M, a €', h(xay) = h(x) or h(xay) = h(y)

will denote the set of all hesitant fuzzy strongly prime ideal set HFSPI, in M as HFSPI(M).

Example 3.15 :- let (Z2, +2) ,(Z, +) are additive abelian groups and then (Z;, +>) is Z» -ring and define h(0)=
[0.1,0.8] , h(1)=[0.3, 0.6] then we can easily see that his HFl in M .
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Hence h (0.21.,0) = h(0) , h (0.2121) =h(0) , h(1.21.21) =h(1), h (0.2n.20) =h(0), ¥V n € Z,
Theorem :- 3.16 : - Every a hesitant strongly fuzzy prime ideal is a hesitant fuzzy prime ideal.

Proof :- suppose h is hesitant strongly fuzzy prime ideal and x.,y, € HFP (M) such that x,o y, € h this
implies (xay) ¢ng € b,

Let k=tnq,so (xay)keh,

Then k € h(xay) since h(xay) = h(x) sothatk < h(x) itisfollows x;, € h or h(xay) = h(y) so that k < h(y)
it is follows y, € h

Thus h € HFPI(M) .

Theorem:- 3.17 : Let M bel-ringand leth € HFSPI(M) and h* = {x € M | € h(x) = h(0)} , then h* is a strongly
prime ideal of M .

Proof :- suppose h € HFSPI(M) , since 0 € M itis clear that O € h*thus h* = @ Let a,b € M and aab € h*
Thus h(aab) = h(0) since h € HFSPI(M)
Either h(aab) = h(a) = h(0) then h(a) = h(0) which implies that a € h*
h(aab) = h(b) = h(0) then h(b) = h(0) which implies that b € h*
Hence h* strongly prime ideal of M
Theorem 3.18:- Let M be is-ring . If h € HFPI(M) then
h(xTax2 ... oxn )= h(x1) U h(x2).....u h(xn)
For all x1,x2 ...... xneMand ael.
Proof : - we will do the demonstration by induction on n the theorem is evident for n=2
It is follows h(x; ax,) = h(x;) U h(x,)
Let us suppose that it is true for n = r it is follows
h(xq ax, ax3 oX4 ... ax,) = h(x) Uh() U ....U h(x,)
Now, we must prove is true forn =r + 1

h(x; o, 0X3 OXy ... 0%, OXpp 1) = h((Xq OXp OX3 OXyg ... OX;) OX(Xpp1))

h(xq ax, a3 0Xg ... 0%) U h(X,41)

h(x1) Uh(x;) U ....U h(x) U h(X.4+1)

This implies
h(Xx1 aX, 0X3 0X4 ... 0% OXpy 1) = h(X1) Uh(%) U ..U h(x,) U h(X;41)

Theorem 3.19:- Let M be a I'-ring and let h € HFPI(M) and K c [0,1], then the set h* = {x € M:h(x) c k} is
prime ideal of M.

proof:--suppose that heHFPI(M)and K c [0,1] Let x,y € M and a € and xay € h*
Then h(xay) c k

Since h € HFPI(M) it is follows h(xay) = h(x) U h(y) c k

soh(x) €k ,then x€ h and h(y) Sk then yeh*

Hence h is prime ideal of .

Theorem:3.20:- Let M be a '-ring and h; € HFPI(M) if h, is hesitant fuzzy - subring of M, then h;nh; €
HFPI(M)
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Proof :- Assume h; € HFPI(M) and h; € HFR(M)
Let x, y € M.
Then (h1 N hy) (xay)= hi(xay) N hy (xay)
S {hi(x) U ha(y)} N { ha(x) U ha(y)}

€ {h1(x) U h209} N { h1(y) U ha(y)}

= (h1 N ha)(x) U (hr N ha)(y)
So (h1 N hy)(xay) € (h1 N h)(x) U (hi N ho)(y)
Hence (hy N hy) € HFPI(M)
Theorem 3.21:- Let M beis I-ring and let hi, h, € HFPI(M) .Then h; n h; e HFPI(M).
Proof:- suppose h1, hy € HFPI(M) and ( xay); € h1 U h2
Then (xay); € h1 and  (xay); € hy
Since hy € HFPI(M) and ( xay); € h1, we have x; € hy or y; € hy
A gain ,since hy € HFPI(M) and ( xay); € h2, we have x; € h, or y; € hy
Thus, either x;e hin hy oryie hinh;
So hi N h; € HFPI(M).
Definition 3.21
Let M be l-ring and a hesitant fuzzy ideal of M define:

h? (x) = {t?|teh(x), xe M}

Theorem 3.22:- For every hesitant fuzzy prime ideal h of a - ring M, then h? is hesitant fuzzy prime ideal.
Proof:- suppose he HFPI(M), and xy e M , a €Tl
h? (xay) = { t° : te h(xay)} = { t? : te h(x) U h(y)}
={t?:teh(x) Vteh(y)
={t?:teh()} U {t?:teh(y)}= h? (x) U h? (y)
Hence h? e HFPI(M).

Theorem 3.23:- Let M be is T-ring and let M — M* be a homomorphism of I-rings. If f is onto and hy €
HFPI(M ). Then f(h ;) € HFPI(M").

Proof :- Let x;, yq € HFP(M*) such that x; o yq € f (hy)

Since f onto homomorphism

So that there exists a; ,bq € HFP(M) , such that

f(a)= xt, f(bg) = yq

f(ay) af(bg) € f(hy)

Thus f(ay) f(bg) € f(hy) , this implies

f(at a bg) € f(hy) which means a; a bq € hy, implies, either aie hyy or bg e hy
If a; € hy this implies f(ay) € f(hy) then x; € f (hy)

If bq € hy this implies f(bg) € f (hy) then yq € f(hy)

Thus x; ayq € f (hy) implies, either x; € f(hy) or yq € f(hy)

‘@ @ 71




Journal of Advances in Mathematics Vol 21 (2022) ISSN: 2347-1921 https://rajpub.com/index.php/jam

References

1.
2.

© N o u

10.

11.
12.

13.

14.
15.

Barnes W.E: " on the I'-rings of No pacific J. Math., vol.18 , pp. 411-422: (1966)

HUR. K, S.U and Jang S.Y.and Kang H.W "Intuitionistic Fuzzy Ideals Of A ring ,J.Korea Soc. Math. Ser
.B.Pure Appl. Math. Volume 12 ,Number 3 (August 2005), Pages 193-209.

Jun Y.B.and Lee C.Y.; " Fuzzy Gamma Rings “, pusom kyongnan Math. J. ; vol.8 ; pp.63-170, (1992)

KimJH, Lim P.K, Lee J.G and Hur "Hesitant Fuzzy subgroups and subrings" , Annals of Fuzzy
Mathematics and Informatics, vol. 18, no.2 pp. 105-122,2019.

Kyuno S.;” on prime gamma rings” , pacific J. Math. ; vol.75 ; No.1; pp. 185-190 ; (1978).
Kyuno S. ; “ Prime Ideal In Gamm Ring"” Paciic Journal Of Mathematics (VOL.98,NO.2 , 1982)
Lia W.J ; Fuzzy invariant subgroups and fuzzy ideals ; fuzzy sets and systems ; vol.8 pp. 133-139; (1982)

Liao H.C, Xu, Z.S. "Subtraction and division operations over hesitant fuzzy sets" ,Journal of Inteligent
and fuzzy Systems (2013b), doi:10.3233/IFS-130978.

Luh J.; " The stracture of primitive gamma rings” ; Osaka J. Math. ; vol. ; pp. 267-274 ; (1970)

Mohammad Y.A , Aakif F., Khan T.S. and Hilla K. ; “ A Hesitant fuzzy set approach to ideal theory in I'-
semigroups”; Advances in Fuzzy systems; (2018)

Nobusawa N. ;" on a generalization of the ring theory” ; Osaka J. Math. : vol. 1 pp. 81-89 : (1964)

Torra V. " Hesitant fuzzy sets”, International Journal of Intelligent Systems, vol.25, no. 6, pp.529-539,
(2010).

Torra V. and Narukawa Y. On hesitant fuzzy set and decision, in Proc.|[EEE 18™ Int.Fuzzy Syst.(2009)
1378-1382.

Zadeh L.A "Fuzzy sets" , Information and Control, vol.8, pp.338-353,(1965).
Zadeh LA.; " Fuzzy sets” ; Information and control; vol.8 ; pp. 338-353 ; (1965).

‘@ @ 72



