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Abstract

The articles introduces and investigates "two new subclasses of the bi-univalent functions f(z)&f~7(z)." These
are analytical functions related to the m-fold symmetric function Hy (m,6;a) and Hy m(n,6;ﬁ) . We

calculate the initial coefficients for all the functions that belong to them, as well as the coefficients for the
functions that belong to a field where finding these coefficients requires a complicated method. Between the
remaining results, the upper bounds for "the initial coefficients |a,, 4| &lasm;| "are found in our study as well
as several examples. We also provide a general formula for the function and its inverse in the m-field. A function
f(2) is called analytical if it does not take the same values twice f(z;) # f(z,) if z; # z>. Itis called a univalent
function if it is analytical at all its points, and the function is called a bi-univalent if it and its inverse are univalent
functions together. We also discuss other concepts and important terms.

Keywords: “ Analytic function ,Univalent & Bi-univalent function ,m-fold symmetric function, m-fold symmetric
bi-univalent function”.

Introduction

“Let F be the class of analytic functions defined on the open unitdisk U = {z:z € Cand |z| < T} and normalized
under the condition f(0) = 0 = f'(0) — 7in U. A function f € F has Taylor's series expansion of the form":

(1. f@=z+ ) a7/ (zeUl).
]ZZ J

Further, "by S we shall denote the subclass of F consisting of form (7.7), which is also univalent in U .

Theory of Koebe One-Quarter [2] is "the image of U under every function f from S contains" one-quarter of
the radius.

1
F@) =2 @en),&f (F@) =w, (1wl <)o) = ;)
Where

(12)  f'w) = gw) =w — a;w?+(2a3 — a3 )w’—(5a3 — 5a,a;+a))w? + -

and fand f~"are univalent, f € F is named "bi-univalent in U."
We symbolize by ), the class of all "bi-univalent functions" defined inU.v f € §

,the function

(1.3) "h(z) ="/ f(z™),(z€ UmeN)"

“is univalent and maps the unit disk U in to a region with m-fold symmetry. A function is said to be m-fold
symmetric [4] if it has the following normalized" from:
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(14  f(2 =Z+Zamk+7zmk+7 (zeU.mEeN).
k=1

We symbolize" by S, the class of m-fold symmetric univalent" function "in U, which are normalized by the
series expansion "(1.4). "In fact, the functions in class S are one-fold symmetric". Brannan and Taha [3] introduce
certain subclasses S*(a) andX (a) of" starlike and convex" functions of order a(0 < a < 7) respectively [1]. The
classes Sy.(B) and X 5 () "of bi-starlike functions of order § and bi-convex functions of order g corresponding
to the function classes S*(a)and KX (a), were also introduced analogously. For each of the function" class
S5.(B) and X 5 (B), "they found non-sharp estimates on the initial coefficients”. In [5] Srivastava et al. "specified

that m-fold symmetric bi-univalent function analogues to the concept of m-fold symmetric univalent function
and these gave some important results, such as each function f € ¥, generates an m-fold symmetric bi-univalent
function for each m € N, in their study. Furthermore, for the normalized from of f given by (7.4) is concerned,
they obtained the series expansion the expansion for £~ as follows":

1
(1.5) "gW) =W — QW™ T H[(M + Dagy; — aoper W2 — [E (m+1EBm+2) xaj,,,
— BMm+ D ams12m+7 + Az W 4

where f~'(w) = g(w).We symbolize by ¥,,, "the class of m-fold symmetric bi-univalent functions in U. Form =
1, formula" (1.5) “coincides with formula" (1.2).

Also many researchers have studied m field such as[7,8,9,10]
Aljarah and Darus [6] defined the following differential operator :
D{oof () = f(2),

Diypf (@) =[(1-0-D0@-If@D+[0 -1 -z '@,

(16)  Drgef @) =2+ ) k(O =)0 =) + Toamys 271
k=1

Where f(2) €S, ¢,0,0,1200>t1t,0>&,6=123..

In the work, we derive "estimates on the initial coefficients |a,,, 7| and |a,,,47|for functions belonging to the
general subclasses Hy m(n, §; @) and Hy m(n,S;ﬁ) of ¥..". Also some interesting applications of the results
presented here are also discussed . "We now introduce the following general subclasses of* m-fold symmetric
"bi-univalent functions".

Definition 1.1: A function f € %, given by (7.4) is said f € Hy m(n, o;a)

(zzwe U,n=>T1,0< a < 1,m € N) if the following conditions are convinced :

— 6 ’
(7 =)Dy f (Z))ﬂ(nwsme,ff(z») <7

VA

1.7 fex,larg z(

and

aT

) +W (N0 9w)) || <5

(T =Dy 6. 9W)
w

(1.8) gez,|arg W(

g = f~"is given by (1.5).
Definition 1.2. "A function f € %,,, given by (74) is said " f € Hy, m(n,&;ﬂ)

(zzw e U,n = 1,0 < B < 1,m € N)if the following conditions are convinced :
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Z

— 5 ’ "
(19) fes,& Re <z<(7 MDEso f (Z)) +2 (NS, 4. f(2))) ) > B

and

= ) + W (N0, 5:9W))

— § '
(1.10) g €X,& Re <w< (7= mDgsp.g(W) ) s

g = f~Tis given by (1.5) .
for showing our results ,the study need the lemma [2].

Lemma 3 [2]: "If h € P, then |, | < 2 for each k € N, where P is the family of all functions h, analytic in U, for
which Re(h(z))> 0 (z € U)"

Where
h(z) = 1+ cz+c,z° + . (z€U).
2. Main Results
Theorem 2.1. Let f(z) in (14) & fe Hy (n,5 )
(zweU,n=2T1,0<a<1,meN)Then
2a
a@m +4nm?)(m + N[2(6 — 1)(d — §) + 1]° = (@ — D{(M + nmA)[(6 — 1)(6 — &) + T]°)?

2.7 |am+1|S\/

&

3 2u 2a’(m+1)
lazm1l < 2m +4nm2)[2(6 — 1) (o — &) + 1] + (M +nmA[O —1)(0 — &) + 1]%)?

Proof: Iff € Hy m(n,é; a) .Then

2

@3 (z (el 4 2 (0D, £ () ) = [p@)]°

&

1—nD¢ ' .
2.4) <w<( n) E‘““g"g(w)> +w (N0, 0.9W))) >= [q(w)]®

w

where gw) = f~'(w),p(2),q(w) in? and have the forms:
(2.5  pW) =T+ ppz™+0omz°™ + D3z + -

&

(26)  qwW) =T+ @uW™+@mw?™ + qzpw ™ + -
"equating the coefficients in (2.3) and (24) "

@27) (Mm+nmA)[O ~1)(g =&+ 1°an; = apn

28) @+ anmd)(m + D20 - 16— ) + Woazmr = apamt oy i,
And
(29) - (m + nmz)[(e - T)(G - f) + 7]6am+7 = aqm
ala—1)

2

210)  (2m +4nm?)[2(0 = D)o = &) + T[(m + Dafess = azmir] = aGomt ——5— G
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From (2.7) & (2.9) , we get

(2.17) Pm = —m

And

2.12)  2{(m+nmA)[(0 —1)(0 — &) + 11°V a1 = @®(ph + 47)

Now, by adding (2.8) & (2.10) , we have

2.13) (2m+4nm?)[200 = D)(o — &) + TP (m + NaZ,1= aPam + G2m) + “5 (Ph+az)
Using (2.12) we get

2.14) (2m+4nm?)[2(6 —1)(0 — &) + T]5(m + Nad,;
(a = D{(m +nmA)[(6 = 1)(0 = &) + 11°)2an,,
a

= a(pZm + QZm) +

Therefore ,we obtain

(2.15)  afy
az(pZm + QZm)
a@m +4nm2)(m + N[2(6 —1)(0 = &) + 1]° — (1 — a){(m + nmA)[(8 — 1)(0 — §) + 1]°)?

Lemma 3 is applied for p,,, and gy, ,

(2.76)  laml
2a

- Va@m +4nm?)(m + N[2(0 = 1)(a = &) + 112 = (1 = a){(m + nm?)[(6 — 1)(o — &) + 1]%)?

That provided |a,,, ;| showed in (2.1).

Next, for finding |a,n,4 1|, by subtracting (2.10) from(2.8)

-1
@17) (@m+ )20 ~ )6~ ) + T[22 — (4 Drar] = X — G s (03— a2

It follows from (2.11),(2.12) and(2.15), that

- a(Pom+qom) N a’(m+ 1)(2pr,)
T 22m + 4nmA)[2(6 — (0 — &) + 115 4(m +nm2)[(0 — D)(o — &) + 1]%)2

Lemma 3 applied for " p,,, porm and gop, "

2a 2a°(m+ 1)

(218) lazn+1l < G T anmD 28 — D =0 + 115 T {(m + D6 — D)o ) + 117

That provided |a,,4;| as showed( 2.2).
Theorem 2.2: Let f(z) given by (1.4) & f€ Hy, m(n,6 ;B

(zwelU,n=1,0<B<1,meN)Then

2.19) la,.q < 40 -5
' ML= Fm+ D@Cm+4nmd)[2(0 — 1) (o — &) + 118
And
_ _ 2
2.20) 2(1-p) 4(1=pB)(m+1)

lazms 1] < o 26 = D O + TP T {(m + nmd@ — Do — &) + TP
Proof : Iff € Hy m(n,d;ﬁ). Then
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'

1—n)D?g .
@.21) ((( MDisor] (Z)) +2 (D0 f(2))) >=B+(7—B)p(2)

VA

&

w

1—m)DE ' :
(2.22) (w(( MDeoar 9 (W)) +w (D, 6.9W))) >=ﬁ+(7—ﬁ)q(W)

"p(z),qw) € P",it has "forms: (2.5) and (2.6)".

Equating the coefficients in (2.27) and (2.22), we get

(2.23) (M +nm?)[(0 =)0 = &) + 1Pams; = (1= Bpm

(224)  @@m+4nm)(m+ D20 —1)(0 = &) + T azmsr = (1 = Bvom
&

(225) = (M+nmA)O —1)(0 = &) + apns; = (1= B

(226)  (2m+4nm?)[2(6 —1)(0 — &) + 11°[(m + Dag1 — azmer] = (T = B)Gzm
Then, by making use of(2.23) & (2.25), we have

227)  Pm=—Gm

&

228)  2{(m+nmI[(6 —1)(0 = &) + 11°) agy = (1= BY*(prtar)
Adding(2.24 )& (2.26 )we have

ag _ (7 B ﬁ)(p2m+q2m)
M T (m+ DRm 4+ 4nm2)[2(60 — 1) (0 — &) + 118

(2.29)

Lemma 3 applied for p,,, and g,

4(71-p)
(m+ DNECm +4nm2)[2(0 — 1)(c — &) + 1]¢

(2.30) Iam+1|SJ

That provided |a,,| as showed in (2.79).

Now, for finding lasm41l, by subtracting (2.26) from
237) (2m +4nm?)[2(6 = 1)(0 = §) + 11°azmss — (M + Dag.)) = (7= B)(P2m — 9zm)

It follows from (2.27)&(2.27) that

o (1= B)02m — q2m) (m+ N1 - B (2ph )
T 22m + 4nmA)[2(0 — D) (0 — ) + 118 T 4(m +nmA)[(0 —1)(o — &) + 1]%)2

(2.32)

Lemma 3 applied for p,, , pom and q,,

| < 2(1-p) 2(1 =Y (m+1)
HE T 2m+4nm) 20 — D@ - O + 115 T (M +nmd)[( —1)(o — &) + 1]%)2

That provided |a,,,+;| as showed (2.20).

(2.33)

Corollary 2.3. Let f(2) in (1.7) & f € Hy (0,6;a)

(zzweU;n=00<a<1,meN)Then
2a
\/a(Zm +4nm2)(m+ 1) — (a — T)(M + nm?2)?

(2.34)  lamil <
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&

(2.35)

| < 2a 2a’(m+1)
ATl = 2m +4nm2) | (m 4+ nm?2)?

Corollary 2.4. Let f(2) in(1.7) & f € Hy, m(O,(S;[s’)

(zzweU,n=00<pB < 1,mEeN).Then

(2.36) |t < Sl
mrHE= L (m 4+ 1)@2m + 4nm2)
&
2(1—=p) 2(1-BY(m+1)
. <

(237) |a2m+7| = (Zm +4nm2) (m + nmz)z
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