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ABSTRACT
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1. INTRODUCTION

Let "P(nj denote the class of functions of the form:

flz)=z+ Z a,z* , (n€ N) (1.1)

k=n+l

which are analytic and univalent in the open unit disk U = {z € C: |z| < 1}.

If f € ¥(n)isgiven by (1.1) and g € ¥ is given by

g@D=z+ Z boz¥ , (nEN). (12)
k=n+1
The Hadamard product (or convolution) (f * g)(z) of f and g is defined by
Fr)@=2+ ) wbz*=(gNE). (13)
k=n+1

We shall need the integral operator due to Jung — Kim — Srivastava, (see[7],[8],[10]).

1= g =" )5 f (197 o a, (14)

=¥

(t=0,y = —1,z e U).

It can be easily verified that

ry+krz+ry+1) (15)

I@= 0@ === ). Ty T F ™

k=n+t+

Let §2(71 ) denote the subclass of (1} consisting of functions f of the form:

oo

flz)=z— Z a,z¥ , (a, =0;nEN), (1.6)

k=n+1
which are analytic and univalent in LT,
Definition 1.1 [6]

Let f and g be analytic in the unite disk IJ. Then g is said to be subordinate tof , written g < f or g(z) < f(z), if
there exists a Schwarz function W, which is analytic in U with w(0) =0 and |w(z)| < 1 (z € U), such that

g(z) = f(w(z)) (z € U). Indeed itis known that

g(z) < f(z) (ze U) = g(0) = f£(0) and g(U) = f(U).

In particular , if the function f is univalent in I, we have the following equivalence ([8],[9]):
g(z) < f(z) (z€U) = g(0) = f(0) and g(U) < f(V).

Definition 1.2

Let @(A, B, @, 1) consist of all analytic functions 712 in I for which
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m(0)=2

and

1+ [B+a((1—a)+ (4—-B))]z
1+ Bz

where — 1< F=<4<1,0=<4<1,0<a<1.

m(z) <

r

Definition 1.3

For 4,B fixed "~ 1= B<A<10<A<1,0<a<1 z€U et H, (A B, ay.T) denote the class of

functions f € §2(1) of the form (1.5) for which

zI'(z)
I(z)

€ Q(A, B,a,n) and

zI'(z) p 1+ [B+a((1—a) +(4—B))]z
I(z) 14+ Bz

,ZEU (1.7)

where < denotes subordination.

From the definition, it follows that f € R, (4, B, @, ¥, T) if there exists a function w(z ] analytic in U and satisfies
w(0) =0 and lw(z)| < 1for z € U, such that

zl'(z) 1+ [B+a((1—a)+ (4— B))]w(=)
I(z) 1+ Bw(z)

This condition (1.7) is equivalent to

Lz Ed (1.8)

z!'[z]_l |

I(z)
B+a((1—a)+(4-B)) _Bz;r[g)

<1,z€U. (1.9)

Following the earlier works on neighborhoods of analytic functions by Goodman [4], Ruscheweyh [9], Darwish [3], Miller
and Mocanu [6] and Atshan and Kulkarni [1], but for meromorphic function studied by Atshan et al. [2] and Liu and

Srivastava [5], we define the (7, & }-neighborhood of a function f € §2(n) by

Nn,5(ﬂ=[g5@:g(z]=z— Z b, z* and Z k|ak—bk|£5}. (1.10)

k=n+l k=nil

In particular, for the identity function e(z] = Z, we have

N,:(e) = [g eEpP:g(z)=z— Z b,z and Z k|b,| 55}. (1.11)

k=n+1 k=n+1
Definition1.4
A function f € §2(1) is said to be in the class " (A4, B, a, ¥, T) if there exists a function g € H, (4, B, a, ¥, T)
such that
z
‘f(j—l‘{l—n . (zeU,0=<np=<1). (1.12)
g(2)
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2. COEFFICIENT INEQUALITY

First, in the following theorem, we obtain a necessary and sufficient condition for a function f to be in the class
H,(4, B, ay,T1)

Theorem 2.1

Let f € @(n). Then the function f € R, (4,8, a,y,T) if and only if

Z ll"(}—'—k K)T(t+y+ 1) [(k—l]+fx[(1_aj+(ﬂ_3j)]ak

Trz+y+k)T(y + 1)
k=n+l
<a((1-a) +(4-B)), (21)
for
(-1=B<A=<10<A<10<a=<1,7>0,y>=—-1).
The result is sharp with the extremal function f given by

a((1—a) + (4-B))

flz)=z— zZ"lneN (22)
rly+k)r(zt+y + 1j] B x I
[F(T+'r+kjl“(r+ 1) (k=D +a(@—a) +(4-B5))]
Proof: Assume that the inequality (2.1) holds true and |Z| = 1. Then we have

|lz1'(z) = I(2)| = [I(z)[B+ a((1 — «) + (4 — B))] — BzI'(2)|

] i : lr‘(r+k]1“[r+r+ 1R TAl i | ll"[r+k]l"(’c+y—|-1] .
e F Gty + K h1) L Gy + AT+ D

=n+l

1 ry+Kr(+y +1]
(z— Z a, fety tOT D) z )[E+rx[[1—rx]+(ﬂ—3]}]

k=n+1
Tly+krz+y + 1)
—B|z— Z ka, z
e FMr+y + &)y + 1)

=‘_ i . [1"[}*—|-k]1"(r+}’—|—1]

Flety + KTy +1) 28 (k- 1)

k=n+1

z[B+a((1—a) +(4-B))]

oo
k=n+1

oo

+ B Z ka,z*

k=n+l

ry+k)rizt+y+1)
Mr+y+E)r(y+1)

z¥[B+a((1—a) +(4—B))] - Bz

zF(k—1)

| i [T‘[r—l-k]l"(r-l-r—l-l]
N “rr+y +rG + 1)

k=n+1
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Z([B+a((1-a)+(4-B))]-B)

oo

My+k)r(t+y+1)
M+ y+E)T(y+1)

r (6 +a((1-a) + (4—5))] - B)

N T(y+kr(t+y+1)
= k;f" Tty + T+ 1)] (k—1)—a((1-a) +(4-B))

My+ kr{zc+y+1)
Mz+y+ k)T (y+1)

+ Z a, {cx((l—rx]+(ﬁl—3])}

k=n+

_ Z lr[y—i- KI(z+y + 1) [(k— 1) +a((1—a)+ (4 B))]a,

FMr+y+ )Ty + 1)
k=n+1
—a((l—-a)+(A-B)) =<0,
by hypothesis. Thus by maximum modulus Theorem, f € R, (A4, B, a, ¥, T).

Conversely, suppose that /' € R (4, B, @, ¥, T). Then from(1.9), we have

z({(z))' _
I(z)

B+a((l—a)+(4—B))-B

1

z(1(z))’
I(z)

z(I(z)) — I(z)
B+ a((1—a)+ (A— B))I(z) — Bz(I(2))’

) F'.v+?c."rl.r+v+-_1] ke
— g Y bl e LY P
Erf:-‘l+‘—ﬂ'f[rl.r+}'+kf‘l'l.}'+'_‘l =" (k1)

re ; ) Mly+iTlr+y+0] & : Mly+edllir+y+20] g
o ] ] e oo ] ] 3
[B+ali1-a)+(a-5) ]I]I::z—E;‘_,:M._ “Ff[—rir+y+:c:|riy+-_‘u]z }—B[H—Ek:n_‘_._kﬂ;{ —F':r+}'+k:'l":y+'_"]z }

= 1.

since |[Re(z)| = |z] for all, we have

) Fly+RITlT+y+207 ko
2 nes il Fryrin) <D L <1, (2.3)
%)

Re{ - -
r - o Tly+illlir+y+2] & o T+l lir+y+2)
[E+al(1-a)+(a-5) :l][z—E;{anﬂ;{[—nn}q_mnw_ﬂ]z }—E[z—z;{zm_._ kﬂ?"[—rir+y+kfll'iy+-_‘l =

= (=)

=)

We choose the value of Z on the real axis so that is real. Upon clearing the denominator of (2.3) and letting Z —+ 1

through real values, so we can write (2.3) as

i lr[y+ KM(z+y+ 1)

rt+y+k)Iy+1) [(k_ 1) -I-rx(_(l —a)+ (A— Bj)]ﬂk = ﬂf((l —a)+ (4 - B])

k=n+1l
Corollary 2.1

Let the function f of the form (1.6) be in the class R, (A, B, &, ¥, T).Then

o < a((l—a)+(4-5B))

e oo
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where the equality holds true for the function (2.2).

Proof: The result (2.4) follows from Theorem (2.1).
3. INCLUSION THEOREMS

We give some interesting properties of the class Eﬁn (-FL B,a,y, T].

Theorem 3.1
let —1<B<A<1,-1<B<4Ad=<1land 0<a=1 Then

R,(A,B,ay 1) =K, (}i, B, o, Y, T). (3.1)

If and only if
[;Eii}f‘f)j%?&ig] [[:k— 1)+ fx[(l— a)+ (A— B])]
a((1—a) +(4-B))
Ty +kT(z+y +1) -
=[1"[¥+r+kjl"(¥+1)] [(k—1j+ﬂ([1—aj+(ﬂ_3))] -
a((1-a)+ (4-B))

Proof: Let f L= Eﬁn (..4, B, a,y, Tj. and (3.2) hold true. Then by Theorem (2.1), we have
- F[r+k]1"[r+r+1)] v 2 -
Z [r[«:+r TRy +1) [“‘" D+a(1-a)+(4 B))]
= a:((l—a:]-l—[ﬁi—é))

e [Tly+Ez+y+1)
- Z [r(¥+r+k]r(}]:+1]}[(k_lj—i'“[(l_ﬂ]-l-(ﬂ—ﬂj)]

k=n+1 a:[[l—a:]-l—[;:l—gj)

£y

a, = 1.
This implies f € H,, (}i, B, ¢, ¥, T). Similarly it can be shown that f € H,, [ﬁi, B,a,y, T)
implies f € R,.(4, B, a,y,T) . Hence (3.2) implies R, (4, B, a, ¥, T) = R_(A4, B, a,y, T). Conversely, suppose

(3.1) holds true. Notice that a function defined by (1.6) belonging to R, (4, B, &, ¥, T} will belong to HH,, [f-i, B, &, Y, T)
only if

$ [Fo LRty £ D] (- 1)+ a((1 - ) + (4 5)))

e rx((l—rx] —|-[}i—3)}

w My +Rr(z+y+1)
< Z [F[¥+r+kjr(}]:+ 1]][(k_1]+ﬂ[(1—rx]+(.£1—5])]

k=n+1 cx[[l—a]—|— [A_B])

2y

dy

that is if

R Bl +a(a-0+ 4-0)

cx((l—cxj + [ﬁi—E))

[;gi?j%;}iig] [((k—D +a((1-a)+ (4~ B))]

a((1—a)+(4-B))

=

(3.3)

Similarly, we can show that
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g?iffjf%ﬁﬁi 3] [(k—1) +a((1-a)+ (4 B))]

a((1—a) +(4—B))

re el - D+ e(a-o +(d-9)]

cx([l—cx]—I—[ﬁi—E})

(3.3)and (3.4) together imply (3.2). Hence the result.
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(3.4)

We state some interesting deduction which follow using Theorem (2.1) and Theorem (2.2).
Theorem 3.2
Let —1 =B <A; £A4, =1 Then

R,(4, B, avy.17)2 R, (4, B ay1).
Proof: Notice that
e llw-+a(a-a+ 4,-0)]
al(1-a)+(4,-5))

(w+EITL 27 . g
[%][Ek—ﬂw al (1-a) +(4,-5) ]

for A, £ A4,,(3.5)

a((1-a)+(4,-5) )
it fER,(A,,B, av,T),wehave

i [;Eii?—:%:(: i 3] [(k—1)+ a((1 — a) + (4, - B))]
k=m+1 a((1—a) + (4, - B))

e [Ty +KT(z+y +1)
< Z [F(¥+r+k)r(¥+1j][(k—13+ﬂ((1—a1+(ﬁ12—5))]

k=n+1 a((1—a) + (4, - B))

£y

i, = 1.

Thus by Theorem (2.1) it follows that f € R, (4,, B, a, ¥, 7). B
Theorem 3.3
Let =1 = B, =B, <A =1 Then
R,(4,B,,ay 1) R, (A B,ayT).

Proof: Notice that

[l D*el@=as sl |

al(1-a)+(4-5,)) =

T+ T+ p+ 2077 ;o -
Fenary g (- Dtalli-a)+(a-5.))]

a((1-a)+(4-E))

,forB, < B, (3.6)
it f€ R, (4B, ay,1),wehave

i LEEI?I%:{: i i%] [(k - 1:] + rx[(l — g::] + (‘q _ 51:])]
k=n+1 ﬂ[(l—cx] —|-[,q_31])

= [Tr+K(+y+1)
< Z |:1"(¥+}-'+kj1"(¥_|_1]][(k_1)+t‘1[(1—cx:]-|-[:,r_1_32:]):|

k=n+1 a((1—-a)+ (A-B,))

£y

a, =1

Thus by Theorem (2.1) it follows that f € R, (4, By, a, ¥, T).
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4. GROWTH AND DISTORTION BOUNDS
We now state the following growth and distortion inequalities for the class ﬂn [H, B,a,y, T].
Theorem 4.1

Let the function f defined by (1.6) be in the class R,, (4, B, &, ¥, T). Then

a((1—a) + (A —B))

IF @)1=zl < = lzI"*1,  (4.1)
(y+n+1I(z+y+ 1)
[r(¥+ y+n+ 1JF(¥+ 1)] [ +a(G-a)+@a-5)]
neEN
and
(n+ Va((l-a)+ (4—B))
IF2-1| = - |z|™, (4.2)
(y+n+ 1M (t+y +1)
FET R el (@ - @ + (4 -m)]
n € M.
The result in (4.1) and (4.2) are sharp with the extremal function
a((l1—a)+ (4—B))
flz)=z— |z|"*%,n € N,
'Ny+n+1)r(r+y+ 1)
[F[¥+r Fn+ 1]?(}}:+ 1]] = +a((1 =) 8 5))]
Proof: We have il
flz) ==z — Z g ="
therefore,
FEIS I+ ) gl <lzl +1z7 ) a (43)
< 2] + rx((l—a]+(i—1—5‘]) o[+
q My+k)r{z+y+1) '
[r(¥+ Y TG+ 1)] [t a((1 - @) 1,622
Similarly
@Iz ld= ) alzF 2z =M ) a (44)
= |z| — cx[[l—cx]—l—[x—l—ﬂ]) |z|m+1,

My+n+1)(r+y+1)
[F[¥+’r tnt 1]r(¥+ 1]] [ +a((-a)+ (4-5)]

Combining (4.3) and (4.4) we get the result (4.1).

The next result in (4.2) can be derived similarly.
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5. CONVEX LINEAR COMBINATIONS
Now, we state a theorem of convex linear combinations of the functions in the class ,, (4, B, &, ¥, T).

Theorem 5.1

Let the function
}j(z] =z— Z Qy, ; z¥ Aag; =0,7=12,...1)
k=n+l

be in the class H,, (4, B, @, ¥, T). Then

¥(2) = ) ¢ £i(2) €R(A B @y,
j=1

where

Zc}- =1 and =0 (j=1.2,..,1).

=1

Thus, we note that H,, (A, B, &, ¥, T) is a convex set.

Proof: We have

oo

y(z) = Z c; (z— Z rx,w-zk] (5.1)

k=n+1
i [4 oo
=z = C; @y 2"
f] 7 kg
j=1 J=1 k=n+1
oo 1
— E § k
o Qp;C; | Z
k=n+1 \j=1
o 1
=z — E e, z* ,where e, = E Qs Cs -
k=n+1 j=1

Since }'3 € R, (4 B,a,y,T) by (2.1), we have

. [r(y+k]1“(r+}*+ 11} [((k—1) +a((1—a) + (4-B))]

T(t+y+kT(y+1)
kZﬂ a((1—a) + (4 - B)) Ay = 1. (5.2)
In view of (5.2), v(z) € R, (4B avT)i
e [Tx+Er(t+y+1)
Z [F(T-I-*r +RT(y + 13] [(k-D+a((1-a)+(4- 3])]E .
a((1-a) +(4-B)) =

k=nt+l

Now, we have
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= [T+ +y+1)
Z [1"(?;+‘}’+k:]1"[:+1ﬂ[(fi—l:]-l-rx[[l—ij_p(ﬂ_gj)]

a((1—a) +(4—-B))

Sk

_ i Egi?f%?(ﬂ 3] [(k—1)+a((1-a)+ (4~ 3])]2
_k:n+1 cx[(l—ﬂfj‘l‘ EH—B:J) j:1akd. c;

N [;Eiijjj%:& i 3] [(k—1)+ a((1- a) + (4 -B))]

a((1—a) +(4—B))

a ;

[

=
Thus ¥(z) € R, (4, B,a,y.T).
6. THE NEIGHBORHOOD PROPERTY

In the following theorem, we determine the neighborhood property for the class R (A4, B, &, ¥, T) .
Theorem 6.1
Let g € R, (A B,a,y,T)and
[Cranet B v H) (s 1)-1) +2((1-a) +(a-5))]

& Mr+y+rITly+2

-n: N A ! n+4TT f - - - — o - "
n+l [%][Umﬂ— 1)+af (1-a) +(d-5) ||~ a( (1-a) +(4-5))

(6.1)

Then N, 5(g) € R, (4, B,a,y,T)

Proof: Assume thatf S ng (g] We want to find from (1.10) that

Z o s,

k=n+l

which readily implies the following coefficient inequality

oa

)
—b|=—— ,(nEM) 6.2
D la—bls—— (meN) (62)

k=n+l

Next, since g € H, (A, B, @, ¥, T), in view of Theorem (2.1) such that

==

Y e a((1—a)+ (4—B))

T(y+ k)(z+y+ 1) ’
k=n+1 [F[E:‘FT‘F kjl"[i-l- 1]] [n+a((1—a)+ (4—B))]

we have

Z b, < a((1—a)+ (4-B)) _ (6.3)

[;gi:}—tij—:%;—[};ig] [(n+ 1) — 1) +a((1—a)+ (4— B))]

Using (6.2) and (6.3) , we get

k=n+l
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f(Zj _ 1‘ 5 Fmi+l £
g(z) @
1- Z by,
kmn+l
& 11:%: ;1 I ﬂ%?{i i ﬁ] [(n+D-D+a((1-a) +4-8)]
n+l [[ly+n+DlMz+y+1)

e DI 2 [+ 0 - D +a (A-@) + (4= B))] - a((1- @) + (4- B))

provided that 7 is given by(6.1). Thus by condition (1.12) f € R, (4, B, a,¥,T).
7. SUBORDINATION PROPERTY
Theorem 7.1

Forn =1 letf € R,;(4 B,a, ¥, T) and g be an arbitrary element of §2(1) such that g < f, defined in Definition

(L1), and i
A h[F)
also if o
; [?Ei’i?f%ﬁiii 3] [(k—1) +a((1 —a) + (4; - B))]lg;]
lg, |
<a((1-a) + (4, - B)). (7.2)

Then g € R, (A, B, a,y,T).

Proof: Since g < f by definition of subordination there is analytic function w(z) such that |w(z}| = |z| and

g(z) = f(w(z)). But g is the composition of two analytic functions in the unit disk , therefore we can expand this
function in terms of Taylor series at origin as below

9@ =) gz*,
k=0

where g;. is definedin (7.1). Hence

_fwo) W)

gl} 0 :gj_ - T W (ﬂ)

Therefore, we can write
= =]
—_ k
g(z) = g4z —Z iz
k=2

and

oo

9(:) = G = g1z~ )

k=2

ry+k)r(z+y + 1) .
z*,
ety + My +1)| 9%

we must prove g € R, (A4, B, &, ¥,T), in other words , we show that
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z(1g(z)" |
Ig(z)

B+a((l1—a)+(A—B))—B

z(1g(z))
Ig(z)

z(Ig(2)) —Ig(2) ‘
B+a((1—a)+ (A— B))ig(z) — Bz(Ig(2))

) Tly+RITiT+y+20] k.
oo ] ] k
B E;f:-‘1+‘—gk[rir+y+k3l":y+ﬂ z (k—1)

r . ' TTy+RITT 1 & ' TTy+&ITT 1 &
[B+a((1-a) +(4-E) ]][g._z—zgzn+:§k[%]g”}_3[g;z—2§=n+._kgk[%]gﬁ}

<1.

since |Re(z)| = |z| for all z, we have

o Fly+EITir+y+27 &,
Ek:-‘”‘—g;‘[rir+v+kﬁlriv+ﬂ]z (k-1)
[B

= - ] A ] ——¢=<1. (7.3)
+a((1-a)+(a-5)]] [g._z—Efzn_,_._g;([—E:f :::_'_l:{l,.lr;::3]3”}_3{5_2'—2?: i kgw[%]gﬁ}}

We can choose value of Z on the real axis so that z[fg (z]]r is real. Let Z = 17 through real values, so we can write
(7.3) as

i [r(fy+ KTr(z+y+ 1)

rety st | [~ D Ha(t-a)+ (A-B))la < g1a((1 - @) + (4 - B)).

k=n+l
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