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Introduction  

Let 𝒰∗ = {𝑧 ∈ ℂ: 0 < |𝑧| < 1}  be the punctured unit disk in the complex plane. we denote by ∑ the class of 

meromorphic functions in 𝒰∗ with  𝒢(0) = 𝒢 ′(0) − 1 = 0  of the form  

                                              𝒢(𝑧) =
1

𝑧
− 𝒶𝑙𝑧𝑙 − 𝒶𝑙+1𝑧𝑙+1 −………., 0 < |𝑧| < 1, 𝑙 ≥ 0  .                                1.1 

A function 𝒢 ∈ ∑ is meromorphic starlike of order 𝜂 (0 ≤ 𝜂 < 1) if  

                                             −𝑅𝑒 {
𝑧𝒢 ′(𝑧)

𝒢(𝑧)
} > 𝜂 , 𝒢(𝑧) ≠ 0 𝑓𝑜𝑟 𝑧 ∈ 𝒰∗  ,                       

the class of all such family of functions is denoted by ∑ (𝜂)∗  .A function 𝒢 ∈ ∑ is meromorphic convex of order 

𝜂 (0 ≤ 𝜂 < 1) if  

                                            −𝑅𝑒 {1 +
𝑧𝒢 ′′(𝑧)

𝒢 ′(𝑧)
} > 𝜂 , 𝒢 ′(𝑧) ≠ 0 𝑓𝑜𝑟 𝑧 ∈ 𝒰∗                 

The class of all such functions is denoted by  ∑ (𝜂)𝑙  . Let 𝒢(𝑧) be a function given by 1.1 and 𝜒(𝑧) = 𝑧−1 −

∑ 𝒷𝑙𝑧𝑙∞
𝑙=0  we define the hadamard product of 𝒢 and 𝜒 by 

                                                 (𝒢 ∗ 𝜒)(𝑧) = 𝑧−1 − ∑ 𝒶𝑙𝒷𝑙𝑧𝑙∞
𝑙=0                                                          

For complex parameters 𝜇𝑡 and 𝜌𝑠,where(𝑡 = 1,2, … . , 𝑡; 𝑗 = 1,2, … … . . , 𝑠 𝑎𝑛𝑑 𝜌𝑠 ≠ 0, −1, −2, … . . ), the generalized 

hypergeometric function 𝜓𝑠 (𝑧)𝑡  is defined as 

 𝜓𝑠𝑡 (𝜇1, 𝜇2, . . . , 𝜇𝑡 , 𝜌1, 𝜌2, . . . , 𝜌𝑠)(𝑧) = ∑
(𝜇1)𝑙 (𝜇2)𝑙……..(𝜇𝑡)𝑙 

 (𝜌1)𝑙 (𝜌2)𝑙……(𝜌𝑠)𝑙

∞
𝑙=0  

𝑧𝑙

𝑙!
  ( 𝑡 ≤ 𝑠 + 1, 𝑡, 𝑠 ∈ ℕ0 = {0,1,2, … … }; 𝑧 ∈ 𝒰∗ ) , were   

                                                (𝜈) 𝑙 =
Γ(ν+𝑙)

𝑙
= {𝜈( 𝜈 +1)……….(𝜈+𝑙−1)            𝑙∈ℕ ;𝜈∈ℂ

1                                                       𝑖𝑓  𝑙=0,𝜈∈ℂ∗=ℂ∖{0}
,                          1.2 

Is the Pochhammer symbol defined in terms of Gamma function.  

Let the function 𝜓𝑠 (𝜇1, 𝜇2, . . . , 𝜇𝑡  , 𝜌1, 𝜌2, . . . , 𝜌𝑠; 𝑧)𝑡  be defined as 

                       ℛ(𝜇1, 𝜇2, . . . , 𝜇𝑡  , 𝜌1, 𝜌2, . . . , 𝜌𝑠; 𝑧) = 𝑧−1 𝜓𝑠 (𝜇1, 𝜇2, . . . , 𝜇𝑡  , 𝜌1, 𝜌2, . . . , 𝜌𝑠; 𝑧)𝑡  . 

 The Liu-Srivastava   linear operator   𝒦(𝜇1, 𝜇2, . . . , 𝜇𝑡  , 𝜌1, 𝜌2, . . . , 𝜌𝑠): ∑ → ∑ is defined by 

 𝒦(𝜇1, 𝜇2, . . . , 𝜇𝑡  , 𝜌1, 𝜌2, . . . , 𝜌𝑠)𝒢(𝑧) = ℛ(𝜇1, 𝜇2, . . . , 𝜇𝑡  , 𝜌1, 𝜌2, . . . , 𝜌𝑠; 𝑧) ∗ 𝒢(𝑧) 

                                                       = 𝑧−1 − ∑ 𝒶𝑙Γ𝑙𝑧
𝑙∞

𝑙=0                                      

Where                                          𝑙 = |
(𝜇1)𝑙 (𝜇2)𝑙……..(𝜇𝑡)𝑙 

 (𝜌1)𝑙 (𝜌2)𝑙……(𝜌𝑠)𝑙
 

1

(𝑙)!
|  ,                                                                     1.3 

for simplicity, we use a shorter symbol  𝒦𝑠
𝑡(𝜇1) instead of   𝒦(𝜇1, 𝜇2, . . . , 𝜇𝑡  , 𝜌1, 𝜌2, . . . , 𝜌𝑠) . 

Some interesting subfamilies of analytic functions associated with the generalized hypergeometric function, 

were considered recently by Srivastava et al. [7]. The family ∑ (𝜂)∗  and various other subfamilies of ∑ have been 
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studied rather extensively in [4] , [5].By using of the generalized Dziok-Srivastava operator 𝒦𝑠
𝑡, we define a new 

subfamily of functions in ∑ as follows: 

 For 0 ≤ 𝜂 < 1 and 𝜉 ∈ ℂ − (0,1],we let 𝒮(𝜉, 𝜂),denote a subfamily of ∑ consisting functions of the form 1.1 

satisfying the condition 

                                                   𝑅𝑒 {
𝜉𝑧2(𝒦𝑠

𝑡𝒢(𝑧))
′′
+𝑧(𝒦𝑠

𝑡𝒢(𝑧))
′

(𝜉−1)𝒦𝑠
𝑡𝒢(𝑧)+𝜉(𝑧2(𝒦𝑠

𝑡𝒢(𝑧))
′′

+𝑧(𝒦𝑠
𝑡𝒢(𝑧))

′
)

} > 𝜂   .                                          1.4 

Coefficient inequalities, properties of certain integral operator, as well as the Fekete- Szegӧ like inequality are 

discussed for a new class of meromorphic functions  𝒮(𝜉, 𝜂). 

      

Coefficient inequalities for a function in the class 𝓢(𝝃, 𝜼) 

         In the following theorem we introduce a necessary and  sufficient condition for function 𝒢 to be in  𝒮(𝜉, 𝜂) 

. 

Theorem 1  Let 𝒢 ∈ ∑ given by 1.1 .Then 𝒢 ∈ 𝒮(𝜉, 𝜂)  if and only if  

                                                   ∑ Υ∞
𝑙=0 (𝑙, 𝜉, 𝜂)Γ𝑙𝒶𝑙 < (2𝜉 − 1)(1 − 𝜂)   .                                                    2.1 

Where  Υ(𝑙, 𝜉, 𝜂) = 𝑙[1 + 𝜉((𝑙 − 1) − 𝜂𝑙)] + 𝜂(1 − 𝜉),0 ≤ 𝜂 < 1 and  𝜉 ∈ ℂ − (0,1]  .                                  2.2 

The result is sharp for the function  

                                                 𝒦𝑠
𝑡𝒢(𝑧) = 𝑧−1 −

(2𝜉−1)(1−𝜂)

Υ(𝑙,𝜉,𝜂)Γ𝑙
𝑧𝑙 , 𝑙 = 0,1,2, …. .                                                 2.3 

Proof. If 𝒢 ∈ 𝒮(𝜉, 𝜂) then  

𝑅𝑒 {
𝜉𝑧2(𝒦𝑠

𝑡𝒢(𝑧))
′′
+𝑧(𝒦𝑠

𝑡𝒢(𝑧))
′

(𝜉−1)𝒦𝑠
𝑡𝒢(𝑧)+𝜉(𝑧2(𝒦𝑠

𝑡𝒢(𝑧))
′′

+𝑧(𝒦𝑠
𝑡𝒢(𝑧))

′
)

}= 

𝑅𝑒 {
2𝜉−1−∑ (𝑙+𝜉𝑙(𝑙−1))𝒶𝑙𝛤𝑙𝑧𝑙+1∞

𝑙=1

2𝜉−1+∑ (1−𝜉(𝑙2+1))𝒶𝑙𝛤𝑙𝑧𝑙+1∞
𝑙=1

} > 𝜂,since 𝑧 → 1
−

 we have 

      
2𝜉−1−∑ (𝑙+𝜉𝑙(𝑙−1))𝒶𝑙𝛤𝑙

∞
𝑙=1

2𝜉−1+∑ (1−𝜉(𝑙2+1))𝒶𝑙𝛤𝑙
∞
𝑙=1

> 𝜂 . 

This shows that 2.1 holds. 

  Conversely assume that 2.1 holds ,since 𝑅𝑒(𝑤) > 𝜂 if and only if |𝑤 − (1 + 𝜂)| < |𝑤 + (1 − 𝜂)| . 

It is sufficient to show that  

|

|

𝜉𝑧2(𝒦𝑠
𝑡𝒢(𝑧))

′′
+𝑧(𝒦𝑠

𝑡𝒢(𝑧))
′

(𝜉−1)𝒦𝑠
𝑡𝒢(𝑧)+𝜉(𝑧2(𝒦𝑠

𝑡𝒢(𝑧))
′′

+𝑧(𝒦𝑠
𝑡𝒢(𝑧))

′
)

−(1+𝜂)

𝜉𝑧2(𝒦𝑠
𝑡𝒢(𝑧))

′′
+𝑧(𝒦𝑠

𝑡𝒢(𝑧))
′

(𝜉−1)𝒦𝑠
𝑡𝒢(𝑧)+𝜉(𝑧2(𝒦𝑠

𝑡𝒢(𝑧))
′′

+𝑧(𝒦𝑠
𝑡𝒢(𝑧))

′
)

+(1−𝜂)
|

|
=  

|
−𝜂(2𝜉−1)−∑ (𝑙−𝜉𝑙−∞

𝑖=0 𝜉+1−𝜉𝜂𝑙2−𝜂𝜉+𝜂)𝒶𝑙𝛤𝑙𝑧𝑙+1

2(2𝜉−1)−𝜂(2𝜉−1)−∑ (𝑙+2𝜉𝑙2−𝜉𝑙+∞
𝑖=0 𝜉−1−𝜉𝜂𝑙2−𝜂𝜉+𝜂)𝒶𝑙𝛤𝑙𝑧𝑙+1

| ≤ 1 . 

Thus we have 𝒢 ∈ 𝒮(𝜉, 𝜂) . ∎ 

Integral operators for a function in the class 𝓢(𝝃, 𝜼) 

The integral transformation of functions of the class 𝒮(𝜉, 𝜂) will be shown in this section. 

Theorem 2  If the function 𝒢(𝑧) is given by 1.1 be in 𝒮(𝜉, 𝜂).Then the integral operator 

                                                   ℱ(𝑧) = 𝒹 ∫ 𝔫𝒹𝒢(𝔫𝑧)
1

0
𝑑𝔫     (0 < 𝔫 ≤ 1,0 < 𝒹 <  ∞) , 
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is in 𝒮(𝜉, 𝜂)   such that  

                                                  𝜎 ≤ 𝜓(𝑙) , 

where 𝜓(𝑙) =
{𝑙{1+𝜉[(𝑙−1)−𝜂𝑙]}+𝜂(1−𝜉)}−𝒹𝑙[1+𝜉(𝑙−1)](1−𝜂)

𝒹(1−𝜂)[(1−𝜉)−𝜉𝑙2]+(𝑙+𝒹+1)𝛶(𝑙,𝜉,𝜂)
 . 

The result is sharp for the function 𝒢(𝑧) = 𝑧−1 −
(2𝜉−1)(1−𝜂)

𝛶(0,𝜉,𝜂)
 . 

Proof. Let 𝒢 ∈ 𝒮(𝜉, 𝜂) . Then  

                                                ℱ(𝑧) = 𝒹 ∫ 𝔫𝒹𝒢(𝔫𝑧)
1

0
𝑑𝔫 = 𝑧−1 −  ∑

𝒹

𝑙+𝒹+1
𝒢𝑙

∞
𝑙=0 𝑧𝑙     . 

We will prove that  

                                                    ∑
𝒹𝛶(𝑙,𝜉,𝜎)Γ𝑙

(𝑙+𝒹+1)(2𝜉−1)(1−𝜎)
𝒶𝑙

∞
𝑙=0 ≤ 1    .                                                               3.1 

From the fact that 𝒢 ∈ 𝒮(𝜉, 𝜂) ,we have  

                                                    ∑
𝛶(𝑙,𝜉,𝜂)Γ𝑙

(2𝜉−1)(1−𝜂)
𝒶𝑙

∞
𝑙=0 ≤ 1  . 

Note that 3.1, holds if  

                                                   
𝒹𝛶(𝑙,𝜉,𝜎)Γ𝑙

(𝑙+𝒹+1)(2𝜉−1)(1−𝜎)
≤

𝛶(𝑙,𝜉,𝜂)Γ𝑙

(2𝜉−1)(1−𝜂)
  , 

solving for  𝜎 ,we have 

                                                   𝜎 ≤
𝛶(𝑙,𝜉,𝜂)−𝒹𝑙[1+𝜉(𝑙−1)](1−𝜂)

𝒹(1−𝜂)[(1−𝜉)−𝜉𝑙2]+(𝑙+𝒹+1)𝛶(𝑙,𝜉,𝜂)
= 𝜓(𝑙) . 

 A simple arithmetic will show that 𝜓(𝑙) is increasing and 𝜓(𝑙) ≥ 𝜓(0).∎ 

Theorem 3  Let 𝒢(𝑧), given by 1.1,be in 𝒮(𝜉, 𝜂) ,and 

𝒲(𝑧) =
1

𝒹
[(𝒹 + 1)𝒢(𝑧) + 𝑧𝒢 ′(𝑧)] = 𝑧−1 − ∑

(𝑙+𝒹+1)

𝒹
𝒢𝑙𝑧

𝑙  , 𝒹 > 0∞
𝑙=0  . 

Then 𝒲(𝑧) is in 𝒮(𝜉, 𝜂) for |𝑧| ≤ 𝜐(𝜉, 𝜂, 𝛿) where 

                                                   𝜐(𝜉, 𝜂, 𝛿) = 𝑖𝑛𝑓 (
𝒹(1−𝛿)𝛶(𝑙,𝜉,𝜂)

(1−𝜂)(𝑙+𝒹+1)𝛶(𝑙,𝜉,𝛿)
)

1

𝑙+1
  (𝑙 = 0,1,2, … .𝑙  ) . 

The result is sharp for the function 𝒢𝑙(𝑧) = 𝑧−1 −
(2𝜉−1)(1−𝜂)

𝛶(𝑙,𝜉,𝜂)Γ𝑙
𝑧𝑙   (𝑙 = 0,1,2, … . ) . 

Proof . Let  𝒲 =
𝜉𝑧2(𝒦𝑠

𝑡𝒢(𝑧))
′′
+𝑧(𝒦𝑠

𝑡𝒢(𝑧))
′

(𝜉−1)𝒦𝑠
𝑡𝒢(𝑧)+𝜉(𝑧2(𝒦𝑠

𝑡𝒢(𝑧))
′′

+𝑧(𝒦𝑠
𝑡𝒢(𝑧))

′
)

 . 

To show that 

                                                   |
𝒲−(1+𝛿)

𝒲+(1−𝛿)
| < 1.                                                                                           3.2 

After simplifying the inequality, we note that this inequality convinced if  

                                                    ∑
𝛶(𝑙,𝜉,𝛿)(𝑙+𝒹+1)Γ𝑙

𝒹(2𝜉−1)(1−𝛿)
𝒶𝑙

∞
𝑙=0 |𝑧|𝑙+1 ≤ 1 ,                                                         3.3 

since  𝒢 ∈ 𝒮(𝜉, 𝜂) ,by theorem 1 ,we have  

                                                    ∑ 𝛶(𝑙, 𝜉, 𝜂)Γ𝑙𝒶𝑙 ≤∞
𝑙=0 (2𝜉 − 1)(1 − 𝜂) . 

The inequality in  3.3 is convinced  if  

                                                    
𝛶(𝑙,𝜉,𝛿)(𝑙+𝒹+1)Γ𝑙

𝒹(2𝜉−1)(1−𝛿)
𝒶𝑙|𝑧|𝑙+1 ≤

𝛶(𝑙,𝜉,𝜂)Γ𝑙

(2𝜉−1)(1−𝜂)
𝒶𝑙 . 

By solving this inequality for |𝑧| ,we have 
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                                                   |𝑧| ≤ (
𝒹(1−𝛿)𝛶(𝑙,𝜉,𝜂)Γ𝑙

𝛶(𝑙,𝜉,𝛿)(𝑙+𝒹+1)(1−𝜂)
)

1

𝑙+1
 . 

Thus we get the required result. ∎ 

  

The Coefficient bounds for the class of meromorphic functions 𝒮(𝜉, 𝜂) 

        Several researchers have presented studies on the inequality of Feket-Szegӧ for analytic functions, these 

inequalities were studied be researchers for classes of meromorphic functions, including [1] ,[2] ,[6] . 

Definition 3  Let 𝒮(𝜉, 𝜂) be the class of functions  𝒢 ∈ ∑ for which  

                               
𝜉𝑧2(𝒦𝑠

𝑡𝒢(𝑧))
′′

+𝑧(𝒦𝑠
𝑡𝒢(𝑧))

′

(𝜉−1)𝒦𝑠
𝑡𝒢(𝑧)+𝜉(𝑧2(𝒦𝑠

𝑡𝒢(𝑧))
′′
+𝑧(𝒦𝑠

𝑡𝒢(𝑧))
′
)

≺ ℋ(𝑧)(𝑧 ∈ 𝒰∗, 𝜉 ∈ ℂ − (0,1], 𝑅(𝜉) ≥ 0)  ,              4.1 

where ≺ denotes subordination between analytic functions. In the following theorem we proved the bounds for 

the class 𝒮(𝜉, 𝜂). To prove our result, we need the following Lemma . 

Lemma 1 [3]  If  𝒫(𝑧) = 1 + 𝒞1𝑧 + 𝒞2𝑧2 +…….. is a function with positive real part in 𝒰∗,then for any complex 

number 𝜆, 

                                                    |𝒞2 − 𝜆𝒞1
2| ≤ 2𝑚𝑎𝑥{1, |1 − 2𝜆|}   .                                                          4.2 

Theorem 4  Let 𝜓(𝑧) = 1 + ℬ1𝑧 + ℬ2𝑧2 +………If 𝒢(𝑧) is given by 1.1 belongs to 𝒮(𝜓),then for any complex  

 number 𝜆, 

(1) |𝒶1 − 𝜆𝒶0
2| ≤

1

2
|

(2𝜉−1)

(1−𝜉)
|

|ℬ1|

Γ1
𝑚𝑎𝑥 {1, |

ℬ2

ℬ1
− (1 −

2(2𝜉−1)Γ1

(1−𝜉)
𝜆) ℬ1|} , ℬ1 ≠ 0  .                                   4.3 

(2) |𝒶1 − 𝜆𝒶0
2| ≤ |

(2𝜉−1)

(1−𝜉)
|

1

Γ1
, ℬ1 = 0 .                                                                                              4.4 

The bounds obtained are sharp . 

Proof. If 𝒢(𝑧) ∈ 𝒮(𝜓),then there is a Schwarz function such that 𝒲(0) = 0 , |𝒲(𝑧)| < 1 and analytic in 𝒰∗such 

that  

                                                   
𝜉𝑧2(𝒦𝑠

𝑡𝒢(𝑧))
′′
+𝑧(𝒦𝑠

𝑡𝒢(𝑧))
′

(𝜉−1)𝒦𝑠
𝑡𝒢(𝑧)+𝜉(𝑧2(𝒦𝑠

𝑡𝒢(𝑧))
′′

+𝑧(𝒦𝑠
𝑡𝒢(𝑧))

′
)

= 𝜓(𝒲(𝑧)) .                                       4.5 

Define the function  𝒫1(𝑧) =
1+𝒲(𝑧)

1−𝒲(𝑧)
= 1 + 𝒞1𝑧 + 𝒞2𝑧2 +……..  .  

Since 𝒲(𝑧) is Schwarz function, it is clear that 𝑅(𝒫1(𝑧)) > 0 and 𝒫1(0) = 1 ,define  

                                                  𝒫(𝑧) =
𝜉𝑧2(𝒦𝑠

𝑡𝒢(𝑧))
′′
+𝑧(𝒦𝑠

𝑡𝒢(𝑧))
′

(𝜉−1)𝒦𝑠
𝑡𝒢(𝑧)+𝜉(𝑧2(𝒦𝑠

𝑡𝒢(𝑧))
′′

+𝑧(𝒦𝑠
𝑡𝒢(𝑧))

′
)

= 1 + 𝔟1𝑧 + 𝔟2𝑧2 +……..  , 

since           𝒲 =
𝒫1−1

𝒫1+1
   , 

therefore    𝜓(𝒲(𝑧)) = 𝜓 (
𝒫1−1

𝒫1+1
) , 

that is            𝒫(𝑧) = 𝜓 (
𝒫1−1

𝒫1+1
)  ,                                                                                                                 4.6 

since          𝜓(𝑧) = 1 + ℬ1𝑧 + ℬ2𝑧2 +……… , 

therefore   

                                                𝜓(
𝒫1−1

𝒫1+1
) = 1 +

1

2
ℬ1𝒞1𝑧 + [

1

2
ℬ1(𝒞2 −

1

2
𝒞1

2) +
1

4
ℬ2𝒞1

2] 𝑧2 +……… .                 4.7 

Form 4.6 and 4.7, we obtain 
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                                           1 + 𝔟1𝑧 + 𝔟2𝑧2 + ⋯ = 1 +
1

2
ℬ1𝒞1𝑧 + [

1

2
ℬ1(𝒞2 −

1

2
𝒞1

2) +
1

4
ℬ2𝒞1

2] 𝑧2 +…… , 

thus, we conclude that  

                                           𝔟1 =
1

2
ℬ1𝒞1   and   𝔟2 =

1

2
ℬ1(𝒞2 −

1

2
𝒞1

2) +
1

4
ℬ2𝒞1

2 . 

From the other hand, since  

                                     
𝜉𝑧2(𝒦𝑠

𝑡𝒢(𝑧))
′′
+𝑧(𝒦𝑠

𝑡𝒢(𝑧))
′

(𝜉−1)𝒦𝑠
𝑡𝒢(𝑧)+𝜉(𝑧2(𝒦𝑠

𝑡𝒢(𝑧))
′′
+𝑧(𝒦𝑠

𝑡𝒢(𝑧))
′
)

= 1 +
1−𝜉

2𝜉−1
𝒶0𝑧 + ((

1−𝜉

2𝜉−1
)

2

𝒶0
2 − (

2(1−𝜉)

2𝜉−1
) 𝛤1𝒶1) 𝑧2 + ⋯ , 

and         𝒫(𝑧) =
𝜉𝑧2(𝒦𝑠

𝑡𝒢(𝑧))
′′

+𝑧(𝒦𝑠
𝑡𝒢(𝑧))

′

(𝜉−1)𝒦𝑠
𝑡𝒢(𝑧)+𝜉(𝑧2(𝒦𝑠

𝑡𝒢(𝑧))
′′
+𝑧(𝒦𝑠

𝑡𝒢(𝑧))
′
)

= 𝜓(𝒲) . 

So, we get   

                                  1 + 𝔟1𝑧 + 𝔟2𝑧2 + ⋯ = 1 +
1−𝜉

2𝜉−1
𝒶0𝑧 + ((

1−𝜉

2𝜉−1
)

2

𝒶0
2 − (

2(1−𝜉)

2𝜉−1
) 𝛤1𝒶1) 𝑧2 + ⋯   , 

That is           

                                  𝔟1 =
1−𝜉

2𝜉−1
𝒶0      and           𝔟2 = ((

1−𝜉

2𝜉−1
)

2

𝒶0
2 −

2(1−𝜉)

2𝜉−1
𝛤1𝒶1)     .                                4.8 

First, substitute about 𝒶0 in 𝔟2  and then about   𝔟1 , 𝔟2  in 4.8,so we have 

                                  𝒶0 =
2𝜉−1

2(1−𝜉)
ℬ1𝒞1       and   𝒶1 = −

1

4𝛤1
(

2𝜉−1

1−𝜉
) ℬ1𝒞2 +

1

8𝛤1
(

2𝜉−1

1−𝜉
) 𝒞1

2

(ℬ1 + ℬ1
2 − ℬ2) , 

therefore 

                                  𝒶1 − 𝜆𝒶0
2 = −

1

4𝛤1
(

2𝜉−1

1−𝜉
) ℬ1(𝒞2 − 𝒞1

2𝑀) , 

where     𝑀 =
1

2
[1 + (1 − 2 (

2𝜉−1

1−𝜉
) 𝛤1𝜆) ℬ1 −

ℬ2

ℬ1
] , 

Thus the result 4.3 follows by application of lemma 1,from the other hand if ℬ1 = 0 ,then 𝒶0 = 0 and  

                                 𝒶1 =
−1

8𝛤1
(

2𝜉−1

1−𝜉
) 𝒞1

2ℬ2   . 

Since 𝒫(𝑧) has a real part ,|𝒞2| ≤ 2 ,from this ,we get 

                                |𝒶1 − 𝜆𝒶0
2| ≤ |

(2𝜉−1)

(1−𝜉)
|

|ℬ2|

2Γ1
 . 

Now     𝜓(𝑧) have  positive real part , |ℬ2| ≤ 2 ,therefore ,we have  

                               |𝒶1 − 𝜆𝒶0
2| ≤ |

(2𝜉−1)

(1−𝜉)
|

1

Γ1
  . 

             The bounds are sharp for the functions  𝒢1(𝑧) and 𝒢2(𝑧)  defined by  

              
𝜉𝑧2(𝒦𝑠

𝑡𝒢1(𝑧))
′′
+𝑧(𝒦𝑠

𝑡𝒢1(𝑧))
′

(𝜉−1)𝒦𝑠
𝑡𝒢1(𝑧)+𝜉(𝑧2(𝒦𝑠

𝑡𝒢1(𝑧))
′′
+𝑧(𝒦𝑠

𝑡𝒢1(𝑧))
′
)

= 𝜓(𝑧2) ,where 𝒢1(𝑧) =
1−2𝑧−𝑧2

𝑧(1−𝑧2)
  , 

              
𝜉𝑧2(𝒦𝑠

𝑡𝒢2(𝑧))
′′
+𝑧(𝒦𝑠

𝑡𝒢2(𝑧))
′

(𝜉−1)𝒦𝑠
𝑡𝒢2(𝑧)+𝜉(𝑧2(𝒦𝑠

𝑡𝒢2(𝑧))
′′
+𝑧(𝒦𝑠

𝑡𝒢2(𝑧))
′
)

= 𝜓(𝑧) ,where 𝒢2(𝑧) =
1−3𝑧

𝑧(1−𝑧)
   . 

Clearly that  𝒢1(𝑧), 𝒢2(𝑧) are in ∑ .∎ 
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