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Abstract: In this paper we present a new class of operators on Hilbert space called w-power n-binormal
operator. We study this operator and give some properties of it.

Keywords: Normal operator, Binormal operator, Hilbert space.

Introduction: Consider B(H) be the algebra of all bounded linear operators on Hilbert space H. An operator S
called normal ifS*S = SS* .In [2] Campbell, Stephen ,L. introduce the class binormal of operator which is defined
as S*SSS* = S$S*S*S .In[4] Panayappan, S. and Sivamani give a new class of operators called n-binormal and it
is defined as S*S"S"S* = S"S*S*S™ . In this paper we defied a new class of operators on Hilbert space as
(SV)*STS™(SY)* = S™(SY)*(SY)*S"called w-power n-binormal operator and study some properties of it.

Main Result
Definition 1.1 Let S be bounded operator. S is called w-power n-binormal operator if and only if
(SY)*SnS™(SY)* = S™(SY)*(SV)*S™ ,where w,n are nonnegative integer .

Example 1.2 : Let S be a weighted shift operator of non- zero weights {8,};-, .then S is w-power n-binormal
operator if and only if
(m m) (.Br—w ---.Br—w+n—7 )( Br—w+n Br—w+2n—7 )(,Br—w+2n—7 ---.Br—2w+2n )Zr—2w+2n =

(ﬁr ---ﬁr+n—7)(ﬁr+n—7 ---ﬁr+n—w )(ﬁr+n—w—7 ---ﬁr+n—2w )(ﬁr+2n—2w ---ﬁr+2n—2w—7) Zyy2n-2w

Proof: Suppose {z,.};-, be orthogonal basis of H. Hence Sz, = B, z,,;,
Sz, =Br_12-1 "2 = (Br - Brin-1)Zrn and
(§")'zr = (S)"2 = Br—1 - Br-w)Zr-w
(8")'S"S™($™) zr = (S™)'S™ (Bt - Brw ) S™Zrw
= (") S" (Bt - Brow ) (Brow - Browsn-1)Zr-win
= (Br=1 Br-w ) (Brew - Browin-1)(Browsn - Br-ws2n-1)(Brows2n-1 - Br-zw+zn )Zr-2w+en
S™(SYY (M) STz = SM(S™) (B - Bran-1)(S™)" Zrin
=S™(8")" By Bran-1)(Brin-1 = Brin-w ) Zren-w
=S Br +Bran-1)Bran-1 -+ Bran-w )Bran-w-1 = Bran-2w ) Zren-2w

= (ﬂr "-ﬁ‘r+n—1)(ﬁr+n—7 -"ﬁr+n—w )(ﬁr+n—w—7 -"ﬁr+n—2w )(ﬁr+2n—2w -"ﬂr+2n—2w—7) Zy+2n—2w

Hence, S is w-power n-binormal operator if and only if

(ﬂr_—l m ) ( ﬂr—w Br—w+n—7 )( .Br—w+n .Br—w+2n—7 )(ﬁr—w+2n—7 Br—2w+2n )Zr—2w+2n

= (.Br ---,Br+n—7)(.8r+n—7 ---.Br+n—w )(.Br+n—w—7 ---.Br+n—2w )(ﬁr+2n—2w ---ﬁr+2n—2w—7)zr+2n—2w

Proposition 1.3 Suppose S be abounded operator on H, then it is be w-power n-binormal operator  if and
only if Sis an-power w-binormal operator .

Proof: Let S be w-power n-binormal operator then (S%)*S™S™(S%)* = S™(SY)*(S¥)*S™ . Therefore, we need to
prove that S is a n-power w-binormal operator.
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(M) svSv(s™) =[S svs* (ST
= [[SYE™T (™SI
= [ IS SY]] USYES™TT

=[S $*" [$™ (ST

=[ S*(SY)* (SY)* S™]*, since S w-power n-binormal operator
= [($")" s (ST
= [S"EM)T [($™)" ™)
= S¥(S™)"(S™)*S™

Thus, S is a n-power w-binormal operator. The convers is similarly.

Definition 1.4 [3]: If A, B are bounded operator on Hilbert space H. Then A, B are unitary equivalent if there is
an isomorphism U: H — H such that B = UAU™ .

Proposition 1.5 [f S is w-power n-binormal operator,
1.- then S* is w-power n-binormal operator.
2.- If 77 exist then, S~" is w-power n-binormal operator.
3.- If T € B(H) is unitary equivalent to S then T is w-power n-binormal operator.
Proof
1. Since S is w-power n-binormal operator, then (§¥)*S"S™(SY)* = S™(SY)*(SV)*S™.
(S I SHSH™US ™) = S™(S™M*(S™)*S™ By above proposition we have,
= (S)¥SnST(ST)Y
= (§")"SWS¥ ()"
= ($DMEHHYASHHYEH"
= (DM ASH)EH"

Hence, S* is w-power n-binormal operator.
2. Consider ((S™")")*(s7)* (s~ )" (¢s7")")

= (S ))TTEMTEM TSI

= [S"™ (§")*]77 [(s*) s
= [(S*)¥S™S™ (S*)*]~!, by above proposition
= [S™(S")*(s*)*s™]7
= [$" (ST [ S"SHMT

= (7SI SHM ™!

= (s () () Yy (s
Hence, S~ is w-power n-binormal operator.
3.Since T is unitary equivalent to S then T = USU* ,therefore (USU*)" = US™U"*
(TWY'T*"T™(T*)* = ((USUHW)*(USUH(USUH"((USUMHY)*

= (USYU"*(US™U*)(US™U*)(USWU*)*
= (USY)*U*) (US™UHUS™UUSYHU)
=USw)'s"st(Ssvyu*
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=ysturu(Svy*vru(sv)yrurustu:
= (US™UNHWUSYU**(USYU*)*(US™U™)
= (USUH™(USUHWY*((USUHYM)Y(USU*Y™ = T™(TY)*(TW)*T"
Hence T is w-power n-binormal operator

Proposition 1.6 Let S be a bounded operator. If S is w-power n-binormal operator then S™ is binormal
operator.

Proof: Suppose that S is w-power n-binormal operator then (§¥)*S"S™(S¥)* = S™(S¥)*(S¥)*S™ it is clear
that(S™)* = (§")™ for each nonnegative integer m.

(STLW)*S‘".WSTLW(SHW)*= ((SW)H)*SHWSTLW((SW)TL)*

= (SWSY ...SW)* (S"S™ ...S™) (S"S™...S™) (S¥SW ...SW)*

n—times m-—times m-—times n—times

= (S™)*(SW)* ...(S™)* (S™S™...8™) (S™S™ ...5™) (SW)* (V)" ... (SW)*
n—times m—times m—times n—times

= (S¥)*(S™)" ...S™(S™)*SMS™ ... S%.SS™ . (SW)*S™. (SW)(S™)" ... (SW)*

= (S™S™...S™) (S¥) (S™)" ... (S™)" (S¥)"(SW)" ...(S™)" (S™S™...5™)

m—times n—times n—times m—times
= (S"S™...S™) (SWSW ...SW)* (S¥SY ...5W)* (S"S™...S™)
m—times n-times n-times m—times

= SIS (M) S™
— STLW(STLW)*(STLW)*STLW.
Hence, S™ is binormal operator.

Theorem 1.7 The set of all w-power n-binormal operators on H is a closed subset of B(H) under scalar
multiplication.

Proof: Let
W(H) = {S € B(H): S is w — power n — binormal operator on H for some nonnegative integer w }

Let S € W(H) then we have S is w-power n-binormal operator and thus (S%)*S™S™(SY)* = S™(SY)*(S¥)*S™.
Let y be a scalar, hence
(@) " ) () =@ (W) y"s™ y*s" (M)W (S*)”

=M y"yr @Y (M) ST ST (SY)”

=My y"mY SHESY)T(S™) ST
=yIST (D) (SY) (DY (SY)" YIS

= " (O WH) H"
ThusyS e W(H) ,
Let S, be asequencein W(H) and converge to S, then we can get that
||(|:|':')*EIDEID(EID)* _ DD(DD)*(DD)*DD”
= I(E™)"S™S™(S™)" = (S Sk Sic (Si)" + S (Si)" (Si)™ St = S™(S*)*($™)"s™ |

< NES™)™S™S™(SY)" = (S ) Sk Sk Sk + 1S (S )" (Si) ™S = S™(S™)"(S¥)™S™| » 0 as k — oo.
Hence, (SY)*S™S™(SY)* = S™(SY)*(S¥)*S™ therefore S € W(H) .
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Then, W(H) is closed subset.

Theorem 1.8: If R and S are w-power n-binormal operators on H ,and let S commute with R then (SR) is w-
power n-binormal operator on H.

Proof:

((SR™))"(SRY"(SR)"((SR)™)" = (R™)*(S*)"(R)" ()" (R)* ()" (R¥)*(§™)"
= R") (") ()" R (R (™) (R™)"
= R") (") ()" R)"(S*)" (R)"(R™)"
= R") ()" (S (O S R (R (RY)
= ($)*RY) (M) (™S (R (R)"(R™)”
= O "R (M) (O R (S*) (R (RY)
= O "R (M) R (S (S*) (R (RY)
= (O "RY) R)"(S*) (" (S*) (R (R™)"
= (O "R (RY) (S (H"(S*) (R (R™)"
= (O" R (RY) (S S " (R)"(RY)
= O "R (RY) () S R") ()" (R)"
=@ "R R (S*)(RM)'(S™)" (R (SH"

= (SR)"((SR"))"((SR)")"(SR)"

Theorem 1.9: Let S;, S, ..., S, are w-power n-binormal operators on H. Then the direct sum ( S;®S,® ... ®Sy) is
w-power n-binormal operator on H.

Proof: Since every operator of S;, S5, ..., Sy is w-power n-binormal, then
(Slw)*SlnSln(Slw)* = Sln(SlW)*(Slw)*Sln foralll = 7, 7, ey k

((S1BS:® ... BSk)" ) (S1D520D ... ®S) " (S1D520D ... S )" ((S:DS2D ... ®SK)")”
= (5"®S," D .. ®S,") (S"®S,"®D ... S (S;"DS,"D ... BS, ™) (S B D ... DS ™)"

= [(5/") D) D ... &(S") (" DS, D ... B, ) ( 51" B, "D ... ®S™)[(S7") D(S," ) D .. ©(SK™)']
= (5/")S"S M (S" ) B(S") S S (5" D - DSk ) Sk Sk (S

= 51" (S1") (51" S @S2  (S2") (S2") S, ® - BSk" (5™ ) (S ) Sk
= (5;"®S, "D ... 5™ [(S;")B(S")D ... (S (S )V BES)D ... d(S") (S BS," D ... BS,™)
=(S"®S, "D .05, )(S;"DS" D .S, ) (5" DS, D ... DS, ) (S DS, D ... ®S,")
= (§;D5D .. BS)((S1BSD ... BS)) ((S1DS>D ... BS,)Y ) (S:DS-D ... BS,)™
Thus, (S;8S,® ... ®S;) is w-power n-binormal operator on H.

Theorem 1.10: Let S;,S,,..,5;, are w-power n-binormal operators on H. Then the tenser product
(518S,® ...®S,) is w-power n-binormal operator on H.

Proof: Since every operator of §;, 55, ..., Sy is w-power n-binormal, then
(Slw)*SlnSln(Slw)* = Sln(slw)*(slw)*sln fOI’ a” l = 7, 7, ey k

(($185:Q ...RS,)")* (S185:Q ... RS, )™ (S1R5:R ... RS )™ ((S;RS,R ... RS )W) * (41 X, R ... ®xy)
=(5"®S"® ..05,")(S;"®S,"® .. S, (S;"®S>,"® ... 85, ( 5V RS,V ® ... 85, ) (2, Qx,R® ... ®xy)
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=[(5/")®(S5:")'® ... Q(S")1($;"®S,"® ... @S, (57" ®S,"® ... @S, ™[( ") ®(S,")'® ... ®(Sk™ ) (1%, R ... @)
= (5/")S"S " (51") x1®(S5") S, (5" ) 2, ® ... ® (S ) Sk Sk (S ™) X

= 51"(S51") (51" S 01 ®S," (S2") " (52") S " 2@ ... @S, (Sk™)* (Si™) Sy " .

= (5"®S,"® ... ®5™) [(51") ®(5:")"® .. (™) 1[(57") ®(S2*)'® .. O(5:™) 1( 5" ®S,"® ... 5™ (112, ® ... ®;)
= (5"®5,"® .5, (S$;"®S,"® ... ®5,") (S;" RS, ® ... ®5,")* (S;"®S,"® ... ®S,™) (X1 0%, R ... %)

= (5;805:Q .. 05)™((S;®5:® ... ®5,)") ((S19S5,® ... ®5)¥)*(S;R5-® ... ®S;)" (1 ®%,R ... ®x)
Thus, ($;®5,® ... ®S;) is w-power n-binormal operator on H.
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