Journal of Advances in Mathematics Vol 21 (2022) ISSN: 2347-1921 https://rajpub.com/index.php/jam

DOI: https://doi.org/10.24297/jam.v21i.9193

Some Properties of Meromrphic Univalent Functions with Negative Coefficients Defined by Dziok-
Srivastava Operator

Zainab Aodeh A. Mohmmed
Department of Mathematics, College of Education, University of Al-Qadisiyah, Diwaniya-lraq
zainab.aodeh@qu.edu.iq

Abstract: The main aim of the present investigation is to introduce a new class of meromorphic univalent
functions with negative coefficients defined by Dziok-Srivastava operator. Some geometric properties are
introduced, like coefficient estimate, integral operator, Feket-Szegd bounds for this class of meromorphic
functions.
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Introduction

Let U*={z€ C:0< |z|] <1} be the punctured unit disk in the complex plane. we denote by ¥, the class of
meromorphic functions in U* with G(0) = G'(0) — T = 0 of the form

G@) =1 -az' — a2 -, 0< |2l < 1,120 . 1.1

A function G € Y is meromorphic starlike of ordern (0 <n < 1) if

_R, {zg'(z>

g(z)}>n,g(z) #0forzeU",

the class of all such family of functions is denoted by }.* () .A function G € ¥, is meromorphic convex of order
n0<n<if

26 '(2) ' .
—Re{7+m} >n,G(2)#0forzelU
The class of all such functions is denoted by > () . Let G(2) be a function given by 1.1 and x(z) = z7" —
>0 6,z" we define the hadamard product of G and y by

G 0@ =z""-Y72pa1b,7"

For complex parameters y; and p;,where(t = 1,2,....,t;j = 1,2, ........,s and p; # 0,—1,—2, .....), the generalized
hypergeometric function i (2) is defined as
o W1 U)o (itr); 2t .
= _— - < = .
s Wity e, P12 P2+ PsI(Z) = Do o D tpor T (t<s+1,t,seNy;={012,.... LzeU), were

D 1 if 1=0veC*=C\{0}
(V) L= - {v(v+7) .......... +l=-17) leN ;veC ! 1.2

Is the Pochhammer symbol defined in terms of Gamma function.
Let the function s (g, U, ..., Ue , P71, P25 -+, Ps; Z) be defined as
R(W1 Hare oo bt P1 P2 s P53 2) = 27 s (Ui, 2y B s P, P21 0 P 2) -
The Liu-Srivastava linear operator I (us, tp, .-, e, P1, P20+, Ps): 2, = 3. is defined by
Ktz s the  P1 P2+ Ps)G(2) = Ry, 2oy lhe s P1 P20 -0 Ps3 2) * G(2)
=z 1 -Y2 a7

_ e i)y 1
Where h= N1 (P2 1(ps) D! 13

for simplicity, we use a shorter symbol ! (u;) instead of F(us, s, ..., Ut » P17, P2+ » Ps) -

Some interesting subfamilies of analytic functions associated with the generalized hypergeometric function,
were considered recently by Srivastava et al. [7]. The family 3" (n) and various other subfamilies of ), have been
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studied rather extensively in [4], [5].By using of the generalized Dziok-Srivastava operator K¢, we define a new
subfamily of functions in ¥ as follows:

For 0<n <1 and ¢ € C— (07]we let §(¢,1),denote a subfamily of Y consisting functions of the form 1.1
satisfying the condition

£22(18G(2)) +2(KEG(@)

: : 14
- 7)7€§§(z)+§(22(7<§§(2)) +2(%¢6(2)) )

R.

Coefficient inequalities, properties of certain integral operator, as well as the Fekete- Szego like inequality are
discussed for a new class of meromorphic functions S(&,1).

Coefficient inequalities for a function in the class $(¢,1)

In the following theorem we introduce a necessary and sufficient condition for function G to be in §(¢,7)

Theorem 1 Let G € Y given by 1.1 .Then G € §(¢,n) if and only if

Where YL Em) =1[T+E(A-T)=n)]+n(1-8,0<n<Tand E€C—-(01] . 2.2
The result is sharp for the function
ta( — -1 _ @E=DU-m) ;o _
KiG(z) ==z Yoo 2 =012, ... 2.3

Proof. If G € S(¢,n) then

£22(1ctG(2)) +2(XEG(2)

R, : :
(6—7)%§§(Z)+€(22(7C§9(z)) +z(x£9(z>))

{2;— 1-%52 ;(1+&LU-T)ay iz
e

ze—7+E‘i‘;7(7-5(12+1))amzl+7} >msince z > T~ we have

28—1-%12 ;(1+ELA-T)ay Ty
28—1+372 (1-§(12+1))ay Iy

This shows that 2.1 holds.

Conversely assume that 2.1 holds ,since R,(w) > nifand only if |lw — (T+n)| < |w+ (T—1n)]|.

It is sufficient to show that

{zz(j(fg(z)) +z(7(§g(z)) (+m)
- - +n
G 7>x£g(z)+s(z2(x£g<z)) +2(%¢G(2) )
fzz(xstg(z)) +Z(J(stg(z)) (=)
G- 7>x£g(z)+f<z2(x§g<z>) +2(%6(2) )
—NQRE-N-FZoU-§l-§+T-EnP—nEmarzt <1
2E=N-1(2§=N=EZo(1+2812= gL+~ T1=EnlZ—ng+maryz!+1| =

Thuswe have G € S(§,n) . m
Integral operators for a function in the class S(¢,7)
The integral transformation of functions of the class §(&,n) will be shown in this section.

Theorem 2 |If the function G(2) is given by 1.1 be in §(¢,n).Then the integral operator
F(2)=d [ n'Gmz)dn (0<n<10<d< ),
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isin §(&,n) such that

o<y,

QUHEL= D=l (- -di[1+EQ- DI (T-7)
where Y(I) = = T e r @rar DraEn

1 @-n0U-n)
Y (05m)

The result is sharp for the function G(z) = z~

Proof. Let G € S(¢,n) . Then
4 l

F(z) = dfOIndg(nz) dn=z"T- Yo 7917

We will prove that

z;‘;o%al <1 . 3.1
From the fact that G € §(¢,1) ,we have

Lo (22(—15)?7)?@ a<t.
Note that 3.1, holds if

ar(L§,0)h < _YAEmn

U+d+NDRE-N(1-0) = @-D0-n) '

solving for & ,we have
Y(.&m)—-dl[1+£(1-D](T-n) = ()

7= A --g ]+ e+ DY UED)
A simple arithmetic will show that /(1) is increasing and y/(1) = ¥(0).m
Theorem 3 Let G(z), given by 1.1,be in §(¢,7n) ,and
W) = 2[(d + 1NG(@2) +26 ()] =277 - %o
Then W(z2) is in §(&,n) for |z] < v(é,7n,8) where

(1+d+1)
d

Gz,d>0.

1
_ da-8YWEM NI, _
v, 0) = inf (G AL (1=0,12,...).

The result is sharp for the function G,(z) =z — %zl (1=012...).
S l

£22(x6) +2(t(2)

Proof . Let W = - ~.
- 1)7<£g(z)+f(z2(x£g(z)) +2(%¢6(2)) )

To show that

|W—(7+6)
W+(1-8)

| <1 32

After simplifying the inequality, we note that this inequality convinced if

X

o YWLESU+d+T

1+17
=0 d(25—7)(7—6) a’l |Z| S 7 1 3.3

since G € §(¢,n) ,by theorem 1 ,we have
2izoY(LEmNa, <@ — D1 —n).

The inequality in 3.3 is convinced if

Y(,E8)U+a+1I

|z+7 < Y(L,Emr,
a(2&-1)(1-68)

a2l = Gy &

By solving this inequality for |z| ,we have
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7
|Z|<( a(1-8)Y(L,EMN )m
— \r(L&ES)A+d+1)(1-1)

Thus we get the required result. m

The Coefficient bounds for the class of meromorphic functions §(¢,7)

Several researchers have presented studies on the inequality of Feket-Szegd for analytic functions, these
inequalities were studied be researchers for classes of meromorphic functions, including [1] ,[2] ,[6] .

Definition 3 Let §(&,n) be the class of functions G € Y. for which

£22(1tG(2)) +2(XEG@)
(6—7)K§§(Z)+<’<22(7<§§(2)) +z(7<§g<z)))

<H(Z)(z €U, EEC—(0,1,RE) =0) , 4.1

where < denotes subordination between analytic functions. In the following theorem we proved the bounds for
the class §(&,1). To prove our result, we need the following Lemma .

Lemma 1[3] If P(2) =T1+Ciz+Coz% +....... is a function with positive real part in U*then for any complex
number 1,

|C; — A¢,%| < 2max{1,17 - 241} . 42

Theorem 4 Lety(z) = 1+ B;z + B,z° +......... If G(2) is given by 1.1 belongs to §(¥),then for any complex

number A,

2 1@¢=1)] |B4] B 2(2§-1r
1) |ar—1a SE|<7—5) r—;max{k |B—j—(7— o 12)B|},B %0 . 43
@ i —2a?| < [E22)2 44

a-o =17
The bounds obtained are sharp .

Proof. If G(z) € S(i),then there is a Schwarz function such that W(0) = 0, |W(z)| < T and analytic in U*such
that

£22(x6) +2(xt6(D)

- ~=yp(W(2). 45
(6—7)7C§Q(Z)+f(22(7€§9(2)) +z(x£g(z)))
Define the function P;(z) = ;tgz; =1+Ciz+Coz? +....... .

Since W(z) is Schwarz function, it is clear that R(?;(2)) > 0 and P;(0) = T ,define

£22(%86@)) +2(x¢6(2)

fP(Z)= o 7 =7+b1Z+b222+ ........ f
- 7)x§g(z>+f(z2(x£g(z)) +2(6(2)) )
since w = Pt ,
?7+7
(P
therefore Yp(W(2)) = ¢ (?7+7) ,
. (P
that is P(2) = lp(?m) , 46
since Y(z)=T1+Biz+Boz° +......... ,
therefore
Pi-1 7 7 7 7
l/)(?:+7) =71+ 537672 + [537(62 - 5672) + 232612] 22 Fn . 47

Form 4.6 and 4.7, we obtain
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T4bz+byz2 4 = 1+3B,Crz + EB;(C’Z —led)+ ;7182672] 22,
thus, we conclude that
7 7 7 7
b7 = 53767 and bz = EB](CZ - 5672) +ZBzc72

From the other hand, since

£22(1t6(2)) +2(3t6@) 1-¢ 1-8\2 2(1-§)
( : ) ( S” ) ~ = 7+E(l02+((g) doz—(ﬁ)[}aq)ZZ""”,
G- 7)K§g(2)+§(22(7<§§(2)) +2(%¢5(2)) )
2(xt6)) +2(xt6(2)
and  P(2) = AKG@) +6@) oy
- 7)7C§Q(Z)+f(22(?<§§(2)) +2(%¢6(2)) )
So, we get
R 4 £V 42 (20-9 24 ..
T+b;z+0bz° + 7+2§ 7aoz+((2§, 7) ag (25_1)1"7@,>z + ,
That is
_ =t — (25 g2 — 209
b] = 25_7(1/0 and b2 = ((25_7) ag 26-1 F] ) . 4.8
First, substitute about a, in b, and then about b;,b, in 4.8,s0 we have
28-1 _ L 261 1 (28-1 _
ap = 20- {)‘B C] and a; = — (7 {)B 62+ ( )C; (B7+B7 Bz)

therefore

—/15102:—%(2f 7)3 (c;—ci’m),

1 281
where M —5[7 + (7 —2( )1",/1)87 —==
Thus the result 4.3 follows by application of lemma 1,from the other hand if B; = 0 ,then ay, = 0 and
251
aq _—( i )67232
Since P(z) has a real part ,|C,| < 2 ,from this ,we get

2 (2§-1)] 1B,l
- < | f 22
|(l7 A(lo | = |(7_€) o,

Now (z) have positive real part, |B,| < 2 ,therefore ,we have

2 @2-n| 1
|a; — 2a,°| < |(7_§) =

The bounds are sharp for the functions G;(z) and G>(z) defined by

2 t ! t '
§22(1461(2)) +z(:fcsgy(z)) = p(2?) where G,(2) = 7-52-52 ’
(f—7)K§§7(2)+6<22(7<§97(2)) +z(vc§97(z))) #(1-2)
2 t ’ t ’
§22(3462(2)) +2(%¢G2(2)) _ (2) where G,(z) = zu Z)

(f—7)K§§2(Z)+f(22(9€st§2(2))”+Z(7(st§2(2)) )

Clearly that G;(z),G>(z) arein) .m
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