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Abstract:

This survey is the result of investigations suggested by recent publications on functional analysis and applied sciences.
It contains short accounts of the above theories not usually combined in a single document and completes the work
of D. Huet 2017. The main topics which are dealt with involve spectrum and pseudospectra of partial differential
equations, Steklov eigenproblems, harmonic Bergman spaces, rotation number and homeomorphisms of the circle,
spectral flow, homogenization. Applications to different types of natural sciences such as echosystems, biology, elasticity,
electromagnetisme, quantum mechanics, are also presented. It aims to be a useful tool for advanced students in

mathematics and applied sciences.
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Prepublicattions of several sections were introduced in D. Huet [34] and [35].

1 Formation of patterns in reaction-diffusion systems

Set-up (This section is taken from A. Doelman [20]).

Definition 1. An N-component reaction-diffusion system for U = (U, Uy, ...Uy) € RY is a system of the form
U; = DAU+ F(U, p), (1)

where U(z,t) depends on (z,t) € Q x RT, with Q C R, D is a diffusion matrix i.e. a diagonal N x N matrix with
strictly positives entries, A is the Laplace/diffusion operator, u € R™ represents parameters and the vector field

F(U,u) : RN — RY represents the nonlinear reaction terms.

Definition 2. In [58], A.M. Turing wrote “a system of chemical substances, called morphogens, reacting together
and difffusing through a tissue, is adequate to account for the main phenomena of morphogenesis. Such a system,
although it may originally be quite homogeneous, may later develop a pattern or structure due to an instability of

the homogeneous equilibrium.
Definition 3. The trivial patterns of are solutions U = (Uj, ...Uy) of the algebraic equations:

F(U,u)=00or F(U,u)=0,..,Fy(U,u)=0 (2)

From now on, N=2, n=1, Q = R(Cf. [20], Section 2). Following the notations of [20], set U; = U,Us =V, F| = G, F» =
H.

1.1 Linear stability analysis: stability of the trivial patterns

Linearizing () around the trivial pattern (U + ae?**+ 1 4 Betke+At) ' we obtain the 2 x 2 linear eigenvalue problem:
«a Gu — K2 G @ @

At () = (%) = 3)
B ha hy — dk B B
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where
9u(h) = SO, V), 00l0) = 0 (O (0), V)i, (@)
and where oH -
hu(,u') - %(U(N‘)a V(,LL), N)7 hv(ﬂl) - W((j(u)a V(N’); ,LL)v (5)
The charasteristic polynomial associated to is
)‘2 - [(gu + hv) - (1 + d)kQ})‘ + [(gu - k2)(hv - dk2) - gvhu] =0 (6)

It defines 2 functions k € R — A\j 2(k; p) € C such that (for instance) Re(A2(k)) < Re(A1(k)). The trivial state (U, V)

is spectrally stable for the values of p, for which
Re(Az(k; p)) < Re(Ai(k; 1)) <0, (7)

for all £ € R.

1.2 Destabilization by the Tiiring mechanism

As k — 00, A1 ~ —dk? and Ay ~ —k? (or vice versa), and condition is satisfied. Let p. be the critical value
beyond which there are values of k for which Re(A\(k, 1)) > 0, and k. such that

Re(A1(£ke; pte) =0 and Re(Aa(k, pe)) >0,k € R (8)
The planar reaction ODE, associated to (), with (U(z,t),V(z,t)) = (u(t),v(t)) is considered:
i =G(u,vip), ©=H(uv;p). (9)

The following notations are introduced when g is taken just beyond p., and € is smalll

= pie+ €, k=ke+ek (10)
and
Ml = A, 3= ) N = G aleni) = [ (1)
Under the conditions
Gu <0, hy >0, gohy <0, 0<d<1lorg,>0, h, <0, gyh, >0, d>1, (12)

it is proved (J20], Lemma 2.1) that the trivial state (U, V') loses stability as fi crosses through 0. For )¢ > 0, there
are two symmetric intervals k = £k, + ek with k € (—a(c, fi, k) + O(€), a(c, i, k) + O(€)), such that there exist (real)
perturbations of (U, V) of the form

ei(kc+elé)z+ezi(15,ﬁ)t i +0(e) + c.c. (13)
BT +O(e)

where (af, 8¢) are the eigenvectors of A(ke, i) corresponding to the eigenvalue Ay (k, i) = 0. With
€ =ex, T =€, B.(x) = eke®, (14)

the above result can be written

Ula,?) = v € T o1 )+ c.c €
<V(z,t)> = <V> + €A(¢, )<Bf> Ec(z) +cc.+ O(e7) (15)
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where A(£,7) : R x RT — C satisfies the Ginzburg-Landau equation
1 C ~\C
Ar = =5 Na Age + N A + LA|A)%; (16)

Here, L € R is the Landau coefficient.

1.3 The onset of patterns formation: the Turing/Ginsburg-Landau bifurcation

It is assumed that L < 0. In fact, the author (J20]) shows that no (small amplitude) Turing patterns can exists beyond

the destabilization if L > 0. Introducing the new variables

e - - A |L|
PN E-aleibe A=A (a7
and dropping the hats, equation becomes
A, :Agg +A7A|A|2. (18)
This equation has a family of stationary spatially periodic solutions A(£,7) = Re’5€) | R > 0 with
K*+R*=1 and —-1<K<1. (19)

and by the Eckhaus/Benjamin-Feir-Newell criterion (cf. subsubsection [2.2.3)), this periodic solution is spectrally stable
for —% <K< % and unstable for |K| € (%, 1) ([20], Lemma 2.3).

The main result. Under the above conditions, when ¢ is sufficiently small, a Turing/Ginzburg-Landau bifur-
cation takes place as i crosses through 0 i.e. for gAj;, > 0, there exists a continuous band of asymptotically stable

stationary spatially periodic patterns (Up(z; k), V,(x; k)) of , with wave number
E(K) =k, +ealc, i, k) K (20)

and —% +0(e) < K < % + O(€). These spatially periodic patterns are O(e) close to the trivial state (U, V) and are
approximated by

(Up(x;k,0)> _ (g) (/TR + 0)ale, i b <ag cos(k(K)z + ) —|—O(e)> 1)

Vp(; k., 0 B5 cos(k(K)xz + 0) + O(e)
for any phase shift § € R, [20], Theorem 2.4.

Remark 1. In [20], Section 2.5, the author investigates the case of Hopf bifurcation in @D i.e. the generation of

patterns as p passes through the critical value p.

1.4 The particular case of the 1D-Gray-Scott model and chemistry
(Cf. David S. Morgan et al. [42]). The Gray-Scott model, related to chemical rections between two species U and V,
consists of the reaction-diffusion system

U= DyAU —UV?2 4+ A(1 -U)

(22)
V; = DyAV +UV?2 — BV
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Where U = U(z,t),z € R,V = V(z,t), are the concentrations of ¢ (inhibitor) and V (activtator) , A and B are rate
constants, Dy and Dy are diffusivities. Here, for convenience, Dy = 1 and Dy = §27,0 < § < 1,0 > 0.The stationary

states (trivial patterns) solutions of the system
—UV24+A(1-U)=0 and UV?-BV =0 (23)
are U =1,V =0 and, when 4B? < A,

1 4B2. A 4B2

5[1i 1*7}7@[1:F 1*7]) (24)

(Us, Vi) = (
The state (U =1,V =0) is is linearly stable for all A, B > 0. On the other hand, it is proved ([42], p.117) that the
state (U, V) cannot be marginally stable (cf. Definition [6) Therefore the authors focus only on (U_,V_).

Linear stability of (U_,V_), Turing/Ginsburg-Landau bifurcation. Linearizing around the stationary

state (U_,V_) leads to
(v)-(0)
=M (25)
v |4

1.2 2 _ sa _958
- k VZ—46% 267 b (26)
V2 —5%29k2 4+ 58b

where

with A, B rescaled as A = 6%a, B = 6”b,a, B > 0. The analysis of the eigenvalues of M shows that (U_,V_) is linearly
stable if and only if 2a < 35 and determines the values a. and k. of the parameter a and the wavenumber & such that

(U—-,V_) is marginally stable. In particular,

a? = (3 —2V2)b°. (27)
Remark 2. 1) With the above scaling for A and B, one has, to leading order
28—« b2 a—F3 a
(U*7V*) = (5 775 3) (28)
a

2) For the Gray-Scott model, the Ginsburg-Landau equation (cf.) has the form

2 2
A = A+ 2V2Ae — Z(10V2 = T)|A]PA 29
7 €€ 9( A (29)

After setting A(&,7) = Re™¢, solutions R and & satisfy the equation

2 1 2
K+ (20— 7V2)R? = (30)

S

The main result. Finally, the following result is obtained ([42], Theorem 3.2): Let a = a. — 2 and 33 = 2(0 + «).
For 0 < 7 <« 1 small enough, there exists a one parameter family of stationary spatially-periodic solutions of (cf
definition [4)) that are close to the stationary state (U_, V_):

U U_ . 3—c 252B_a
(z,K) _ i 7Rez(kchw.;)éf x + c.c. + h.o.t., (31)
Vie,w))  \V- —(2—v2)5e?

where R and x are related by (30).
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2 Generalized Klausmeier-Gray-Scott model and echosystems

2.1 Initial Kausmeier model

In [37], C. A. Klausmeier considers the nondimensionalized system:

Ow
ot
an _ 2 9?2 o

5 = wn® —mn+ (5= + 557 n

=a—w—wn?+ v

for water w and plant biomass n, defined on an infinite two-dimensional domain indexed by x and y. In , a
controls water input, m measures plant losses and v contols the rate at which water flows downhill. The corresponding
nonspatial model is

a—w—wn?=0

wn? —mn=0

(33)
He shows that this model has a bare stable state @ = a, 7 = 0 and an other one vegetated. These stable states
correspond to spatially homogeneous equilibria of . Then he uses linear stabiliy analysis, for system , in two
cases: hillsides i.e. v > 0, and flat ground. On hillsides, for given m and v, there is a critical value of water input
a, below which Eregular stripes form. Moreover, this pattern oscillates in time and the strip moves uphill because
the eigenvalue that determines the instability of this homogeneous equilibrium is complex with negative imaginary
part. On flat ground, regular pattern formation is impossible when the spatially homogeneous equilibrium is stable.
Numerical solutions of show that, in this case, irregular patterns can arise but for parameters which are ecologically

unrealistic. His results are illustrated by figures obtained with ecologically realistic parameters.

2.2 Results by S. van der Stelt et al. [59]
2.2.1 The model

On one-dimensional domain, the model introduced by C. A. Klausmeier reads:

u = kou k1 — kou — ksksuv?
t oUgz + K1 2 35 (34)
vy = dyUge — kav + ksuv?
where u(z,t),v(z,t) : R xRy — R, and k; > 0,i=0,...,5,d > 0.The flow of water is denoted by u;, the slope of the
aera by k,u,, the constant precipitation rate by ki, an evaporation rate by —kou, and an infiltration rate by —ksksuv?.
The change of biomass is assumed to be controlled by a diffusion term d,v,,. The death rate is denoted by —k4v and

the infiltration feedback by ksuv?. In [59], system is completed by the nonlinear diffusion term d, (u”),:

U = dy (U ) ze + kotty + k1 — kou — kzksuv?

35
U = dvvmfc - k41} + ks’UfUz ( )
where v > 1 and 0 < d,, < d,, and rescaled as
Uy =Uz,+CU, + A1 -U) - UV? .
V;f = 520sz - BV + UV2
with 0 < § < 1 and
pr = Dol (37)
du kl ’ '
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Remark 3. For ecosystems without a slope kg = 0 and therefore

k3ks
k2ks

ks kiyyos -5
[dukg,(kQ) ]

C =k

I
=

(38)
Definition 4. Spatially periodic solutions (patterns) or wave trains are solutions u(z,t) that can be written

u(z,t) = up(ka + ) (39)
that satisfy u,(§) = up(€ + 27). Here  is called the nonlinear wave number.

Definition 5. A Busse balloon for system is a set B in the (A, k)-space with the following property: a point
(A, k) lies in B if system with parameter A allow for at least one stable periodic solution (Up,V,) with parameter
& (cf.([59], p.66).

It is pointed out that the ecologically relevant parameter values of v are v =1 or v = 2. For v =1 and C = 0, system
is the gray-Scott system (22). In [42] Section 6.2, the existence of a Busse balloon, for the Gray-Scott model, is

investigated.

2.2.2 The background states and the Turing-hopf instability

The model has the same homogeneous background states as the Gray-Scott model for A > 4B?%, namely (cf
and (24))).
1 1
Up=1,Vy =0, and (Ug,Vy)= (ﬂ[A FV A2 —4AB?), @(A +V A2 —4AB?). (40)

The state (Uy, Vo) = (1,0) represents the desert since, in this case, v = kf}es Vo = 0. The state (U_-,V_) does not

represent a homogeneously vegetated state. By linearization of about the state uy = (Uy, V4) we have :

ut = Dgy + Cug + Oy F(uy; A, B)u =: L(0,)u (41)

with w = (U, V), F(U,V;A,B) = (A(1 —U) — UV?2,—BV + UV?), and suitable matrices C and D. Let M be the
matrix defined by

(UL ) E? +ico¥k — V2 — 62 —2b6°
Ma,c,ik) = [ 70 e oo — L(ik) (42)
| % —629k2 4 6%b
where 0 < § < 1 and
A=ad®, B=0b" C=ct; o,8>0, veR, (43)
with a, b, ¢,= O(1) with respect to é. Here k is refered to as the linear wavenumber.
Remark 4. For ecosystems without a slope, C=0 (cf. remark ) and therefore ¢ = 0.
Remark 5. With the above scaling, (U, V,) can be written out to leading order in §
b2 28— a a—f
The L?-spectrum of is the set of A € C such that
d(X,ik) = det[M(a, c,ik]) — A\ =0 (45)
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Definition 6. £(d,) is called marginally stable with critical Fourier mode uge****associated to the critical

eigenmode iw,, up to complex conjugaison, if
d(iwy, iky) =0, d(iws,ik) # 0 for all k # +k, (46)

and d(A,ik) # 0, for all k € R, all A € C with A # iw, and ReX > 0. In this case, we also say that the background
state (Uy, V4) of is marginally stable.

Definition 7. The instability is called a Turing-Hopf [resp. Turing] instability if k. # 0,w, # 0 [resp.ks # 0, w, =
0].
Main results:1) when C=0, (U, V,) is marginally stable for o,a = a., k = k. satisfying, to leading order in §,
1
(27 + 1B = (v+ Do =20, k2 = S (1= g)bo 2770, a1 = gy 1, (47)

where g = 3 — 2/2, (|59], Proposition 1),
2) when C=cdzB3-Mot(=2)8 £ get ' = I'(,a) = 7(%)7_1, k = §=20+DatB7E and drop the tilde on k. Then,
the stationary state (U, V. ) undergoes a Turing-Hopf instability at a uniquely defined critical parameter a = as

and a critical wavenumber k = k, that satisfy

al™ > gy and k2 < b, (48)
moreover, if ¢ = %bf,
1 1
al™ = g’be'YH and k2 = §b (49)
and, if ¢ > 1 ) )
ay%@:%¥W%%Hx@wﬁkaqziu—gm+o§y (50)

to leading order in ¢ and § (J59] Proposition 2).

2.2.3 Ginzburg-Landau equation

If

la — a.] = re? (51)

and e is small enough, the Ginzburg-Landau equation associated to has the form
Aq— = (a1 + iag)Ag,g + (bl + bg).A + (Ll + ZL2)|A|2A (52)

whose coeflicients are functions of b, ¢, and ~ ([59], Proposition 3) .The Turing-Hopf instability of (U, V) is super-
critical if L1 < 0 and subcritical if L; > 0.
The Benjamin-Feir-Newell criterion. If the Turing-Hopf bifurcation is supercritical, there exists a band of stable

spatially periodic patterns if and only if
CLQLQ

1+ > 0. (53)

aily
By means of the computing system Matematica, the authors evaluated the coefficients of , for v = (1,2). These
evaluations lead them to acute results:
1)For v = {1, 2}, the coefficients L; in , is negative for all values of b and c up to ¢ ~ 10% and b ~ 102, and condition
is satisfied. Therefore, the Turing Hopf bifurcation at a = a, of the stationary state (Uy, V) of , with C > 0
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and v = {1, 2} is supercritical (J59] Claim 1, p. 59).

2) For with C > 0 and v = {1, 2}, there exists a stable band of periodic patterns that appears at the Turing-Hopf
instability ([59] Claim 2 p. 60).

3) For ¢ = 0, all coefficients of are real and L; = L;(vy) becomes positive for large v and equals 0 for v ~ 13.0446.
Therefore the Turing bifurcation for with ¢ = 0 is supercritical for v < 75, and subcritical for v > ;5 ([59]
proposition 4).

Remark 6. In Section 3 of [59], existence of stable patterns if a is not closed to a. is studied. Busse Ballons (cf.

Definition [5)) are numerically constructed for different values of a and fixed values of b, ¢,y

3 Gierer-Meinhardt system and biology

The Gierer-Meinhardt system (cf.[27]) is one of the most popular models in biological pattern formation. Let (5, g) be
a compact two-dimensional Riemannian manifold without boundary.(For definitions related to Riemannian manifolds,
see W. Kiihnel [39]). In [57], W. Tse et al. consider the system

{At:eQAgA—/H—‘?{ (54)

TH; = éAgH—HJrA2
in S. Here, A(p,t), H(p,t) > 0 represent the activator and the inhibitor concentrations, repectively, at a point p € S
and at time ¢; their corresponding diffusivities are denoted by €? and #; T is the time-relaxation constant of the

inhibitor and A, is the Laplace-Beltrami operator with respect to the metric g. Their assumptions on the parameters e

and /3 are: € is small enough and lim ’f—j =k > 0. Let Gpbe the Green function defined by

1 .
AgGo(p,q) — 757 +0p(¢) = in S, and / Go(p, q)dvg(q) =0, (55)
s

5]

K (p) denote the Gauss curvature on S, and w be the solution of the problem

Aw —w+w? = 0,w > 0 in R? w(0) = nggw(y), w(y) — 0 as |y| — oo, (56)
ye

They introduce the function F(p) = ¢; K (p) + caR(p) where R(p) denotes the diagonal of the regular part of the Green

A LI _|5|7752/°o 2
(31—4/0 (ar)rdr =55 ; wrdr. (57)

function, and

3.1 Existence and stability of a single spike solution
3.1.1 Existence

If pg € S is a non-degenerate critical point of F(p), i.e.
VE(po) =0, det(V2F(p,)) #0, (58)
it is proved that problem has a positive spiky steady state (A, H¢) such that

Ada) = &(w(=—) + 0()), (59)
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uniformly for x € S, where

|51

1
Pl L O(log 2), with p, — =0, 60
62fR2 wg(y)dy + (Og 6) w1 p Pbo as € ( )

ge:

and
H(z) = £&(1 4 O(€?)) uniformly in S (61)

(7], Theorem 1.1).

Remark 7. It is assumed that & , is the height of the peak and that p € As is the location of the peak, where
As = SN By(po, ), with 6 = €, for some 0 < o < 1.(By(po,, d) is the ball with center p, and radius J, with respect to
the metric g).

3.1.2 Linear stability

Linearizing around the equilibrium states (A, + ¢ee <!, H, + 1.e<t,) the following eigenvalue problem L. is

obtained

{ 62A9¢e - ¢6 =+ 2}-412 ¢e - %we = )\e¢e (62)

%(%Agd}e — e + 2Ae¢e) = Aethe
where (A, H) is the above solution of system (54)).

Definitions The solution (A, H.) is called linearly stable if the spectrum o(L.) of L. lies in the left half plane
{A € C: Re(N) < 0}. It is called linearly unstable if there exists an eigenvalue A, of L, with Re(\¢) > 0.

Main result (Cf. [57], Theorem 1.2). Let p, be a non-degenerate local maximum point of F(p) i.e.
VF(p,) =0 V?F(p,) is negative definite, (63)

let (Ae, He) be the above single peaked solution, whose peak approches p,, then, there exists a unique 71 > 0 such that
(Ac, H,) is linearly stable [resp. unstable], if 7 < 7 [resp. 7 > 7].

3.2 Stationary Gierer-Meinhardt system

(Cf. [57], Section 3). The proof of the existence theorem, subsection (3.1)), is based on the stationary system associated

to ie.

EAA-A+4 =0, in S (64)
éAgH—H—kAQ =0,in S
With the rescaled amplitudes ) )
a(p) = ——A(p), hp)=—H(p) (65)
56,]1 é-evp
an equilibrium solution (a,h) solves the rescaled Gierer-Meinhardt system
EAga—a+% =0, a>0ins (66)
Agh — B2h+ % pa®> =0, h>0 inS

with a = O(1) and h = O(1)
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3.3 Existence and stability of a cluster of two spikes for the stationnary Gierer-Meinhardt

system

In [3], W. Ao et al. consider the stationnary Gierer-Meinhardt system

ENA— A+ 4 0, (&)
DAGH — H + A% =0,
on a compact two-dimensional Riemannian manifold (M, g) without boundary. They assume
0<e<<l1l, 0<D<<I1. (68)

It is assumed that there is a non-degenerate local maximum point of the Gaussian curvature function K (p) of M at

Po =0, i.e. VK(0) =0 and
K 0
VQK(O) _ 11 (69)
0 Ko

Let p, be a non-degenerate local maximum point of the gaussian curvature K (p) of M. They show that, under stronger

conditions on € and D, namely
1

0<e<<VD<<1, 0<\/510g7\/>
2D log¥2

<< 1, (70)

the system has, at least, two different 2-spike cluster solutions (A4;, H;) for i=1,2. Moreover, one of the solutions is

stable and the other one is unstable.

4 Harmonic Bergman spaces and reproducing kernels

4.1 Introduction

This section is related to Steklov eigenproblems. Cf. F. Gazzola, H-C. Grunau, G. Sweers [26]. Let Q be a bounded
domain in R™, n > 2 with Lipschitz boundary 92, and a € R. The classical Dirichlet biharmonic Steklov eigenproblem

is the boundary value eigenvalue problem
A’u=0inQ, u= Au—au, =0 on 9Q (71)
Here, a solution to is a function u € H?(Q) N H}(Q) such that
/QAuAvda: = a/BQ u, v, dw for all v €€ H2(Q) N H} (Q) (72)
where v(x) is the unit outward normal at x € 9Q. (Since 9 is Lipschitzian, the tangent hyperplane and the unit

outward normal v = v(x) are well-defined for (a.e) x € 9Q).

4.1.1 Orthogonal decomposition of H? N H}(Q)

The bounded domain  is assumed to have a C?-boundary, and the Hilbert space H? N H} () is endowed with the
scalar product

(u,v)—>/QAuAvdx (73)
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Let Z be the space
Z:{UGC"O(Q):AQu:Oin Q,u=0on 89}, (74)

and V be the completion of Z with respect to the scalar product . The following orthogonal decomposition is
obtained
H*NH}(Q) =V @ HZ(Q) (75)

If v = vy + v is the corresponding orthogonal decomposition of v € H?2 N H(Q), v; € V, and vy € HZ(Q) are weak
solutions of
A%y =01in Q, v; =0 and (v1)y = v, on 0N (76)

and
A?vy = A0 in Q, vy =0 and (v2), = 0 on N (77)

(|26] Theorem 3.19).

4.1.2 The least positive eigenvalue of

Let © be a bounded domain with C? boundary.The least positive eigenvalue of is characterised by

|Au||2L2(Q)

61(52) = min { |' € [H3(@) N HY(Q\HF() } (78)

v |22 (00
In [26] (Theorem 3.17), it is proved that the minimum in is achieved, and, up to a multiplicative constant, the

minimiser % is unique and solves when a = ¢;. Furthermore, & € C*°(Q), and, up to the boundary, % is as smooth

as the boundary permits.

Remark 8. It is pointed out that this result is valid when €2 is a bounded domain with Lipschitz boundary which

satisfied a uniform outer ball condition, where

Definition 8. A bounded domain 2 C R”™ satisfies an outer ball condition if for each y € 9€) there exists a ball
B C R™"\Q such that y € B. If the radius of the ball B is independant of y, we say that it satisfies a uniform outer

ball condition.

An alternative characterisation of 01(Q)

Here 2 is a bounded domain with Lipschitz boundary. Let
C2(Q) = {v € C2(Q); Av=01n Q} (79)
equipped with the norm |[v||g = ||v][z2(90), and define
H = the completion of C%(Q) with respect to the norm ||-||z. (80)

Let

al(Q):inf{H |12 00 .h € H\{0}} (81)

2.
It is proved that o1 () admits a minimiser. If, moreover, () satisfies a uniform outer ball condition, then, the minimiser

is positive, unique up to a constant multiplier, and o(Q) = 6;(Q2) ([26], Theorem 3.23).
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4.2 Subspaces of H!(Q)) related to the usual Laplacian A. Real harmonic Bergman

space

(Cf. G. Auchmuty [8]). Let ©Q be a sufficiently smooth open subset of RV.

Assumption (B;) on Q:  is a bounded connected open set whose boundary is the union of a finite number of
disjoint closed Lipschitz surfaces, each surface having finite surface area.

The Hausdorff (N-1)-dimensional measure and integration with respect to this measure are denoted, respectively, by
o,do, and 6(E) = (J(@Q))flcr(E). All functions, in this section, are real valued. The following equivalent inner

product on H'(€) is introduced
[u,v]s = / Vu -Vou dz —|—/ uv do. (82)
Q a0

4.2.1 The spaces H(A,) and Hy(A,Q)

Let H(div,(2) denote the class of L?-vector fields F € L*(Q;R”), whose divergence is in L?(Q) i.e. there is a function
¢ € L*(Q) such that

/ugodx:/Vu -F dx, forallueCX Q). (83)
) Q

Remark 9. For any integer p € [0,00], C?(§2) denotes the spaces of p-continuously differentiable functions with

compact support in Q. For p = oo, C°(Q) is the L. Schwartz space D(2).

Definition 9.
H(A Q) ={ue Hl(Q)|Vu € H(div,Q)}. (84)

With the inner product
[w,v]5,A = [u,v]5 —I—/ Au Av dzx, (85)
Q

it is a real Hilbert space.

Remark 10. If u € H(A,Q) then Au = div (Vu) € L3(Q).

Space H(2)
Definition 10. A function u € H*(Q) is said to be H!-harmonic in 2 provided

Vu- Vo dz =0 for all v € Hj(Q). (86)
Q

The class of all H'-harmonic functions on 2 is denoted by H(£2). The space Hy(A, () is the orthogonal complement of
H(2), with respect to the inner product . It is equipped with the inner product

[u,v]a = /QAU Av dx, (87)

which generates an equivalent norm to that of (85)( [8], Lemma 3.3).
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4.2.2 Orthogonal decomposition of H(A, Q)

The following results are stated ([§],Lemma 3.1)
1-There are closed subspaces H{(2), H(Q) of H'(Q), and projections Py, Py onto these spaces such that, for all
u € HY(Q)

u = Pyu + Pgu with [Pyu, Pgu]s =0 (88)

2-Moreover, if v = vy + vy is the correponding decomposition of v € H(A, Q) (in particular, Av € L%(f2)), we have
vg € Hi (Q), Avg € L*(Q),v9 = 0 on 99, and (89)

vy € H(Q),Avg =01in Q,vg = v on 9N. (90)

Space BH(Q)

A function b € H(A, ) is said to be weakly biharmonic provided
/ Au Av dx = 0 for all v € D(Q). (91)
Q

The closed subspace of all biharmonic functions, in Hy(A, ), is denoted by BH(S2).

From now on, assumption (B;) on ( is replaced by :

(Bz) : Q satisfies (B;) and the normal derivative D, is a compact mapping of Hy(A, Q) into L?(98, do).
The Dirichlet Biharmonic Steklov (DBS) eigenproblem

Here, the DBS eigenproblem is to find solutions (¢,b) € R x Hy(A, Q) of the system

/ Ab Avdr = ¢ D,b Dyv do, for all v € Hy(A,Q), (92)
Q o9

where v is an outward unit normal, defined at o a.e. point of ). Here ¢ is the DBS eigenvalue which appears only in
the boundary condition.
By means of a suitable algorithm, the author shows the existence of a maximal countable sequence of A-orthonormal
((87)) DBS eigenfunctions B = {b;, |k > 1} which is a basis of the subsspace BH(Q2) of Hy(A, ) ([8], Theorem
5.3). Therefore, a biharmonic function b has the spectral representation

b(xz) =Y (b,bj)abj(x) on Q. (93)

Jj=1

Moreover, he obtains the A-orthogonal ((87)) decomposition
Ho(A, Q) = Hoo(A, Q) ©a BH(Q), (94)

where

Hoo(Q) = {u € Hy(A,Q)|Dyu =0 on 90}. (95)
Let {qx,k > 1} be the sequence of eigenvalues corresponding to B. The following sets are introduced:
1- Set h; = Abj and By = {h; | j > 1} C L*(Q)(cf. Remark [10).

2- Set w; = \/q; |0Q|Dyb;, j > 1, and W = {w;, j > 1}.
It is proved that W is an orthonormal basis for L*(9, d5).
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4.2.3 An orthonormal basis for the real harmonic Bergman space L% ().
Definition 11. The real harmonic Bergman space L% (1) is the space of functions u € L?(2) that satisfy
/ u Av dz = 0 for all v € C2(Q). (96)
Q

The h; = Ab; for j > 1 are harmonic and L2-orthonormal. It is proved that By is an ortonormal basis of L% (1),

the orthogonal projection Py of L?(Q) onto L% () has the representation

Pyf(x) =Y (f hj)h;(x) for all f € L*(Q), (97)

00
Jj=1

(J8], Theorem 6.2). Moreover, L% () is a Reproducing Kernel Hilbert space with reproducing kernel

Ro(z,y) = ZAbj(a:)Abj(y), z,y € QA x Q. (98)

4.3 Complex harmonic Bergman spaces

(Cf. [9] p.172). Let © denote an open subset of R™, and p a number satisfying 1 < p < co. The harmonic Bergman

space bP(Q) is the set of complex valued harmonic functions u, on 2, such that

[ (/Q P dV)F < oc. (99)

For fixed = € 2, the map u € b?(2) — u(x) € C, called point evaluation at z, is continuous. The space b(2) is a

closed subspace of LP(£2), and, therefore, it is a Banach space.

Remark 11. In [9], LP(Q) is denoted LP(Q2,dV).

4.3.1 Cas p=2, reproducing kernel of
For p = 2, b*(Q) is a Hilbert space with the L?() inner product

(u,v) = /Qu v dV. (100)

As a closed subspace of L?(Q,dV), b*(Q) is separable. For fixed x € €, the map u € b*(Q2) — u(z) € C is a bounded
linear functional on the Hilbert space v*(€2). By the Riesz representation theorem, there exists a unique function
Rq(z,-) € b2(Q2) such that

u(x) = (u, Ra) = /Q u(y) Bz, 9)dV (y). (101)

Therefore, b2(12) is a reproducing kernel Hilbert space with reproducing kernel Rq defined on Q x .

Remark 12. For the Riez representation theorem, see, for instance, [49] Theorem II.4, p.43.

Properties of the reproducing kernel (|9], Proposition 8.4). The reproducing kernel of 2 is real valued, if (u,,)

is an orthonormal basis of b2(£2), then

RQ(xay) = Z Um(x) um(y)7 (102)
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for all x,y € Q,
Ra(z,y) = Ra(y,x), for all z,y € Q, (103)

and

[[Ra(z,.)||p = \/m for all z € Q. (104)

Complex and real Bergman spaces have the same reproducing kernel Indeed, let L% () be the real
harmonic Bergman space (cf. section[£.2)) where () satisfies conditions (B). Thanks to properties of harmonic functions,
if f1 and fo are real-valued, and if f = fi + ifa, then f belongs to b*(Q) if and only if fi, fo € L% (). Moreover, with
the notations of N. Aronszajn [7], p. 343, b*(Q) = (L%(Q))e = {f = f1 +ifa: f1, fo € L%(Q)}. Therefore, the two
spaces b2(€2) and L?(2) have the same reproducing kernel given by .

5 Homeomorphisms of the circle. Rotation number

There are several definitions of rotation number in the literature.

5.1 Simple examples

Example 1. Rotation number related to the equation ' = f(¢,z), (t,2) e R xR
From E.A. Coddington and N. Levinson [13]. Consider the differential equation

= f(t,x), (t,z) e RxR, (105)

where f is a real continuous function, f(t+ 1,2) = f(t,z + 1) = f(¢,z) and through every point of the (¢,z) plane
there passes a unique solution of (105)). In R3 | with rectilinear coordinates (u,v,w), let J be the torus given by

u = (a + bcos 2wx) cos 27t
v = (a + bcos 2mx) sin 27t (106)

w = bsin 27z,

where a and b are constants with 0 < b < a. The function f may be considered as a function on 7, whose points can
be described by Cartesian coordinates (t, ), where two points (t1,2;) and (¢2,z5) are regarded as identical if
(t1 —t2) and (21 — x2) are integers. Through every point P of 7, there exists a unique solution path (¢, ¢(t)) of (L05).
Let ¢ = (t,n) be the solution of such that ¢(0,1) = n, and set ¥(n) = ¢(1,n). Then v is a homeomorphism of
the real line onto itself. Let C be the circle on J, defined as the set of all (¢, ) on J such that ¢t = 0. (The equations

of C,in R? are v = 0,u — a = bcos 2mx, v = bsin 27x). Define the homeomorphism 7' : C — C by

P =(0,n) = T(P) =P = (L¢(1,n) = (0,¢n) = (1,¢(n) +n), (107)
for any integer n. Set
W) =m0, e =9"n) =" ()], (108)
and
™P=P P,=T"'P=T(T""'P), (109)
for n = 0,41,42,.... (Since T is a homeomorphism, the inverse T~ lexists).
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Definition 12. The rotation number p of T' for the equation (105) is defined by

p= lim —. (110)

It measures the average rotation of points under 7. The number p is rational if and only if some power of T has a fixed
point (cf.Theorem 2.1 de [I13]).

Example 2. Rotation number for the system in = ®(p,0d), g—‘g = O(p, ), on the torus From V.V. Nemyyskii and
V.V. Stepanov [43]. The authors consider dynamical systems defined by a system of differential equations
dy dd
— =®(p,d — =0(p,d 111
o = 2.0, — =0(p9), (111)

on the torus:
u = (R + rcos 2md) cos 2wy

v = (R + rcos2md) sin 2w (112)
w = 7 sin 270,
where 0 <9 <1, 0<d<1, 0<r < R. The functions © and ® are assumed to be sufficiently smooth (for instance

Lipschitz functions). Moreover, ® is assumed to be different from 0 everywhere. By setting

O(p, 0
A(p,0) = @Ew 5§, (113)
the system (L11]) becomes
dé
—=A . 114

The trajectories, in the (¢, d) plane, of equation (114)), yield the trajectories on the torus, if points (¢1,01) and
(¢2,02) are identified when the differences ¢; — @9 and 6; — J are integers. Let § = u(ip,dg) be the solution

of (114) such that u(0,6) = dp. If

A(p,8) = u, (115)
where p is a constant, the integral curves are straight lines u(p, dy) = do + 1, whose slope is p = lim wedo)
(p—00
In the general case, the rotation number p of system (111) (or (114)) is defined by
1]
j— Tim 22:%) (116)
(p—00 ©

5.2 Rotation number of an orientation-preserving homeomorphism f: S! — S!

(cf. L. Wen [62] p.24). Here S* denotes the unit circle. Let f: S* — S be an orientation-preserving homeomorphism,
and F': R — R be a lifting of f. For any t € R, the limit

Frt)—t

fim () —t

exists, is independent of t, and is denoted by p(F'). If F; and Fy are two liftings of f, p(F1) — p(F2) is an integer. The
rotation number of f is defined by p(f) = p(F) mod 1. In some sens, the rotation number of f measures the average

rotation of points under f.

Remark 13. A continuous map F : R — R is a lifting of f if o F = fom, where 7 : t € R — €27 € Sl is the
projection of modulo integer parts.
The homeomorphism f is orientation preserving [resp. reversing] if any lifting of f to R is strictly increasing [resp.

decreasing].
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Example 3. If f, is a rotation by the angle a, then F,(z) = x4+ « and F = x4+ na, which is periodic if « is rational.

5.3 Analytic reduction of analytic diffeomorphism of the circle to a rotation
5.3.1 Arnold’s Theorem

(V.I. Arnold [5], pp.112-115). Set
II, = {z € C; Imz| < p}, (118)

and, for an analytic and bounded function a in this strip,
llall, = supla(y)], y €ll,. (119)

An irrational number y is of type (K,0), K > 0,0 > 0, if
K

p
p==2 5 120
| q| lq>t (120)
for any integers p and ¢ # 0.
For a number p of type (K, ), we have the “small denominator estimate" (cf [4] )
- K

ik > . 121
i 1] > e (121)

Then the author states the following theorem:
Theorem. There exists €(K, u,0) > 0, such that, if a is a 27-periodic analytic function, real on the real axis, with

lla||, < € and such that the transformation
y = Aly) =y +2mp+aly) (122)

is the lifting to R of a diffeomorphism of the circle A, with rotation number p of type (K, o), then A is analytically
equivalent to the rotation Ror, by the angle 2y (cf. Example3) i.e. there exists an analytic diffeomorphism H : R — R
such that

Ao H = Ho Ryyy. (123)

In this case, A is said to be analytically conjugate to the rotation of angle 2w, or analytically linearized, and H

is called the conjugacy or the linearization.
Remark 14. Thanks to [60], Remark 2.8, stated for fonctions of period 1, if A has the more general form
A(z) =2 4 2ra + a(z), (124)

with the rotation number p of type (K, v), (where o # p), then if ||n||, = ||27(a—p)+al||, < e(K,v,0), A is analytically

conjugate to Rorp.

The following is taken from J-C. Yoccoz [53] and [63]. A number p, which satisfies condition (120)), is also called
Diophantine. In [53] p.57, the set of such p is denoted by CD(K, o). The following notations are introduced

CD(0) = | J CD(K,0) and CD = | CD(0). (125)

K>0 >0
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5.3.2 The Brjuno condition and the set B

An irrational number « € (0,1) always admits an infinite unique continuous fraction expansion (cf. H.H. Hardy and
E.M. Wright [29], Theorem 170):

, (126)
1
ay +
1
+
a2 as + ..
also denoted
a = [a1,az,...]. (127)
Then % = [ai, ..., ay] is a rationnal number.
Definition 13. « is said to verify the Brjuno condition if and only if
oo 1 n
Yo PRI o, (128)
e
This is also a condition on the o € R/Z. The set of such « is denoted by B.
5.3.3 The condition and the set H
Let A:(0,1) — (0,1) be the map defined by
1 1
A =—— |- 129
(@=1-12), (120)
where [1] denotes the integer part of 1, and, for « € R/Q, let (a)n>0 be defined by
ag=a—|af, a,=A"(ayp), for n >0, (130)
and (ap)n>0 defined by
ap = |la] a,', =a,+ay,, foraln>1.
Then
1
o =ap+ , (131)
1
ay +
1
an + a7l
and
Pn 1
— =ap+ ———— = [a,, a1, .-Gy (132)
an 1
a1+
. 1
oy
Qn
Let .
Ba=1, Bu=]]aj=(D"(gna—pn) Yn>0. (133)
3=0
For o € R/Q, the Brjuno function B : R/Q — R™ U {oo} is defined by
B(a) = Z Bn_1logayt. (134)

n>0
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Condition H
For @ € (0,1),z € R, let r, the function defined by
al(z—loga~t+1) ifz>loga!
rala) = 1@ @8 ) if w2 log (135)

e® if v <loga™!,

and set, for « € R/Q, and k > 0, (cf.(130]))

Ap(a) =T, © .. 074,(0). (136)
Let o € B and define, for n > k > 0,
Hin = {a € B,B(ay,) < Ap(an—k)} (137)
Definition of the set H
H = {Nm>0 Ur>0 Hiktm} = {a € B,Ym > 0,3k > 0, B(amir) < Ag(am)}- (138)
It is proved that
CCBCH, (139)

where the inclusions are proper. In [63], J-C Yoccoz proves the following result (Theorem 1.4, p.127): Let f be an
analytic diffeomorphism of the circle with rotation number a. If @ € H, then f is analytically conjugate to the rotation
R,. Moreover, if f ¢ H, there exists an analytic diffecomorphism of the circle, f, with rotation number «, which is not

analytically linearizable.

Remark 15. For historical comments and the contributions of H. Poincaré (1881/6) [45], A. Denjoy (1932) [18] and
M.R. Hermann (1979) [30] and (1985) [3I],to the theory, see the above references and W. de Melo and S. van Strien
[40].

6 Homogenization and linear elasticity

6.1 Introduction

This subsection is an introduction to the theory of homogenization. Complements will be found in the references.

6.1.1 H and G-convergences

(Cf. G. Allaire [2] ). Let Q be a bounded open set in RY

Definition 14. Let My be the space of square real matrices of order N and define

Map={M € My|MEE > al¢?, M€ > BIE, v¢ € RN} (140)
or
Mo ={M € M| al¢]* < ME€ < B7HEPVE e RYY, (141)
and also
np =AM € MY|MEE > al¢?, M€ > BlE*,vE e RYY (142)

where o, > 0 and aff <1, and M7 is the space of real symmetric matrices of order N.
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Definition 15. A sequence of matrices A°(x) € L>(Q; M, g) is said to converge in the sense of homogenisation, or
H-converge, to an homogenized limit or H-limit matrix A* € L>(Q; M, ) if, for any f € H~1(2), the sequence of
solutions u, of

—divA“(2)Vuc(z) = f(z) in Q, and u. =0 on 99, (143)

satisfies
ue — u weakly in H} (Q) and A°Vu, — weakly in L*(Q)", (144)

where u is the solution of the homogenized equation

—divA*(z)Vu(z) = f(z) in Q, and u =0 on 99, (145)

(cf.]2], Definition 1.2.15 and Remark 1.2.17). This definition is justified by the following result: for any sequence
A¢(x) of matrices in L*°(Q2; M, g) there exist a subsequence, still denoted by A€, and an homogenized matrix
A*(z) € L*(2; Mg, g) such that A H-converges to A*, (|2],Theorem 1. 2. 16)

Definition 16. A sequence of matrices A°(z) € L>(Q; M, ) is said to G-converge, to an homogenized limit or
G-limit matrix A* € L>®(Q; M 5) if, for any f € H~'(Q), the sequence of solutions u, of

—divA*(2)Vuc(z) = f(x) in Q, and u. =0 on 99, (146)

satisfies
ue — u weakly in Hj () (147)

where u is the solution of the homogenized equation

—divA*(z)Vu(z) = f(z) in Q, and u. =0 on 99, (148)

(ct.]2], Definition 1.3.8). This definition is justified by the following result: for any sequence A¢(x) of matrices in
L2°(Q; M, 5) there exist a subsequence, still denoted by A€, and an homogenized matrix A*(z) € L*(€; M, 5) such
that A¢ H-converges to A*, (|2],Theorem 1.3.9)

Remark 16. For symmetric matrices, H and G convergences are equivalent (|2], Proposition 1.3.11).

6.1.2 Spectral problems

The case of abstract operators defined in different Hilbert spaces (Cf. [44], Section 1.2, p.266). Let H., Hy
be separable Hilbert spaces, A, : H. — H,,0<e <1, A,:H,— H,, be continuous linear operators, and V be a
subspace of H, with ImA, C V C H, satisfying the following conditions:

1-There exist linear continuous operators R, : H, — H. and a constant ~ such that
(Refv Rff)He — ’Y(fv f)Ho’ as € — 07 for any f evV. (149)

2-The operators A, A, are positive, compact, self-adjoint and the norms ||A¢|| ¢z, ) are bounded by constant independent
of e.
3-For any f eV,

|AcRef — ReAof|lm. — 0 as e — 0. (150)
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., < 00, one can extract a subsequence, still denoted f€, such that, for

4-For each sequence f€ € H, such that sup||f€
€

some w € V,
|Acf€ — Rew||mr. — 0 as € — 0. (151)

The following spectral problem, for the operators A, and A,, is considered

Al = bk, k=12, ufeH, (152)

Agul = pgug, k=1,2,..., uj€H, (153)

with, for € > 0 or € = o,

pl>p?> >k ub >0, Wou™p =6, (154)
It is proved that there is a sequence {3*} such that 8 — 0 as e — 0, 0 < 8% < u¥, and

b < o2 A.Rou— R.A k=1,2
e — Hol < —F——5 sup  [JAcReu — ReAoully,, k=1,2,.. (155)
Ko = Pe weNE |lull,=1

where N is the eigenspace of operator A, corresponding to the eigenvalue p” (J44] ,Theorem 1.4, p.268)

Weak * convergence

Definition 17. A sequence ()0 is said to converge weakly * in L°°(£2) to a limit u if, for any ¢ € L1(12), it satisfies

lim ue(:c)qﬁ(x))dz:/u(x)(b(x)dz (156)

e—0 Q Q

This definition is valid for vector valued functions.

Main result Let A¢ € L>(Q; M, B) be a sequence of symmetric matrices which H-converges to an homogenized

matrix A*. Let p. be a sequence of positive functions, such that
0<p- < pe(x) < ptp <00 (157)

which converges weakly * in L°°(£2) to a limit p(z). Let (A")m > 1 be the eigenvalues, labeled by increasing order,

and (u™),,>1 be associated normalized, in L?({2), eigenvectors of the spectral problem
—divA“(2)Vul* () = A pe(x)u*(x) in Q and u" = 0 on ON. (158)
Then, for any fixed m > 1,
lim A" =A™ (159)
e—0

and, up to a subsequence, u™ converges weakly in H}(£2), to a normalized eigenvector associated to A™, which are

solutions of the homogenized eigenvalue problem
—divA*(2)Vu™(x) = A" p(x)u™(x) in ©, and «™ = 0 on 09, (160)

and (A"™)m,>1 is the complete family of eigenvalues of (L60)), labeled in increasing order., (|2], Theorem 1.3.16).
A similar result is obtained in O. A. Oleinik et al. [44], Chapter IIT Theorem 2.1.
6.1.3 Periodic homogenization

Cf. 2], Section 1.3.4. Let Y = (0,1)" be the unit periodic cell which is identified with the unit N-dimensional torus.
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Spaces Lg(Y), 1<p<oo

Definition 18.
LY(Y)={fe L] (RY) such that f is Y-periodic} (161)

loc

equipped with the norm || f||Lr(v)-

Example Let A(Y) be a matrix which belongs to Lg°(Y; Mg, ). Let €2 be a bounded open set in RY. For f € H™1(Q),
let u. € HL(Q) be the unique solution of
—div(A(Z)Vu) = fin©Q, uw=0on 90 (162)
€

Remark 17. Here the conductivity A(%) of © shows that the domain €2 is highly heterogeneous with periodic

heterogeneities of lengthscale e.

For each unit vector e;, in the canonical basis of RY, let w; be a solution of the following problem in Y
—divA(y)(e; + Vw;(y)) =0in Y, y — w;(y) is Y-periodic (163)

Then, the sequence A.(z) = A(%), H-converges to A* € M, g defined by its entries

Az::[juquwxy»er+Aﬁ@nm/ (164)

The starting point of the proof of this result is to write the solution u, of equation (162) on the form of a two-scale

asymptotic expansion :
+oo

, x
() = “ui(w, — 165
wl) = 3 e, ) (165)
where u;(z,y) is a function of z and y, periodic in y with period Y.

6.2 Homogenization and linear elasticity
6.2.1 The linear elasticity operator

In [44], the usual linear elasticity operator, in a domain @ C R", is defined, with the usual convention of repeated

indices, as

0 ou
(AR () =2
( . Bxk

where u = (uy, ..., uy,) is the displacement vector, and A*"(x) are (n x n)-matrices whose elements a?j’“(x) are bounded

L(u) = ) (166)

8xh

measure functions such that
all () = all'(2) = affy(2), ze O, (167)
and
K1inin < alf (2)ninnje < KoNinlin, @ € Q (168)

for any symmetric matrix with real elements {5, }, with positive constants x1, k2.

Remark 18. Are also associated to the above operator (I66)) the matrix e(u) whose elements are e;;(u) = 3(9% + g?; )
5 2

which is called the strain tensor, and the Neumann boundary operator
ou

= v, AV (2)=—(x
o(u) = A" (@) (o),

z € 090 (169)

where v = (v1, ..., vp,) is the unit outward normal to 9€.
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6.2.2 Homogenization in perforated domains

Notations and assumptions (Cf.[44], chapter 1). Let w be a smooth unbounded domain of R™ invariant under the
shifts by any z = (21, 29, ..., 2) € 2", Q@ = {z|0 < z; < 1,j = 1,2, ...,n}, €G = {z|e 'z € G} satisfying the conditions:
wNQ is a domain with Lipschitz boundary, the sets Q\@ and V5 N 0Q consist of a finite number of Lipshitz domains
separated from each other and from the edges of Q) by a positive distance, where Vj is a d- neighborhhod (4 < i) of 0Q).

Definition 19. Let Q be a bounded smooth domain in R™. A domain Q€ is of type I if
Qe =0New (170)
The boundary of €2 can be represented as

00 =T . US, where ', =00 New, Se=(02)NAQ. (171)

Example (Cf. [44], p. 119-134). Let Q. be a domain of type (170]). Consider the following mixed problem:

0 (is(H)0e) _ 4 inq, (172)

Le(ue) - (r“)gcl € 8(,6]'

where the coefficients a% of matrices A% are sufficiently smooth, satisfont (167)-(168)) and are 1-periodic in &, with the

boundary conditions

du,
ue =@, on Ty, oc(ue) =v;AY Y

=0onS.. (173)

Lj
Here, f. € L?(92.) and ®. € H'(Q.). The homogenized operator corresponding to L. has the form

0 0

B (Ama—x]) (174)

L=

where the coefficients matrices A% (i,j = 1,...,n) are given by the formula

A9 = mes @) [ (a9(9) + 4925y (175)

Qnw O,

and matrices N7 (¢) are 1-periodic in ¢ with fQﬁw NI(€)dé = 0 and are solutions of the following boundary problem:

0 ., (ON1 0
—— (AN =——AM¢ nw 176
e (49O 5 = —5gA46) (176)
with
o(N9) = —v, A(€) on dw. (177)
Let u,(x) be a weak solution of the problem
L(uo) = foin Q, wu, =P, on 0N (178)

where fo € HY(Q), and ®, € H3(Q2). If f. is the restriction to Q. of f,, and ®, is the restriction to I'. of ®,, then
(178) is the homogenized system corresponding to system (172)) and (173) and ||uc — uo||z2(q.) — 0 as € tends to 0.

6.3 Homogenization and Steklov eigenproblems

In [12], Chechkina, D’Apice and De maio consider a smooth domain  in R?, d > 2, whose boundary is 9Q = v, U5, UT..

Here, € is a small, positive, parameter, I'. consists of N, sets whose diameter is less than or equal to € and the distance
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between then is greater than or equal to 2¢, and 7. = 92\ (71 UT¢). The boundary value problem for the elasticity

system (E): z
Lis(ue) = ai(a;gng) =0in®Q, k=1,...d (179)
i J
and
e = 0 on 1 Une, (180)
o(uc) = Aij(x)g;tf vi = g(x) on T, (181)
J

is considered. Here, the elements az of the d x d-matrices A% are bounded measurable functions, with
ag(w) = aj(v) = af (x),  £1&kilri < agy()€kiltj < Kalkilpi, T € Q, (182)

where k1, ko are constants > 0, v = (11, v, ..; /g) is an outward normal vector to the boundary 99, g(z) € (L?(99Q))%.

Let H' (2,71 U~.) be the completion of the space of functions v € C*°(2),v = 0 on y; U 7., with respect to the norm
1
lellisiy = ([ (0 +[9o)ao)?. (183)

The solution u. of system (E) is in the space (H'(2,71 U~.))?. The following results are proved:
R1-the solutions u. of system (E) are uniformly bounded with respect to €, in H'(Q) ([12], Lemma 3) i.e. each u’ is
bounded in H*(Q)
R2-
/ lucPdz < Cllne|~%,0 < 5 < 2 — % (184)
Q

(J12], Theorem 3). In particular u, — 0, in L?(Q), as € — 0.
The Steklov-type problem

L('LLC) = Txl(ak]laixj) =0in Q7 k= ].7 ,d (185)
with the boundary conditions
ul =0 on v U7, (186)
and
n 17 8“’6 n, n
o(ul) = AY () z—v; = Alul on I, (187)
a.’Ej

is considered. The set {\"},n = 1,2, ... is the set of eigenvalues such that A\l < \2 < ... < A" < ..., where the eigenvalues
repeat according to their multiplicities.

The following estimate is established, for € sufficiently small, and N, = O(|ln|(1_2>;*1)
A" > C|lne|?, (188)

where C' is a constant independent of €, ( [I2], Theorem 5).The proof is based on an adaptation of the general abstract
result (subsection [6.1.2]), thanks to the above results R1 and R2.

7 Maxwell’s equations and electromagnetisme

7.1 Spaces H(div;Q), H(curl; Q)

Cf. H. M. Yin et al. [64] and D. R. Adhikari et al. [I]. Let Q be a bounded Lipschitz domain in R* and p > 2
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’

()°,

Definition 20. We recall that , for a three dimensional vector distribution, v € (D

curl(v) =V xv, and div(v)=V.v (189)

Definition 21.
Hy(div; Q) = {u € (L*(Q))°|V-u € (LP(2))*} (190)

equipped with the graph norm
1/
el st aivs) = (ullfpo @y + IV -ullfio@yys) " (191)
(Lr(2)) (LP(2))

Definition 22.

Hy(curl; Q) = {v € (LP(Q))°|V x v € (LP(2))*} (192)

equipped with the graph norm.This space is the space of finite energy solutions of Maxwell’s equations.
Remark 19. In P. Monk [41], the above spaces are defined for p = 2 and respectively denoted by H(div; Q) and
H (curl; Q). The space H,(curl; ) is the closure of the L. Scwartz’s space (D(9))? in H (curl(Q)).
Definition 23. The space of surface tangential vector fields in L?(92) is defined by
L2 (09) = {u € (Lz(ﬁﬂ))3\ vau =0 a.e. on 00} (193)

equipped with the norm of (L2 (69))3, where v is the unit outward normal to Q.

7.2 Maxwell’s equations

Cf. [41]. The electric and magnetic field vectors are respectively denoted by £ and H. The. vector functions electric
displacement and magnetic induction are denoted, respectively, by D and B. They are functions of the position € R?

and time ¢, and are related by Maxwell’s equations:

oB

S TYXE=0 (194)
VD=p (195)

oD
otV xH=-T (196)
V-B=0, (197)

where p is a scalar charge density function and J is the current vector density function.

7.2.1 Time-harmonic Maxwell’s system

If the radiation has a frequency w > 0, in time, the electromagnetic field is said to be time-harmonic, provided

E(x,t) = %(exp(—iwt)E(x)) (198)
D(x,t) = R(exp(—iwt)D(z)) (199)
H(x,t) = %(exp(—iwt)fl(x)). (200)
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And, also
B(z,t) = R(exp(—iwt) B(z)), (201)
T (a,t) = R(exp(—iwt)J(z)), (202)
p(z,t) = R(exp(—iwt)p(z)). (203)

Substituting these relations into Maxwell’s equations (subsection [7.2)), leads to the time harmonic Maxwell’s system:

—iwB+VxE=0 (204)
V-D=p (205)
—iwD+Vx H=—] (206)
V-B=0, (207)

7.3 The cavity problem.

Cf. [41]. In this section, the domain £ C R? is bounded and simply connected. Its boundary 92 consists of at most

two connected components Y and I'. Define the space:

X={ueH(cuwlQ) vxu=0onT and ur € (LZ(E))3 on X} (208)
where v is the unit outward normal to Q and ur = (v X u) X uw on 9. We also need the following definitions:
Definition 24. The electric permittivity, the magnetic permeability and the conductivity are denoted by €,, u,, and
o, respectively. Then the relative permittivity and relative permeability are denoted by €, and ..

Set
E=¢/?E, H=u}?H, (209)

and let F' be a given current density. The elimination of H in the system (204)-(207) leads to the problem: find the
time electric field E corresponding to F' such that (J41], Section 1.4)

V x (u;'V x E) — k%¢,E = F in Q, (210)
with the boundary conditions
vxE=0onT and u, (VX E) x v —ikAEr = gon %, (211)

where g is a given tangential vector field on X, k = w,/€, 1, and the impedance A is a positive function on the surface

of the material.

7.3.1 Variational formulation
Let (u,v) and (u,v) be the inner products in (L2(Q))3 and (LQ(Z))g, respectively and set

a(u,v) = (u 'V x u, V x v) — 62(e,u,v) — ik{up, vp) (212)
for all u,v € X. Then the variational cavity problem is to find £ € X such that

a(E, @) = (F, ®) + (g, o) (213)
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for all ® € X ([4I] p. 82). Next, it is proved (J41],Theorem 4.17) that, under suitable additional conditions on the data,
problem (213)) has a unique solution F € X for any value of k > 0. Moreover there is a constant C' > 0, independent of
FE, F and g but depending on &, such that

I1Ellx < C(IF|[(z2)s + llgllz2(z))?) (214)

7.3.2 Eigenvalues problem

(Cf. [41], Section 4.7). In this subsubsection , ¥ = (} (therefore g=0 and S =T") and ¢, is real. The cavity eigenvalue
problem is: find non-trivial pairs E € H,(curl; Q) and x € R such that

(1'V x B,V x ®) = k?*(,E,®) for all ® € H,(curl; Q). (215)

Main result: There exist an infinity of eigenfunctions F for the eigenvalue k = 0. And there is an infinite discrete set of

eigenvalues x; > 0,7 = 1,2, ... and corresponding eigenfunctions Ej, with 0 < k1 < kg < ..., 1imj o Kk; = 00.

7.4 The Bean model in superconductivity

Cf. L. Prigozhin [46] and [47]. The superconductor occupies a three dimensional domain  C R?. Let w denote the

exterior space. In Maxwell’s equations, the displacement current,very small, can be omitted.These equations read:

%—f +curl E=0 (216)
J=cwl H (217)

where J is the current density and B = u,H where p, is the permeability of the vacuum. The density of the external

current J,(z,t) which satisfies the condition divJ, = 0 is known:
Je=curl H in w. (218)

Only the case where the vectors of current density J and electric field E are collinear is considered. This is the case for
two dimensional problems and three dimensional problems with axial symmetry. Jointly with the above Maxwell’s

equations, the Bean model presented in [47] consists of the following equations (Ohm’s law)::
E=pJinQ, p(z,t)>0 (219)
where p is an unknown function and J is the effective resistivity,
|curl H| < J,, (220)
where the critical value J. is constant in the Bean model, moreover
|curl H| < J. = p=0, (221)

with the initial condition:
B(0,z) = Bo(z) with div B, =0 (222)

and the boundary conditions: the tangential component H, of H is assumed to be continuous i.e.

[H]=0o0nT, (223)
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where [-] denotes the jump across the boundary, and
|H| — 0 as |z| — oo. (224)
Let
V ={p(z,t) |curl p =0 in w,[p;] =0 on T'}, (225)

The following variational relation is valid for all ¢ € V' :

T T
OH
Mo/ / —.(p—&—/ /p curl H. curl ¢ =0 (226)
0 Jrs Ot o Jo

To sum up, the above Bean model now consists of equations: (218)), (219)-(224) and (226)).

Let H. be the quasistationary external magnetic field induced by the external current in the absence of the supercon-

ductor, i.e. the unique solution of the problem
curl H.=J., divH.=0, |H.— 0as|z|]— oo, (227)

h=H — H, and K(h) be the set of functions
K(h): {p e V]| |curl ¢| < J.(h+ H.) in Q} (228)

The above Bean model is equivalent to the problem: find h € K (h) such that
B
(O(h+ H,)/0t, o — h) > 0,for any ¢ € K(h) and h|;—g = hg = Iu—o — H,li=o. (229)
Existence and uniqueness of solution to this problem is proved ([47], p.193).
The variational formulation of the Bean model (229)) is used to solve the problem numerically ([47] Section 4), and

examples are presented.

7.5 Bean’s critical state type II superconductors

In this subsection, (2 is a bounded, simply connected domain in R? with boundary 992 € C! and Qr = Qx (0,T],T > 0.
The degenerate evolution system studied by H-M Yin et al. [64] is:

H,+V x|V x HP 2V x H = F(z,t), V-H=0, (z,t)€Qr (230)
with the conditions
vx H(z,t) =0, (x,t) €0 x [0,T], (231)
and
H(z,0) = Hy(z), z€Q, (232)

where H is the magnetic field, p > 2 is fixed and v is the outward normal to 0. In type-II superconductors, the
electromagnetic field concerns an alloy-type conductive medium where the displacement current is small in comparaison
with eddy currents J = o E (Ohm’s law). Let E be the electric field and J be the current density. In Bean’s model,

there exists a critical current J,. such that |J| < J. and
|E| =0if |J| < J. and |E| = [0,00) if |J| = J.. (233)

Under suitable conditions on the data F' and H,, the authors prove the existence of a weak solution to the system

[230)-[232), whose limit H(*), as p — oo, satisfies

H™ —V x [a(z, )V x H®)| =F, (x,t) € Q, (234)
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in the sense of distributions, where a(z,t) is a nonnegative, bounded and measurable function. Moreover
supp a(xz) C Ny for a.e. every ¢ € (0,7 (235)

where N; = {(x,t) € Qr}. Therefore, H(>) is a solution to the Bean’s model.

8 Pseudospectra and non hermitian, one dimensional, quantum mechan-

ics

As usual, operator means, always, linear operator.
Pseudospectra are related to closed operators.

Notation In a Banach space X, the norm is denoted by |||, or, if a confusion is possible, by ||-||x.

8.1 Introduction: closed operators

(Cf. L.N. Trefethen, M. Embree, [56]). Let (X, ||-||) be a Banach space, B(X) be the set of bounded operators on
X and C(X) be the set of closed operators on X. (An operator A is closed provided that, if {us} is a sequence in
the domain D(A) of A, converging to a limit v € X, and if { Auy } converges to alimit v € X, then u € D(A) and Au = v.)

Remark 20. For a closed unbounded operator A in X, its domain D(A) is different from X, but the domain D(A) of

a bounded operator is the whole of X.

8.1.1 Invertibility and perturbation of closed operators

If A€ C(X) has a bounded inverse A~!, then, for any E € B(X), with ||E|| < 1/]]A7!||, A+ E has a bounded inverse
(A+ E)~! satisfying

Ay
L—[[E[[]|A=H]
Conversely, for any u > 1/||A71|| there exists E € B(X), ||E|| < u, such that (4 + E)u = 0 for some nonzero u € X.
Cf. [56], Theorem 4.1 and [36] Theorem 1.16, p. 196.
Given A € C(X), the resolvent set p(A) is the set of 2 € C for which the inverse (z — A)~! exists and is in B(X).
The spectrum o(A) of A € C(X) is the complement of p(A) in C, i.e. 0(A) = C/p(A), with the convention that, for
z€0(A), [|(z = A)7Y| = too.

I(A+E) Y| < (236)

8.1.2 Metrics for closed operators in a Hibert space

Product metric (Cf. L. Schwartz [5I] Chapitre VII). Let (E1,d;) and (E2,ds2) two metric spaces. It is possible to
introduce, on the product E; x Es, the following equivalent metrics § = Max (dy,ds) and dy + da, respectively defined
by
6((z1,22), (Y1, 92)) = Max(di(21,91), d2(22,12)) (237)
and
(di +d2)((z1,22), (Y1,92)) = d1(21,91) + d2(72, y2). (238)
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Remark 21. Let H, K be two Hilbert spaces. The product H x K with the scalar product

((h1, k1), (ha, k2))uxx = (h1, ho) g + (K1, ko) ke (239)

is a Hilbert space. On the other hand, the topological direct sum H & K is the Hilbert space {h @k = (h,k) € H x K}
with the scalar product
(h1 @ k1, ho @ ko) = (h1, ho)m + (K1, k2) k- (240)

and the map (h,k) € Hx K - h@&k € H® K is an isomorphism (cf. [19], p.112)

Metrics for closed linear subspaces of a Hilbert space (Cf. Gohberg-Krein [28] and Cordes-Labrousse [14]).
Let H be a Hilbert space and &, T two closed subspaces of H.

d(%,6)= sup d(z,T)+ sup d(z,6) (241)

z€6,|[z||=1 €T, ||z]|=1

defines a metric on the totality of closed linear subsets of H. Equivalent metrics are defined by
g((s76):||PT_P6H7 (242)
where Pg, Pz are the orthogonal projections on & and ¥, respectively, and by

0(%,6) =Max{ sup d(z,%), sup d(z,6)}. (243)
€6, ||z||=1 z€%,||z||=1

Metrics for closed operators Let A be a closed linear operator (or, simply, closed operator) in the Hilbert space
H, with domain D(A), and G(A) be the graph of A i. e. the set of pairs (u € D(A), Au) in H x H. With the product
metric, H x H is a Hilbert space (cf. subsection , and it is well known that A is closed in H, if and only if its
graph G(A) is a closed linear manifold in H x H (cf. Kato [36] p. 164) or, in terms of topological direct sum, if G(A)

is a closed linear subspace of the direct sum h = H & H.

Definition 25. ([14], Definition 3.1). If A and B are closed operators acting in H, then the metrics d(A, B) and
g(A, B) are defined by

and
0(A,B) =0(6(A),5(B)) (245)

8.2 Pseudospectra

8.2.1 Definition of the e-pseudospectrum o (A)

Let A € C(X) and € > 0 be arbitrary.
In [56], p. 31, the authors give the following equivalent definitions.

Definition 26. The e-pseudospectrum of A is the set of z € C satisfying any of the conditions
1z = A)7H >, (246)

z € 0(A+ E) for some E € B(X) with ||E|| <€, (247)
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z € o(A), or ||(z — A)u|| < € for some u € D(A) with ||u|| = 1. (248)
If z and u satisfy the last equation they are called e-pseudoeigenvalue and e-pseudoeigenvector, respectively, for
the operator A. The pseudospectra of A is the family

{ocay}es0 = |\EL\J\<6(U(A + E) (249)

Importance of the pseudospectra. In accordance with formula (249), the notion of pseudospectra provides
information about the instability mentionned in remark 26 The size of the pseudospectral regions provides a clear

indication of the instability of typical Hamiltonians in quantum mechanic.

Trivial pseudospectra
A closed operator T is said to have a trivial pseudospectra if, for some positive constant x,

R

1T =27 < e o)

for all z € C/o(T) (250)

(cf [32], section 2.3).

8.2.2 Examples

Example 4. The virtual eigenvalues of J. Arazy and L. Zelenko [6] are in the pseudospectra of (—A)’, in

X = L?(RY),¢ € N,2¢ > d. Indeed, they consider the operator (see also [33], p.132):

H, = (-A)++V(z), D(H,)={uec L*RYuc W2, (R?), H,uc L*(R?)}, (251)

Jloc
yER, zeR*—=V(z)€R, (252)

where V(x) > 0 is assumed to be continuous and to satisfy | l‘im V(z) = 0. Here A = (—A)’ is self-adjoint and,
xr|— 00
therefore, closed, the multiplication operator V. = V() is bounded and belongs to B(X). Their virtual eigenvalues are

the eigenvalues of H,, where
WVisx) = IVIsx) <e (253)

as soon as

vl (254)

<
IV lBx)

Therefore, for € > 0,0(H.,) is the e-pseudospectra of (—A)! when the inequality (254)) is satisfied.

Example 5. (Cf [56] p.35-37). Let A be the operator acting in X = L?(0,d),d > 0, whose domain is

D(A) = {u € L*(0,d),u(d) = 0, u is absolutely continuous (ac) }, (255)
such that J
Au = ﬁ and u(d) =0, for u € D(A). (256)

We recall that a function F(z) is absolutely continuous in an interval (a,b) if it is the indefinite integral of a function

f € L}, (cf. [54] Section 11.7). The spectrum o(A) is empty, since, for z € C, u(d) = e*® # 0. Nevertheless, the
1

pseudospectra of A are "enormous". The resolvent (z — A)~"' exists as a bounded operator, and, for any z € C,

w(@) = (2 — A)~lu(z) = / =)y (s)ds, x € (0, d). (257)

x
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The equation (257) means that (z — A)~!v(z) is the restriction to (0, d) of the convolution product v * g where v and g

are regarded as functions in L?(—o0, +00) with
g(x) = €** for x € [—d, 0], 0 otherwise . (258)

By means of the Fourier transform in L?(R), (257) leads to

. . ) ) e—dRe -1
[lull < flv*gll = [loxgll = [[ol] [|9]] < [loll sup [g(w)] = [|v]|—F—— (259)
weR |Rez|
where ||-|| denotes the norm in L?(—o0,+00). Then
I =47 < o (260)
~ Rez
for Rez > 0, and
L ed|Rez| 1
—A) | = @ 261
1= A7 = G + Ol (261)
for Rez < 0. These results imply ([56], Theorem 5.1) that the pseudospctra of A are half-planes of the form
0(A) ={z € C:Rez < ¢}, (262)
with
loge/d) ife—0
o~ (loge/d) (263)

€ if € — 0.

Example 6. The ghost solution of D. Domokos and P. Holmes (Cf. [2I]). In [56], p. 98-99, this ghost

solution is presented in the following way. The author considers the linear differential equation
Au=1u +zu =0, (264)

acting on sufficiently smooth functions in L?(—L,+L) and associated to the boundary conditions

u(—L) =u(L) = 0. (265)
The function
22 L2
u(z)=e 7 —e 7 (266)

satisfies the boundary conditions (265)) and the equation

L2
2

Au = u (z) + zu(z) = ze~ (267)
L2
i.e. (264) for all x, up to an error no greater than Le™ = . Therefore
L2
|Au| < Le™ 7, (268)

and 0 belongs to the e-pseudospectrum of A for a value of € that decreases exponentially as L — oo.
Example 7. The non-self-adjoint (NSA) harmonic oscillator
The harmonic oscillator
The harmonic oscillator is the closure, in L?(R), of the operator H, defined by

(Hof)(2) = —f"(2) + az’f(x), (269)
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for f in the L. Schwartz’s space S(R), with @ > 0. The operator H, is essentialy self-adjoint on S (i.e. its

closure is self-adjoint in L?(R)), and the resolvent operators are compact. Moreover, the spectrum of H, is
{2n+1)a?:n=0,1,..}, (270)
each eigenvalue ) is of multiplicity 1, and the corresponding eigenfunctions are
on(z) = Hn(a1/4x)efal/2x2/2, (271)

where H,, is the hermite polynomial of degree n. After normalization, the eigenfunctions provide a complete orthonormal
set in L2(R).

The non-self-adjoint (NSA) harmonic oscillator

Reminder: Definitions

Cf. [I7]. Let X be a Hilbert space with inner product (f,g) — (f,g). A sequence {z;}, in X, is a normalized basis
if it is a basis with ||z;|| = 1 for each j.

An unconditional basis is a basis with the property that every permutation of the sequence is also a basis.

A sequence {f,}22,, in X, is said to be an Abel-Lidskii basis in X, if it is a part of a biorthogonal pair {f,},{én}
such that, for all f € X, one has

=gnZ T f On) F (272)

Remark 22. If X is a Hilbert space, a sequence {x;} is an unconditional basis if and only if there exists a bounded

invertible operator S on X such that {e; = S~'z,} is a complete orthonormal set in X. It is also called Riesz basis.

The NSA is the operator H, defined by where a is allowed to be complex. In this case, the eigenvalues are complexe,
but they are given by the same formula . It is proved, in E.B. Davies [17], Corollary 14.5.2, that the sequence of
eigenfunctions ¢, cannot be an Abel-Lidskii basis and Theorem 14.5.4, that, if 0 < § < arg(a), the resolvent
R.g = (re®I — H,)~! is such that ||R, || diverges at a super-polynomial rate, as r — oo and if arg(a) < 6 < 2,
then ||R, || — 0 as 7 — oo. Therefore, given € > 0, there exists r,(¢) such that, for r > r,, ||R.g|| > €' i.e. the

e-pseudospectra of H, is {z = re’?,0 < 0 < arg(a),r > r,}.

Remark 23. In [I5], E.B. Davies considers the harmonic oscillator (269), when a is complexe, with Re a > 0 and
Im a > 0. He introduces two real positive parameters 1 and a and constructs a family of pseudoeigenfunctions f,

concentrated around the point xo = amn, associated to the pseudoeigenvalues z, = n? + aa’n? — iaa such that
. . -1 _
i [1(H, = 2,) ! = +oo. (273)

He also proves that the eigenfunctions of H, do not form an unconditional basis in L?(R).

Example 8. In [32], R. Henry and D.Krejcitik consider, in L?(R), the operator

d2
H=- . —— +i sign (z), (274)
with domain
D(H) = W*%(R). (275)

It is closed and densely defined, but, neither self-adjoint nor normal. However it satisfies

=THT, H*=PHP, and][H,PT|=0 (PT-symmetry), (276)
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where H* denotes the adjoint of H and 7 and P are, respectively, defined by T+ = 1, (Py)(x) = ¢(—x). Its numerical
range Num(H) (i.e. the set of all complex numbers (¢, Hy) with ¢ € D(H) and ||¢|| = 1), is

Num(H) =S, where S = [0, +00) +i(—1,1). (277)

Moreover,
0(H) = 0ess(H) = [0, +00) +i{—1,+1}. (278)

They show that H cannot have trivial pseudospectra. For that, they set z = 7 + 90 and they construct a

function fy such that

_ H—2)71f| T
ooy s =2 hll 7,0) ~ 279
07 =27 > B Tl > () ~ oL (219
as T — 00, where ¢(7,0) is a suitable function. For z real, positive (§ = 0)
_ -1
L e LU (250)
0

and dist(z,0(H)) = 1. The equation (280) shows that, for any positive constant C, there exists a zg € C/(c(H), real,

positive, such that

¢
dist(zp,0(H))
ever, H has a non-trivial pseudospectra. Indeed, thanks to (280)), given ¢ > 0, there exist z € C/o(H) such that
I(H —2)~ > e

(H —20) 7" > (281)

Remark 24. In the references of this section, the authors present nice figures of the pseudospectra.

8.3 Non-hermitian one dimensional quantum mechanics
8.3.1 Introduction to quantum mechanics

In one dimensional motion of a single particule restricted to motion along a line, M. Schechter [50] postulates: there is
a function 1 (z,t) of position x € R at the time ¢ such that the probability that the particule is in an interval I, at the
time t, is given by

/I o, |2 de (252)

. . . o0 _ . . _ d
¥(x,t) is called the state function, and satisfies [ |1 (z,t)|*dx = 1, forall t. Set (with the notations of [50]) p = m4%

where m is the mass of the particule, and define the operator L by

_ a0
Lip = —ih (283)

where 7 is the Planck’s constant. (No confusion is possible between the square L? of the operator L ans the space
L?(R)). The total energy of the particule is the sum of the kinetic energy T' = %va = % and the potential energy

V :x € R — R. The corresponding energy-operator or hamiltonian is the operator
1
H=_—L*+V 284
oL+ (284)

Remark 25. If H is the generator of a C, semi-group e~ ' on L?(R), ¢(z,t) = e *H1)(z,0). Therefore, it will be

convenient to estimate |[e=||.
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Definition 27. Let w be a measurable quantity which can take on the values wq, ..., wy and suppose the probability

that w takes the value wy is Py, k =1, ..., N. The quantity
is called the average value or he mathematical expectation of w.

In [50], this definition is justified by a Feller’s theorem namely: If a sequence of identical experiments is performed and

the values Sy, ..., Sy, ... are observed (The numbers S,are among the values wy, ..., wy), then the average value

Si+..+5,
D1t F o (286)
n
converges to w, in the sense of probability, as n — oo ([22]).
The kinetic energy of the particule is F = %. The average value of F is
E = (H@),v). (287)

Any quantity, that can be measured, is called an observable. In formula (287), E is an observable.

Remark 26. Importance of the spectrum :An observable can assume values only in the spectrum of its
corresponding operator. Moreover, even in the cases in which the eigenfunctions can be determined explicitely, they
often do not form a basis. This is closely related to a high degree of instability of the eigenfunctions under small

perturbations of the operator (cf [I6], Abstract).

8.3.2 Examples

This paragraph is devoted to examples of pseudospectra related to models of non-hermitian quantum mechanics (cf.

Example 9. The rotated harmonic oscillator that is the quantum hamiltonian of the harmonic oscillator
Hf =—f +2a? (288)
See operator (269)), with a = 1.

Remark 27. Tt is proved, in [38], that the shifted harmonic oscillator
& + (z +1)?, on L*(R) (289)
— —+(x+1%)°, on
dz? ’
has the same spectrum as the above H, but large pseudospectra in parabolic regions of the complex plane ([38],

Theorem 7).

Example 10. The imaginary Airy operator. It is the non-self-adjoint operator

2

H=- iz, on L*(R), (290)

Pl
with domain D(H) = {1 € W?2(R);xv € L*(R)}. The spectrum of H is empty. But, its pseudospectra o (H) is not

trivial. There exist constants C7, Cs such that, for all € > 0,

o(H) 2 {z|Rz > C; and Rz > Cy(log 1)2/3 (291)
€
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Example 11. The imaginary cubic oscillator:

2

H=— iz®,  on L*(R), (292)

@
with domain D(H) = {¢ € W22(R); 23y € L?(R)}. Its spectum is composed of an infinite sequence of discrete real

eigenvalues and the eigenfunctions form a complete set in L?(R) (cf. [52]). Its pseudospectra o.(H)l is described as

follows: for any ¢ > 0, there exist constants C7,C5 > 0 such that, for all € > 0,

1
o(H) 2 {2z €Cl|z| > Cy and |arg 2| < (g —0) and |z| > Cy(log =)%/°} (293)
€
Example 12. An advection-diffusion operator:
d? d
H=-—+—on L*(R 294

with domain D(H) = W?22(R). The diffusion term —d?/dxz? is the free Hamiltonian in quantum mechanics, self-adjoint
on W22(R). The spectrum o(H) of H is the parabola 93

o(H) = {z € C|Rz > 0 and [Sz|* = Rz}. (295)

Since H is a normal operator, its pseudo-spectra are trivial. Neverthless, the spectrum of the self-adjoint free
Hamiltonian H,, = —j—; + 1 =QHQ! with (cf. (312)) Q = e~*/2, with domain W?%(R), o(H,,) = (1/4,00), differs

from the complex parabolic spectrum of H.

Remark 28. In [38], the authors point out the differences between the above operator (294) and the convection-

diffusion operator:

o + 4o 1 [0, L] (296)
C da?  dx Y

with the Dirichlet boundary conditions u(0) = w(L) = 0. In this case,

k 1
o(HP)) = o(HD) = {(%)Mﬂk: 1,2,..} (297)

Example 13. (Cf. [48]). Consider the operator

= oy — © + 4, L2(0,d] (298)

= ’ = — JE— n

dz?  dz B

with the Dirichlet boundary conditions u(0) = u(d) = 0. The following related operators will be considered: H(10:2°)),
acting in L?[0, 0o) with the boundary condition u(0) = 0, and H(=°*+>)) acting in L?(—oc, +00) with no boundary

condition.
Notations
S={aeC:-1<Ra<0}; A ={AeC:|\ <€} (299)
and
P={MAcC:A=a*+a, Ra=0}, T={AcC:A=a’+a,—1<Ra <0} (300)

Spectra of the above operators

1 72n?
oH)=—3- "z

Pseudospectra For each € > 0, the e-pseudospectra of H, H(~°t) and H9°) satisfy

n=1,2,.. o(H > ®)=pP oH>))=11 (301)

o (H) CII+ A, (302)

and
o (HETN) = P4 A, o (HOH)) =114 A, (303)
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8.3.3 Time evolution

(cf. Remark. In this subsection, H is a closed linear operator in a Hilbert space, which generates a C, semi-group
(cf. [53]).
Definitions

Definition 28. The spectral abcissa of H, ay, is the sup of the real part or of the absolute value of the
A€o (H)
spectrum of H.

Definition 29. The ¢ pseudospectral abcissa of H, a.(H) is the sup of the real part or of the absolute value
A€o (H)
of the e-pseudo spectrum of H.

Definition 30. The numerical abcissa of H, w(H), is

w(H) = sup Rz (304)
z€W (H)

where W(H) = {(Hu,u);u € D(H),||u|| = 1}, is the numerical range of H.

Definition 31. The the growth abcissa of H is

A(H) = Jim ¢ log||e™| (305)

Main results 1) For any H satisfying the above assumption, we have:

y(H) = lim a.(H) (306)
2) If H is normal we have
llexp(tH)|| = e!*H) vt > 0 (307)
If H is not normal
U < [leap(tH)]| < oo (308)

But, when H has a basis of eigenvectors, the last inequality, in (308)), may be affined in terms of the condition number
of this basis.

8.3.4 Symmetrizability

Definition 32. An operator £ is symmetrizable if it is similar, by a diagonal similarity transformation, to a self-adjoint

operator with the same real eigenvalues.

For example, in (cf [48]), the authors consider the convection-diffusion operator
Lu=u" +u, u(0)=uld) =0 (309)
acting in L?[0,d], with domain

D(L) = {u € C[0,d]|u(0 = u(d) = 0,u has a second derivative u’ € L?(0,d)}. (310)
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The spectrum o (L) and the spectral abcissa a(L) are,

1 7w2n? 1 -7
and the corresponding eigenfunctions
un () = e~*/?sin(rnz/d) (312)
form a basis. Set u(z) = e~ %v(z).Then Lu=u" +u =e 5 (v — 1v). Finally,

Lu = MKv=MKM 'u (313)
- g

where K : v — v’ — 4= is self adjoint, M : v — Muv = e~ 2v, is a diagonal operator with ||[M|| =1 and ||[M~||=e? ,
and therefore k(M) = [[M]| [[M7Y|| = e¥/2,

Remark 29. The number (M) is the condition number of the symmetrizing transformation, but, it is also equal to
the condition number of the basis (312) of eigenfunctions of £. In this case, the inequality (308) can be written
ete(f) < ||€t£l|| < H(M)eta(ﬁ) (314)

ie.
e—t/4—t‘7r2/d2 < ||et£|| < 6d/2—t/4—t7r2/d2 (315)

(48], p.1646).

9 Spectral flow

There are several definitions of spectral flow in the literature.

9.1 A roughly speaking description

In [23], P.M. Fitzpatrick et al. present the following description of the spectral flow. Let H be a real separable Hilbert
space, ®o(H ) be the space of all (linear) Fredholm operators of index 0 acting on H, (i.e. its kernel N(7T') has finite
dimension nul(T), its range R(T') is closed and has a finite codimension def(T); the index of T is i(T") = nul(T)-def (T)
) and ®g(H) the subset of ®¢(H) of self-adjoint and, therefore closed, operators. Thanks to subsection bg(H) is
a topological space. Let I = [a,b] be a real interval. For a path i.e. a continuous map L: A € I — Ly € ®g(H), the
spectral flow sf(L, I) is the number of negative eigenvalues of L, that become positive as the parameter A travels from
a to b minus the number of positive eigenvalues of L, that become negative.

A similar description was presented and justified by K. Furutani and N. Otsuki in [25] , when H is a separable complex

Hilbert space and ®s(H) is the space of bounded Fredholm, self-adjoint operators with index 0.

9.2 Spectral flow via the Cayley transform

(Cf. B. Booss-Bavnbek et al. [I0]). Let H be a separable complex Hilbert space with the scalar product (, ). The
authors denote by C** the space of closed, densely defined operators T acting in H, that are self-adjoint, and by CF*“
the subspace of C** that are Fredholm .

Several topologies have been introduced on C*“.
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9.2.1 The gap topology

Let T € C*%, and P denotes the orthogonal projection onto the graph of T in H x H. The gap metric is §(T1,Ts) =

[|Pr — Pz|| (where ||.|| denotes the norm in the space B of bounded operators acting in H)

9.2.2 The “Cayley transform" metric

For a densely defined operator T in H, the Cayley transform « is defined by
T — k(T) = (T —i)(T +i)"*
Let U be the subspace of B of unitary operators H — H. It is proved that
k(CF**) = {u € U|(U + I)is Fredholm and (U — I)is injective} =:7 Uip,,
moreover the metric 0, on CF**, defined by

8(Th, Tz) = |[s(T1) — K(T2)]|

is equivalent to the metric 4.

9.2.3 The metric v

On C*%, the metric v, defined by
VT =To) = (T +0) " = (T +4) |

is uniformly equivalent to the gap metric, and (71, Tz) = 279(T1,T») (J10], Theorem 1.1).

9.2.4 The map wind

(316)

(317)

(318)

(319)

Let zU = {U € U| — 1 & spec,, U( i.e. (U + 1)is Fredholm)} The following “description” (definition) of wind is given

([10], Proposition 2.1):

Let L : I =[0,1] = U be a continuous path. There is a partition 0 = tp, < t; < ... < t, =1 of [0, 1], and positive real

numbers 0 < ¢; < 7,5 = 1,...,n, such that ker(f(t) — *("*<)) = {0}. Then wind(f) is defined by

wind(f) =Y k(tj,¢;) = k(tj-1,¢;)
j=1

where

k(t,e;) = Y dim ker(f(t) — "%

This definition is independent of the choice of the partition of the interval and of the barriers €;.

Definition of the spectral flow of L, sf(L) :

sf(L) =sf(L,I) =wind(ko L)
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9.2.5 Homotopy

(Cf. J. Dieudonné [19]). Let Ly and Ly two paths defined in the same intervalle I = [a, ], and A an open set in C, such
that Ly (I) C A and Lo(I) C A. An homotopy of L; to Lo, in A, is a continuous map ¢ : (t,£) € I X [o, Bl(a < €
R) — A such that o(t,«) = L1(t) and o(t, ) = La(t) in I. Then the two paths L; and Lo are said to be homotopes in
A

The spectral flow defined by is invariant under homotopies leaving the end points fixed ([10] Proposition 2.3).

9.3 Spectral flow and bifurcation
9.3.1 Differentiable functions in Banach spaces

Let E and F be two Banach spaces and U a neighborhood of 0 in E. We say that the maps f1 : U — F and fo : U - F

are tangent at a € U if

m(r) = H fuﬁ< I[fi(z) = fo(a)]| (323)
satisfies the condition
lim m(r) =0 or m(r)=o(r) (324)

r—0,r>0 r

Definition 33. A map f:U — F is differentiable at the point a € U if there exists a g € L(E, F') such that
1f(z) = fla) — g(z — a)|[r = o(||x — al|g) as © — a (325)

where L(E, F) is the space of linear continuous maps from E to F with its usual norm. The map g is called the
(Fréchet) derivative of f at the point a and is denoted by f'(a) or Df(a). (Cf. H. Cartan [11] )

Derivative of second order (Cf. [T9]. Let f be a continuously differentiable function in an open set A of a Banach
space E to a Banach space F. Then Df is a continuous map from A to L(E, F). If Df is differentiable at the point
a € A, f is said to be twice continuously diffferentiable at a € A and the derivative of D f at the point a is called the
second derivative of f at a, and is denoted by f”(a) or D?f(a).

Partial derivatives Let F, E5, F be Banach spaces, F = F; X E5, A be an open set of E, and f a differentialbe
map from A to F and a = (a1,a2) € A

Definition 34. The map f is said differentiable, at the point (a1, as), with respect to the first [resp. second variable]
if the partial map x1 — f(z1, az2) [resp. 2 — f(a1,x2)] is differentiable in a; [resp. az]. These derivatives are called
partial derivative with respect to the first variable [resp. the second variable] at the point (aj,as) and are denoted by
D,, f(a1,a2)(€ L(E1, F)) [resp. Dy, f(a1,a2)(€ L(E3, F))]. Moreover the gradient of f at the point (a1, az) is defined
by

Vf(a1,a2) = Dy, f(a1,a2) X Dy, f(a1,a2) € L(E1, F) x L(E3, F) (326)

Remark 30. The above definition can be extented, in the same way, when E is a product of more than two spaces.
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9.3.2 Bifurcation

(Cf. [23]) Let f(I x U) — X be a continuously differentiable mapping defined on the product of the interval I = [a, b]
with a neighborhood U of the origin in a real Banach space X, such that f(A,0) = 0 for all A € I. Solutions of the
equation f(\,z) =0 of the form (), 0), are called trivial. A bifurcation point for solutions of the equation f(A z) =0
is a point A\* € I such that every neighborhood of (A*,0) contains nontrivial solutions of this equation. Let, for A € I,
Ly = D,(f(Ax))(A0) € L(X,X) be the derivative of f(\, z) with respect to x, at the trivial solution. By the implicit
function theorem, bifurcation can occur only at points where Ly is singular i.e. is noninvertible.

The following result is presented in P. M. Fitzpatrick et al. [24] Theorem A. Let I = [a,b] be an interval of real
numbers, X be a real separable Hilbert space and U be a neighborhood of I x {0} in R x X on which the C? function
P (A x) € U — (A x) € R has the property that, for each A € I, 0 is a critical point of 1)y = (A, ). It is assumed that
the Hessian Ly of 1y, at 0, is Fredholm, and that L, and L; are nonsingular. Then, if the spectral flow of {L,} on the

interval I is nonzero, every neigborhood of I x {0} contains points of the form (A, x) where x # 0 is a critical point of ¥y.

9.3.3 Examples

Example 14. (]24])
Let I = [a,b] and H = (\t,u) € I x R x R*™ — H(\ t,u) € R be a twice continuously differentiable function,
27-periodic in ¢ with H(\,¢,0) = 0. The following Hamiltonian system for the differentiable function u : R — R?", is

considered:
Ju'(t) + Vo H(\ t,u(t)) =0, u(0) = u(2r) (327)

0 -Id,
J = < ) (328)
Id, 0

is the symplectic 2n x 2n matrix. The authors make assumptions under which they can apply their previous results

where

[23] and show that bifurcation of 27-periodic orbits from the branch of equilibrium arises. Here
X =H?=H*(S",R?™), (329)

the function ¢ : I x H? — R, is defined by

Y\ u) = %F(u,u) -/ WH(A,t,u(t))dt (330)

where I'(u, v) = 027T<Ju’(t),v(t)>dt,Vv € Hz. The Hessian Ly of ¢(), ) defined by Ly = D, F(),0), where
F(\u) = Vap(Au), (\u) €1 x H?, (331)
is Fredholm. The spectral flow sf(L,I) of the path L = {L)}xe; is nonzero.

Example 15. (Cf. N. Waterstraat [61]).
Let © be a bounded domain in RY, N € N, with a smooth boundary 92,1 = [0,1]. Let a,b,c : I x Q — R and
G : I x Q xR? — R be C?functions. Systems of elliptic partial differential equations of the form

—Au = by(x)u + ex(z)v + Gy (A, 2, u,v) in Q
—Av = ax(z)u + bx(z)v + Go,(\, z, u,v) in Q (332)
u=v=0on 0N
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are considered. Here G\ (X, z,0,0) and G, (), x,0,0) are assumed to be 0 for all (A, z) € I x Q. Aditionnal assumptions
are made on G and its derivatives such that the following results are justified. Let D?G(\, x,u,v) denote the Hessian
matrix of G(\,z,-,-) : R? — R, at the point (u,v) € R? with D?G(\,x,0,0) = 0. Let E be the Hilbert space
H}Q,R) x H}(Q,R) with the corresponding scalar product (-, -)g, and for z = (u,v) € E, define the map

1
iz) = / (Vu, Vo)dz — 3 / (ax(z)u® + 2bx(2)uv + cx(z)v®)dz f/ G\, z,u,v)dx (333)
Q Q Q
which is C2. Moreover, f,(0) = 0 for all A € I. For z = (u,v) € E, the map Z = (4,7) € E to
D3 fr(z,%) = / (Vu, Voydx + / (Va, Voyde — / (ax(@)ut + by (z) (v + ud) + cx(z)vd)dz (334)
Q Q Q

is a continuous linear form on E. From the Riesz representation theorem, there exists Ly(z) € E such that
(Lxz,2)p = D§(fa(2,2)) 2 2€E, (335)

and Ly € ®g(E). Therefore, the path L = {Lx|\ € I'} is a path of bounded linear self-adjoint, Fredholm operators and
the spectral flow sf(L,I) is well defined. It is proved that if the linearized systems

—Au =by(x)u + cx(z)v in Q
—Av = ay(z)u+ by(z)v in Q (336)
u=v =0 on 0N

have no nontrivial solution for A = 0 and A\ = 1, then the spectral flow sf(L, ), estimated in terms of the coefficients
of (336)), is nonero. This implies the existence of a bifurcation point A* € (0, 1) for the family of equations (332)) ( [61],
Theorems 2.1 and 4.2 ).
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