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Abstract

In the present paper fractional integral operators associated with H -function for real positive symmetric definite matrix
have been discussed. These operators have a wide range of applications in the field of Mathematical Physics and Linear
differential equations. A number of special cases of our operators have been mentioned.
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Introduction

Fractional integration is an immediate generalization of repeated integration. Fractional integral operators occur in the
solutions of linear differential equations, partial differential equations and in the integral representations of hypergeometric
functions of one or more variables. Riesz [9] and Garding [3] respectively introduced Riemann-Liouville integral of vector
and matrix variables and applied them in the solution of differential equation associated with Cauchy’s problem.

(@) H -function with matrix argument

Let X isa P X p real symmetric positive definite matrix of functionally independent variables. Let the ﬁ -function of X
be denoted by

ioo
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where  B(&)=—L (1.2)
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Which contains fractional powers of the gamma functions. Here, and throughout the paper aj(j =1,.., p) and
b;(j =1,...,Q) are complex parameters, a; >0(j =1,...,P), ; 20(] =1,...,Q) (not all zero simultaneously) and
exponents A;(j=1,...,N) and B;(j=N+1...,Q) can take on non integer values.

The following sufficient condition for the absolute convergence of the defining integral for the ﬁ-function given by
equation (1.1) have been given by (Buschman and Srivastava[1]).

0=l Siaa /- 3 98- 3 Ju o

and |arg(z)| < %nQ (1.4)

The behavior of the ﬁ-function for small values of |Z| follows easily from a result recently given by (Rathie
[8],p.306,eq.(6.9)).

We have

ﬁ“pﬂ,bN[z]:O(|z| ) y= mm[Re(%_ﬂM—)O (15)

If we take Aj =1(j =1..., N), Bj =1(j =M +l,...,Q) in (1.1), the function H:\DA,QN reduces to the Fox’s H-function
[2].

Itis assumed that H (XY) = H (YX) for real symmetric Mx M positive definite matrices X and Y , H(X)is defined
by the following integral equation:

1.0 ﬁf)]_[{ r (" e e 5)}

[Ix1 % H(X)dX =2 _ (1.6)
20 9 m+1 o P
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Sethi [10] discussed the following fractional integral operators involving H -function of matrix arguments:
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Where f(X)= (X, X1 Xp1,+-+» Xy ) bE @ real bounded function of a complex parameter.

(b) Matrix transform

A generalized matrix transform or M-transform of a function f (X) of a MXM real symmetric positive definite or strictly
negative definite matrix X is defined as follows:

M, (s)= [ IX |‘“"mT+l f(X)dX (X >0) 1.9

X>0

Whenever M (S) exists. Also f (X)) is assumed to be a symmetric functioni.e. f(BX)= f(XB)= f (B%XB%)
for B=B'>0.when X <0Oreplace X by —X in M -transform.

(c) Integral operators involving H -function

Y[f(X)] Y|:f(X)|O' o 4 ’(aJ AN (8 aJ)N+1Pj|:

(b Bidim (05,5538 v

-c-p m+1
X177 [ lupix-u( = HPQ[(l—ux-l)
1ﬂm(p) 0<U <X

NLf(X)]= N[f(X)|5 o,y i Anm(a,a,)w}

(05,8 )um (05,8538 Imaro

(@33 A N (@53 e
(bj. B m (b5, B5:Bjmiro f (U )dU (1.10)

- m+l

o MN = a5 A N85 )N p
- plU X | . H Y |:7(I - XU 1) Eb;vﬂj)fM)r(bjv(ﬂj;Bj;M{LQj| f (U)dU
F ( )U>X

(1.11)
The above defined operators exists under the following conditions:

1 1
) P>1,Q<wo,—+—=1]arg(l —a)|< 7
Q) Q P10 larg(l —a) |

m+1

i 1 1
(i) (Re(o) > Q,Re(é) > 5 ,Re(p) > 5

b,
(iii) Re(a+ m|n —) >mT+1

iv) f(X)eL,(0,0).

The last condition ensures that Y[ f (X)]and N[ f (X)]both exist and also both belong to L, (0, 0).
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2. Main Results

The following theorems of the operators defined by (1.10) and (1.11) have been established in the expression of matrix
transform:

Theorem 111 f(X) € Ly (0,50) 1< P < 2[ort (X) € M, (0,0c) and P > 2]where Re(ar+ min F) >mT+1'
]

Re(o-)>—é Re(t) > 71 Re(o—t+1) > ™ oo arg(l —a) [ 7 then

r (0' t+mz+1)
M{Y[f(X)]}: T ()

m+1
(711) (aj a] AJ)lN (a e} )N+1P

w1 j]M[f(U)] 2.1)

(b ﬁj )l,M v(bj xﬂj ;Bj )M+1_Q V[T*tfo'fp,l;l

—M N+
Hpiqul| 71

Where | is Mx M identity matrix.

Proof: Taking the matrix transform of equation (1.10), we get

MY OOT = [ X[ 2 {%

X>0

[ IUFIX-Uf® AES 0 -ux

0<U<X

(0.8 m (0. 8i:Bjdmrg

(@A N ’(ajf“i)N“vP :| f (U )dU j|dx

Changing the order of integration which is permissible under the conditions stated with the theorem, we obtain

1

MIY[F(X)]} = f(U)du
{ / L (0) %o
t_o_p_mTH p_mTJrl N -1y | (ajiaji A (@j5) Inaa e
[ IXTT7T2 X =u T HRR [0 =Ux | Groee | lax
0<U<X

On evaluating X -integral with the help of the result given by Mathai and Saxena [7],

m+1 m+1

T 2 Hybpa (@j.aj)ir ~
I|X| 1-X["2 HP [|x2||(bﬁj)1jdx_

r ( )H p,q+1 | 7 ||(m+1 j(aj )i L.11)
m P r+1,s+1 b)) (Lﬂ*(ﬁpyl} '

b;
Where Re(ar + min —-) > m—i_land Re(p) > mT_'_l—l

1<j<m ﬁj

We obtain the required result.
Theorem 2: it f(X) e L,(0,0) 1< P <2[orf (X) e M (0,0) and P > 2] where
Re(S + min b, > T+1 Re(5) > —% Re(t) > mT+1 Re(5+t) >

1<j<M ﬂ

m+1
and |arg(l —a) |< 7 then
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I, (5+1)
r.(p)

m+1
(Tﬂﬂl} (@i A)in (amfll iINap | ]:l M [f (U )] (2.2)

(658w (01, B,)Mz( e

M {N[f(X)]} =

—M,N+1
HP+1Q+1 ]/l

Where | is MXx M identity matrix.

Proof: Taking the matrix transform of equation (1.11), we get

MNCEOOT = [ IXT {F'X(L)

X>0

m-+1
o T g M - a5 A LN (83 v p
I [UI"?IU=X] 2 Hego [}/(I —-XU™) Ebj,/;j)fm),(bj,(ﬂ,-:B,-;MA,o} f (U)dU}dX
U>X

And changing the order of integration and evaluation X -integral with the help of (1.11), we obtain the required result.

m+1

Theorem 3: If f(X) e L;(0,0),9(X) e L,(0,0) where Re(5+ mln ;) >T
j

1 +1 140
Re(5)>—6 ,Re(p) > T ,Re(c )>max(P Q]and |arg(l —a) |< 7 then

L@iayiA DN (@55 e ¥
XJ.O f (X)Y |:g(X)|O' P y’(b Bidim (05.55:B) s i|dx [/
>
(a] a] A])lN (a] aJ)N +1,P
ong(X)N[f(X)|a PV 5ty 05.y38 1de 23)
>
Proof: Equation (2.3) immediately follows on interpreting it with the help of equations (1.10) and (1.11).
Special Cases
@ifweput M =L N=1LP=20Q=2, A; =1=B;, 7 =1 then the operators (1.10) and (1.11) reduce to their Mellin
transforms in the following form:

VErOOI=E0 [ U x-u e HE[a-ux ] fu)u

m (p) 0<U<X

Here

(a1 1) (8502
Y[f(X)]= Y[f(X)|a (blﬂl)(bzﬁzl)1z:|

And

12 _ N\ g2 _ NG CS|
Hz,z[(l UX )]—HZ,Z[(l UX )‘m,m,(bz,ﬁz;l)}
Then

m+1

Y[f(X)]Zrm(Z;)l(i)l : I|U|"||—UXllpﬂlm;lel[—:(l—UX1)]f(U)dU

Where
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rm(m+1_al+ﬁljrm(m+l_a2+ﬁ2j
2 2
F()= (m+1 ]

Fm

T_al_a2+ﬂ1+ﬂ2

R (1-ux )=
m+1 m+1 m+1 ) 1
2Fl|:T_al_ﬂl'T_a2_ﬂZ’T_ﬁl_ﬁZ’_(l_UX ):l

By virtue of the result [11].

Taking M -transform on both sides, we get

MY (1 ()} = 222 ) )

m+1

T (2+ajrm (p+A)

rs (a+p+ﬂl+mz+lj

Where F(;(z) =

And

m+1 m+1 m+1
3F2(_; I): 3FZET_al+ﬁ1’T_a2+ﬁ2’O-+T;

m+1 m+1
——,Bz+ﬂ1,0'+,0+—+,51;|j
2 2
f Al |X|5 Iy _ p’mTﬂ 12 by 7 f d
N[ (X)]= [IUPIU=X["2 HE[(1-XxUu™]fU)du
1—‘m(IO)U>X
Where

A Saiail)(agi0): 2
NLT G N [ FOONe 2L ) 0 e }

And
Hy2[(1-XU™) ] =H}3 [(' = 1)‘§:Z>l<)biﬂan)}
Then
r, (Zl)l |§+p7m7+l —5- Sy ; N
N[ (X)]= r.(0) I U7 =XU 2 LR [ = (- XU™) ] f(U)dU
m 0<U<X

Where

F=(1-xuT) =
2F1|:m7+1_0ﬁ+181’m7+1_a2+182;m7+1+/81_182;_(| _XU_l):|

Taking M -transform on both sides, we get
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(D7 )
L)

@iy Puting P=0,Q=1,M =1, N =0,y =1, A; =1=B;, then operators (1.10) and (1.11) reduce to their Mellin

transform in the following forms:

M {N(f(X)}= DML U)]

YIE(X)]= 'X':_) [ IUPIX=U["7 H2[ (1 -UX )],y | fU)AU
Where

YL COT=Y[ f(X)[ops,, |

And

Ho3 [(I -UX _l)‘(_ﬂ,l)] = | —UX [P g0

_m+l

T m+1
G+
p+p 2

| X | I |U |o‘| I _UX —l| e—tr(l—UX’l) f (U)dU

F ( ) 0<U<X

By virtue of the result [11]. Taking M -transform on both sides, we get

M {Y (1)} =222 B )

L.(p)
Also
N[f(X)]—'X(')j|U|“|u X2 HE[( XU, ] f L)
Where
N[f (X)]= N[f(X)|5 p, wl)}
And

Héjf [(I - XU 7l)|(7ﬁ,l)] = I-XU™) g tri-xu™)

5 _p_md
L Ty T T > e f (U)dU
1_‘m(ID)U>X
By virtue of the result [5]. Taking M -transform on both sides, we get
r.(p-ovp-"7)
M INLE(X)]f = M[fU)]

If we put & = ﬂj =1(j=1...,P; j=1...,Q) the operators reduce to G -function given by Vyas [12].
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Theorem4. If f(X) e L, (0,00) 1< P < 2[orf (X) € M, (0,0)and P > 2]where Re(a) > mT-i_l :

Re(o-)>—é Re(p) > Tl Re(cr— ) > " and [arg(l —a) [ 7 then

I, (G—S+mz+1jl“m(p+a)

[Z.par F(X)]
{ } Fm(o—s+a+p+m;1jl“m(p)

F|:p+050' S+a+p+7+1 I}M[f(U)] (2.4)

Proof: Using the Mellin transform of
RLF(X)]=R[ &)%) £(X) |-

—o—p mil
X2 [ upix-ul e epfag-ux

1_‘m (p) 0<U<X

We get

M{R[Z, i FOX)]} =

m+1

| X | 2|xr”{ . | 4
lUpPIXx-ul" i Gl a(l —UX |, | fU)du |dX
XJ;O r ( ) 0<L'J|.<X - |: ‘(bl):|

Changing the order of integration which is permissible under the conditions stated with the theorem, we obtain

SO @5)

m+1 ~m+l
[ 1x] d & - Gg;‘;[a(l—uxl)]}dxz L [lup fU)du
0<U<X 1—‘m(lo U>X
S-0-p-a-T2 pra-"2 —tr(1-Ux Y
[1x] ZINEUN, 2 e dX
X>U
On evaluating X -integral with the help of result given by Mathai [5]
m+1 7m+1
Ie‘“(xz)|X| 2 =X 2 dX
r. o). (o-o
_ 2 (O (o )1F1[5;p;_z] (2.6)

r.(p)

For Re(5)>T Re(p )>T Re(p-5)>m+Ht

We obtain the required result.

Theorem5. if f(X) e L,(0,00) 1< P <2[orf (X) € M (0,0) and P > 2]where Re(x) >mT+1
Re(§)>—% Re(p) > 71 Re(a - p) > mTH %+é—1and |arg(l —a)|< 7 then

2749 |Page December 08, 2014



ISSN 2347-1921

Fm(5+s+mz+1]l“m(p+a)

MK as T =
{ } Fm(5+s+a+p+m2+1jl“m(p)

F|:,0+0{ 6+s+oz+,o+7+1 I}M[f(U)] 2.7)

Proof: Using the Mellin transform of

KLF(X)]=K[ &8 £(X) =

| X |5 5 P‘m;l -1\ |(a,)
UPIX-U[ 2 GP% a(l - ) | f(U)dU 2.8)
1—‘m (p) U!X |: (b'):|
We get

M (K5, F(X)]} =

X[ 2|x 4] gt i
j' = (') ¥ “|U|“|U—X|” 2 G;;f[a(l—xu 1)‘(b1)}f(U)dU}dX 2.9)
X>0 >X

Changing the order of integration and evaluating X -integral with the help of (2.5), we obtain the required result.

When M =1,N =0,P =0,Q =1,a =1in (2.5) and (2.8) reduces to the following from of operators:

RLFOXOI=R[ 24, f(X) ]

|X|707p o - 1,0 -1\ |a
—_— lUP|X-U| 2 Ggla(l- f(U)du (2.10)
1_‘m (,D) 0<lj[<X o |: ﬁi|
And
KLFOOI=K[ 575 00 ]=
—o—p m+1
[X] [lupeau-xi= Gg;g’[aa— 1 ;]f(U)du 2.11)
r ( ) U>X
Theorem6. If f(X) e L,(0,00) 1< P <2[orf (X) e M, (0,0) and P > 2]where Fle(oz)>mTJr1
Re(a)>—é Re(p) > Tl Re(a-o) > mTJrl %+é—land|arg(l a) |< 7 then

[, (c+a—-p-s)T,(p+p)
I (c=s+a+p)T, (o), (x-pB)

Proof: Using the Mellin transform of (2.10), we get

M{R[Z,.; f (X)) =

M[fU)] (2.12)

M {RL i F OO} =
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m+1

-o-p 2 _m+l
pREAXLZF 1 upix-ur e 6ifan-
X>0 I_‘m(p) 0<U<X

Changing the order of integration which is permissible under the conditions stated with the theorem, we obtain

MR, FOOTf = —

1,0
[er[a-
Using the result given by Mathai [5].
SRR

Provided

;]f(U)du dx

f(U)dU

( )U>0

m+1

o p Ml _m+l
;;]|><| T2 ix—u( 2 dx

-1

1 m+1

Bl —
] F m|X||| ul”’ (2.13)

0< X <I1,Re(x— ﬂ)>m_+1

We get

MARL 2 £ OOl =

m+1
72 fU)du

( )U>0

_m+l
S [ IXPee XU o
( ﬂ)X>U

On evaluating X -integral with the help of the following result

j.l X |§_m7+1| | — X |p_m7+l dx =Fm(5)rm(p)

(2.14)
I, (p+9)

For Re(S) > 0, Re(p) > mTH

We arrive at the required result.
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