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Abstract

In this paper, inspired by the concept of metric space, two fixed point theorems for a —set-valued mapping
T:A—- CB(A), hg (Tp,Tq) < a(db (p,q)) dO (p,q), where a: (0,00) = (0, 1] such that a(r) <1,V t € [0,00) ) are
given in complete @ —metric and then extended for two mappings with R-weakly commuting property to
obtain a common coincidence point.
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1. Introduction and preliminaries

Bakhtin [1] defined the b-metric space as a generalization of a usual metric space and proved analogue of
Banach's contraction principle. Then several articles have contained fixed points results in this space and its
generalizations (e.g. see [1-7] and their references). Kamran, Samreen and Ain [8] introduced 6-metric space
as an extended to b —metric space and established some fixed points results. Very recent results in this space
will appear to the researcher Albundi [9].

Here, the coincidence point results for four mappings. Firstly, start with the following definition [4]:
“letA# @ and 0: A XA — [1,00) and dy: A X:A — [0,00) be functions. If the following hold V p, g, € A:
(doT) do(p. q) = 0iffp =g
(dg2) do(p.q) = do(q, p)
(dg3) dg(p.r) < 8(p, 1) dg(p, @) + dg(q, 7)].
Then (A, dg) is called 8-metric space”
Remark 1.1. If 8(p, q) = s for s = 1, then we obtain the definition of a b-metric space.
Example 1.2. If: A = {1, 2, 3}, and 6: XX X — [1,0). A function dg: A X A — [0,%) as:
0(p,q) =1+p+q
dp(1,1) = dp(2,2) =dp(3,3) =0
dg(1,2) = dg(2, 1) = 80, dg(1, 3) = dg(3, 1) =1000, dg(2, 3) = dg(3, 2) = 600.

Example 1.3.” Let A = ([p, q]) be the space of all continuous real valued functions define on [p, gq]. Note that A
is complete extended b -metric space by considering dg(p, q) = supte[pq]lp(t)—q(t)lz . with 8(p, q) =

[p(t) —q(t)| + 2, where 0: A X A — [1,00)" [4].

Definition 1.4 [8]: “Let (A,dg) is a 0-metric space and a sequence {p»} in A is said to be:

.Cauchy if and only if dg(pn, pm)— 0 as m, n— oo,

.Converges to a point p € A if dg(pn p)— 0 as n— o and we write limp, = p.
n—-oo

A 6-metric space is complete if every Cauchy sequence A is convergent to g in A".
Let2* = {A: 0 = A C A},
CB(X) = { A: A is a nonempty bounded closed subsets of A}.
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"Forp e Aand A X, dy(p, A) = inf {dg (p. q): q € A}. Let hg be the 6-Hausdorff distance [8] with respect to dg,
that is,

hg(A,B) = max{dg(p, B) ,de(q,4) }".
Immediately, the following is obtained
Lemma 1.5 [8] “If A, B € CB(#) and a€A, thenV € > 0,3 b € B such that
do (a,b) < hg (AB) + €".

Lemma 1.6 [8] “If {4.} is a sequence in CB(#) and hy(A,,A) = 0 for A € CB@A). If p,€ Arand lim dg (pn, p) = 0,
n—oo
then p €A”.

Definition 1.7. “A set valued mapping T: # — 2* is called contraction if 3 k € (0,7) 3
he(T(p). T(q)) < k do(p, q), ¥V p, q €A
Definition 1.8. "A point p € A is called fixed point of set-valued mapping T: A - 2ifp e Tp"
Definition 1.9. “The mappings T: A - 2* and f:A—# are coincide at p if fp € Tp.”
Definition 1.10. [9], [10] “Let A be a 6-metric space, T: # » 2* and f: A—#4 be two mappings then
i.f and T are called commuting if fTA C TfA.
ii.f and T are called weakly commuting if, Vp € A, fTp € CB(A) and hg (fTp, Tfp) < do(fp,TD).
iii.f and Tare R-weakly commuting if Vp € A fTp € CB(#), and 3 R > 0 such that
he(Tf(p) , Tf(P)) < Rds (f(p). T(p))".

Note the commutativity = weak commutativity = R-weakly commutativity. But the converse is not true. The
following example illustrate this when R > 1.

Example 1.11. Consider A=R, with dg = | | (the absolute value) then (#,dg) is 6-metric space with 6(t) = 2, vV t.
If f, g. A > A are defined by T (p) = 2p-1, T (p) = p2 Then

do (fgp. gfp) = 2(p-1%  do (fp. gp) = (p-1)%, Vp € A.
Thatis, do (fgp, gfp) = 2 do (fp, gp). So, fand g are 2-weakly commutating but are not weakly commuting.
In the next section, there are a generalization and an extension of some results in [11] and [12].
2. Main Result
We begin with following theorem.
Theorem 2.1. Let A be a complete 8- metric space and T: A —» CB(#A) such that
he(T(p), T(q)) < k (dg (p. q)) dg (P, q), P, q €A
where k: (0,00)— (0, 1] is a function 3 lim sup,._,+a(r) < 1, for v t € [0,c0). Then, T has a fixed point in A.

Since a function k: (0,00)— (0, 1] such that lim sup,._.+ (r) < 1, vt €[0,) is special case of the functiona: (0,c0) —»
(0, 1] such that a(r) < 1, for v te [0,00), so,

A general case which is included in the result below:

Theorem 2.2. Assume (A, dg) be a complete 8- metric space, and T: A —» CB(#).
hg (T(p).T(q)) < a(ds (p.q9)) do (p.q), VD, q € A,

where a: (0,00) - (0, 1] is a function with a(r) < 1, V¥ t € [0,c0).

Then T has a fixed point in A.

Proof: Suppose po € A and p1€ T (po). Choose ani € N 3
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a™ (do (po, p1) < {1- a (do (po, p1))} do (po, P1).
Choose p; € T (p1) with definition of the 8-Hausdorff distance,
de (p2, p1) < hg (T (p1), T (po)) +a™ (de (po, p1).
Therefore,
do (p2, p1) < al(do (p1. po)) do (p1, po) + a™ (de (po, p1) < do (p1, Po).
Now, choose n, € N, np >nq 3
a™ ((do (p2, p1) <{1- a (do (p2, 1))} do (2, P1).
Since T (p2) € CB(#A), choose ps € T(p2) so
do (p3, p2) < hg (T (p2), T (p1)) +a™ (de (p2, P1)).
Then
do (p3, p2) < hg (T (p2), T (p1)) +a™ (ds (p2, p1))-
< a(dy (p2, p1)) do (p2, p1) + @™ (do (p2, P1))
< dg (p2, p1).
Again, for each k with T (p) € CB(#). Choose nx € N 3
a™ ((do (P Pr-1)) <{1- a (do (pr, Pr-1))} do (P, Dr-1).-
Now choose pi+1 € T (pi ) then
do (pi+1, i) < hg (T (p), T (pr1)) +a™™ (do (pr, Di-1))-

So, dg (Pr+1, pr) < do (Pr, Pr-1) then di = dg (pr, pr-1) is called a monotone non-increasing sequence of nonnegative
number.

Now, the sequence {d} so generated is Cauchy.
Let ,l(l_r)?o dg, = ¢ = 0. By assumption, a(t) <1.
Hence 3 ko3 k> ko= a(dg,) < h,ifa(t) <h <1
Now,

dg,,,= do (Pr+1, PK)
hg (T (px), T (pi-1)) +a™(d o, )

a(dg,)d g, + a™(dg,)

IA

IA

INA

a(dg,) aldg, ,)dg, , +aldg,) a™ 7 (dg,_,)a™(dg,)
<Iido) d g, + X [Ticmer @ (d o) @™ (d g,,) + a™(d g,)
ST 1(d o) d g, + Tt 1 T max gegmeny @ (d ,) @™ (d g,,) + a™(d g, )=A.
From above inequality, we benefited by the fact that a < 1 to delete some a factors from the product.

Now
_ - 1 ko—1
K e max emeny @ (d g) @™ (d g,,) < (ko-1) KO R 10" Tamm (d g )
+ Ty Bt (d )

< (kO _1) hk—k0+7 Zfr(l):—; am (d 9m) + + an_;ko hk—m+nm
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k k-1 pk-m
< Ch* + ¥y, b

S Chk +hk+nk_0—k0+ hk+nk0_7—(k0—7)+ L+ hk+nk_7—(k—7)

k k+np_1—(k=1) ym
< Ch*+ Zm=k+nk0—k0 h

plettieg kot T _ g g-k+2

— Rk

= Ch* + —
n —k0+7

— k. kDKo

=Ch*+ h —

= Ch*

where C> 0. Now,
A<TI,a(d g;)dg,+ Ch* + a™ (dg,)
<hTRT I @ (dg,) d g, + CHE+ A
< Ch*k + Ch* + h*
= Chk,
C is a generic constant. If k = ky, me N, so {xi} is Cauchy.
do (Pk, Pr+m) < do (Pr, Pr+1) +...t do (Pr+m-1, Pk+m)
= f:;ﬁ1 dg,
<ZEm ch

pR+T_ pletm

T-h
< h*,
which tends to zero as k— . Let p, » € A, so
do (p, T(p)) < do (p, pi) + do (pr. T(p))
< ds (p, pr) + @ (do (Pr—1. D)) do (Pk-1, D).
From above expression, both terms tent to zero as k— oo, then p € (py).
do (T(p), p) < 6(T(p), P) do (T(P), Pr) + do (pn, )]
<0as k- o
So,
de (T (p), p) < O(T (p), Pk do (p, Pn-1) + do (pn P)]
do (T (p), p) = 0.
Hence p is called a fixed pointin T.

Theorem 2.3. Let A be a complete 8- metric space, if f, g: A - A and H, J: A - CB(A) are continuous mappings
3 HA C gA, and JA € fA such that

he (Hp, Jq) < a(de (gp, fq)) de (gD, fQ). P, q EA (M

where a: (0,0) = (0, 1] 3 lim sup,_,.+a(r) < 1, for v t€ [0,0). If (g, J) and (f, H) are R-weakly commuting. Then
g, H and f, ] have a common coincidence point.

Proof: We organize sequences {p.}, {gn}, and {4} in X and CB(X). Let po € A, and qo = f po.
Since Hpo € gA, A p1 €EAD q1= g p1 € H po = Ao. Selectny EN 3
a™ ((de (qo, q1)) < {1- @ (do (g0, g 1))} do (q o, q1). 2
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By Lemma 15and JAC fA 3qo=fp2€]p1 =413

do (g2, q1) £ hg (A1, Ao) +a™ ((do (G0, q1)). 3)
From (1) and (2) = do (g2, q1) < do (qo, q1). Now select n, € N 3 np > ny such that
a™ ((do (g2, q1) <{1-a(do (g2 q1)}do (q2 q1) 4
By Lemma 1.5 and HA € gAX, impliesthat gs= g ps€ Hp> = A>3
do (q3, q2) < hg (A2, A1) +a™ ((de (q 2, 1)) 5)

So, (1) and (4) > de (g3, q2) < de (q2 q1).
Now, by induction, getting {p.}, {gn} in A and {4} in CB(#) 3

Qok+1= g Qok+1 € H pok = Aok, ok = [ P2k € ] Dok-1 = Aok (6)

do (qak+1, q2k) < hg (Ao, Aak1) +a™ ((do (qak, qox-1)). (7)
where

a2k ((do (g2 qak-1)) < {1- @ (do (qa qak-1))} do (G2k Gak-1)- (8)

So, dg (qak+1, q2x) < do (q2k, G2-1), ¥ k.
So, the real sequence {ds (q2k+1, g2} is monotone non-increasing.
As proof of Theorem 2.1, {gn} is Cauchy sequence in A.

Moreover, (1) implies that {4} is a Cauchy sequence in CB(#). If Ais complete then is CB(#). Thus, when g, - r
and A, > A, 3r € X and A € CB(A). So, g pak+1 — r and f pa — r. Since

do (r, A) = dg (qm Ar) < Lim hg (A1, An) = 0 )
n—oo

By Lemma 1.6, r €A. Also
lim fpac=1r €A =lim Hpa,  Lim gpae: = 7€A = lim Jpaicy (10)
By (6) and R-weak commutativity of (g, J) and (f, H), we obtain
do (gfDok+2, fP2k+1) < hg (gIP2k+1, JGP2k+1) £ R do (gPaks1, JD2k+1),
do (fgpaw+1, Hf pak) < hg (fHpak, Hf pax) <R do (fpax, Hpav. (1
Then, the continuity of f, g, ] and H give € Jr and fr € Hr. The proof is complete.
If we set J=H and f = g in Theorem (2.2), the following corollary.

Corollary 2.4. If A be a complete §-metric space and f: A — A T: A - CB(A) are continuous mappings 3 TACfA
such that

he(Tp, Tq) < alde(fp.f Q) do(fr.fq). D, q EA,

where a: (0,0) = (0,1] 3 lim sup,_+ a(r) < 1,V t € [0,00) and . If f, T are called R-weakly commuting. Then f,
T have a coincidence point.

Our results are generalization and an extension of the results in [11] and [12].
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