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Abstract
The main purpose of this paper is to study pseudosymmetric conditions on alpha-Kenmotsu manifolds with
dimension 3. In particular, we obtain some results satisfying some certain curvature conditions on such
manifolds depending on a.
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Introduction

Let (M,g) be an n-dimensional (n = 3) differentiable manifold of class C®. Denote by V its Levi-Civita
connection. Also, we define endomorphisms R(X,Y) and (X AY) by the following relations:

R(X, Y)Z = vayz - VyVXZ - V[X‘y]Z
and
X AY)Z = g(V, D)X — g(Z,X)Y, (1.1)

respectively, [16]. Here X,Y,Z € y(M), x(M) being the Lie algebra of vector fields on M. The Riemannian
Christoffel curvature tensor R is defined as

gGRX, YV, W) = g(RX,Y)V,W) (1.2)
where W € y(M). We define the tensors R.R and Q(g, R) by the following relations:
(R(X,Y)-R)(U,W)Z = R(X,Y)R(U,W)Z — R(R(X,Y)U,W)Z

—R(U,R(X,Y)W)Z — R(U,W)R(X,Y)Z, (1.3)

and

Q(g,R)(U,W,Z;X,Y) = (X AY)R(U,W)Z — R((X AY)U,W)Z (1.4)

—R(U, X AY)W)Z — RUU,W)(X AY)Z,

where X,Y,Z,U,W € x(M), [3].

If the tensors R.R and Q(g, R) are linearly dependent then the manifold M is said to be pseudosymmetric. This
condition is equivalent to

R.R = LpQ(g,R) (1.5)
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holding on the set
Ugp = {x € M:Q(g,R) # 0, at the point x},
where Ly is some function on Uy, [3].

If R.R =0 then the manifold M is called semi symmetric. We know that every semi symmetric manifold is
pseudosymmetric. But the converse is not true. Moreover, if VR = 0 then the manifold M is said to be locally
symmetric. Also, it is obvious that if the manifold M is locally symmetric then it is semi symmetric [14].

The notion of a semi-symmetric manifold is defined by R(X,Y) - R = 0, for all vector fields X,Y on M, where
R(X,Y) acts as a derivation on R, [9]. Such a space is called "semi-symmetric space" since the curvature tensor
of (M, g) at a point peM, Rp; is the same as the curvature tensor of a symmetric space (that can change with
the point of p). Thus locally symmetric spaces are obviously semi-symmetric, but the converse is not true, [4].
Complete intrinsic classification of these spaces was given by Szabo, [14]. However, it is interesting to investigate
the semi-symmetry of special Riemannian manifolds. Nomizu proved that if M" is a complete, connected semi-
symmetric hypersurfaces of a Euclidean space R***,n > 3, i.e., R - R = 0, then M" is locally symmetric, i.e., VR =
0. For the case of a compact Kaehlerian manifold, Ogawa proved that if it is semi-symmetric then it must be
locally symmetric, [10].

Semisymmetric Kenmotsu and alpha-Kenmotsu manifolds are studied in [8,13]. Also, the other semi symmetric
conditions are investigated in [11,15] on such manifolds. In this paper, we study pseudosymmetric conditions
on alpha-Kenmotsu manifolds with dimension 3. In particular, we obtain some results satisfying some certain
curvature conditions on such manifolds depending on a.

Alpha-Kenmotsu Manifolds

Let M2"** almost contact manifold be an odd-dimensional manifold. The triple (¢,&,7) is defined as follow. It
transports a field ¢ of endomorphisms of the tangent spaces, ¢ is a vector field that is called characteristic or
Reeb vector field and n is a 1-form such that ¢*=—I+4+7n ® ¢ and n(§) = 1. The mapping defined by
I:TM?*™** > TM?*™** is called identity mapping. By using the definition of these it follows that ¢& =0, n0 ¢ =0
and that the (1,1)-tensor field ¢ has constant rank 2n [16]. An almost contact manifold (M™%, @, &,7) is said to
be normal if the Nijenhuis torsion tensor of ¢; N = [, ¢] + 2dn ® & vanishes for any vector fields X,Y on M?"*1,
If M2™*1 admits a Riemannian metric g, such that

g(@X, oY) = g(X,Y) —n(X)n(), 2.1

for any vector fields X,Y on M?™*!, then this metric g is said to be a compatible metric and the manifold M?"**
together with the structure (M?"**, ¢, &, 7, g) is called an almost contact metric manifold. Hence, (2.1) means that
n(X) = g(X, &) for any vector field X on M?™**, On such a manifold, the fundamental 2-form & of M?"** is defined
by @(X,Y) = g(¢X,Y). Almost contact metric manifolds such that both n and @ are closed are called almost
symplectic manifolds and almost contact metric manifolds such that dn =0 and d® = 2n A @ are almost
Kenmotsu manifolds. It is noted that a normal almost symplectic manifold is called a symplectic manifold and a
normal almost Kenmotsu manifolds is called Kenmotsu manifold [6].

An almost contact metric manifold M?"** is said to be almost alpha-Kenmotsu if dn = 0 and d® = 2an A ®,
being a non-zero real constant [6].

Now, we set A = —V¢ and h = (1/2)(Lgp). Obviously, A(§) = 0 and h($) = 0. Moreover, the tensor fields A and
h are symmetric operators and satisfy the following relations
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Vyé = —ap?X — phX, (2.2)
(o)X + (hop)X =0, (2.3)
(@ o DX + (Ao @)X = —2agp, (2.4)
VxmY = algX,Y) —n@On(¥)] + g(eY, hX), 2.5)
&n = —2an, tr(h) =0, (2.6)

for any vector fields X,Y on M*™** We also remark that h = 0 © V& = —a@? [12,13].

For an almost alpha-Kenmotsu manifold, the following curvature properties are held:

RX,Y)$ = (lyph)X — (Vxph)Y — a[n(X)phY —n(Y)phX](Y

+a? + (@] XY —n(¥)X], 2.7)
R(X,£)¢ = [a® + £(@)]9*X + 2aphX — B2X + @(V;h)X, (2.8)
(Veh)X = —pR(X,§)§ — [a® + £(@)]9X — 2ahX — @h?X, (2.9)
R(X,§)§ — oR(pX,§)¢ = 2[(a® + & (a))@*X — hX], (2.10)
S(X,§) = —2n[a* + {(@)n(X) — (div(ph))X, (2.17)
5,9 = —[2n(a® + §(@)) + tr(h?)], (2.12)

for any vector fields X, Y on M?™** where a is a smooth function such that da An = 0. In these formulas, V is the
Levi-Civita connection and R the Riemannian curvature tensor of M2 [12,13,15].

Results and Discussion

In this section, we consider pseudosymmetric alpha-Kenmotsu manifolds with dimension 3. Here, a is a smooth
function such that da An = 0 or a real constant.

Proposition 3.1 Let M" be an alpha-Kenmotsu manifold. Then the following equations are held:
(Vx@)Y = —a[g(X, Y)$ + n(Y)eX], (3.1)

Vx§ = —a(=X +n(X)$), (VxmY = —a[-g(X,Y) +n(X)n(¥)], 3.2)

where «a is strictly positive function of class C* such that da An = 0. In special cases, if « = 0, then the manifold
is a symplectic one. Also, if §(a) = V:a such that (a* + ¢(a)) # 0, then the alpha-Kenmotsu manifold is regular
[6]. It is important to say that the condition da A n = 0 satisfies for dimension is greater and equal than 5. This
condition does not hold for the three dimensional case [15]. Accordingly, since the conformal curvature tensor
in the three dimensional space will be identical to zero, we can also make the Riemannian curvature tensor
calculations on the conformal curvature tensor. In other words, we have

RX,Y)Z = S(Y,2)X — S(Z,X)Y + g(¥,2)QX (3.3)

—9(Z, X)QY — (r/D[(X AY)Z].
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So we can give the following results for the three dimensional case:
Proposition 3.2 In three dimensional alpha-Kenmotsu manifolds, we have the following relations:
RX,Y)Z = 2(a®*+&(a) + (r/O)((X AY)Z) (3.4)
=3(@* +{(a) + (/)M E AVIZ + (V)X AZ]
SK.Y)Z = (@ +&(a) + (r/2)g(X,Y) = 3(a® + &(a) + (r/6))n(X)n(Y), (3.5)

where «a is a strictly positive function such that da An = 0. Moreover, R, S, Q and r are the Riemannian curvature
tensor, the Ricci tensor, the Ricci operator and the scalar curvature, respectively [15].

Proposition 3.3 In three dimensional alpha-Kenmotsu manifolds, taking into account of (3.3), (3.4) and (3.5),
the following curvature relations are held:

R(X,Y)§ = (@ + ()XY —n(Y)X], (3.6)
R(E XY = (@® +&(a)[-g(X, Y)§ + n()X], 3.7
gRX,Y)Z,§) = (a* + §(a)[g X, Z)n(Y) — g(¥, Z)n(X)], 3.8)
S(¥,§) = —2(a® + §(aNn(¥), 3.9

Q¢ =-2(a®+¢(@)¢, (3.10)
[12,13].

Theorem 3.1 Let M3be an alpha-Kenmotsu manifold. If M3is pseudosymmetric then either it is locally isometric
to the hyperbolic space H3(—a?) or L, = —a? holds where «a is a real constant.

Proof Suppose that M3is an alpha-Kenmotsu manifold and « is a real constant. If M3is semi symmetric then it
is clearly pseudosymmetric. Also, a semi symmetric alpha-Kenmotsu manifold is locally isometric to the
hyperbolic space H3(—a?) [8]. In this case, let us assume that M3 is not semi symmetric. In other words, let M3
be a pseudosymmetric alpha-Kenmotsu manifold. In view of (1.1) and (3.7) we have
R(EX)Y =a*(XNEZ . (3.11)

Now, we consider the pseudosymmetry condition
R(X,Y)-R = Lg[(XAY) - R].
So we get

(RX,Y) - RY(U,V)Z = LyQ(g,R)(U,V, Z; X,Y) (3.12)

for arbitrary vector fields on M3. Here the tensor product is defined as

R(X,Y)R(U,V)Z — R(R(X,Y)U,V)Z — R(U,R(X,Y)V)Z — R(U,V)R(X,Y)Z
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= Lg[(X AY)R(U,V)Z — R((X AY)U,V)Z — R(U,(X AY)V)Z —R(U,V)(X AY)Z]. (3.13)
With the help of (3.7) taking X = ¢ in (3.13), we have

R(,X)-R=a?[(XAE)-R]. (3.14)
This implies that L, = —a?. Thus the poof is completed.
Theorem 3.2 Let M3 be an alpha-Kenmotsu manifold. If M3 is pseudosymmetric then either it is locally isometric
to the hyperbolic space H3(—a?) or Ly = (—a® + &(a)) holds where «a is strictly positive function of class C®
such that da An = 0.
Proof Firstly we assume that M3 is semi-symmetric, then the manifold is also pseudosymmetric and in [8], it is
clear that a semi symmetric alpha-Kenmotsu manifold is locally isometric to the hyperbolic space H3(—a?).
Conversely, we suppose that M3 is not a semi symmetric alpha-Kenmotsu manifold. By using the methodology
of the above theorem and considering (1.1), (3.7) and (3.13), we obtain

0 = [Lg + (@® +E(@)][RWU,V,Z,Y) = (a* + {(a)[-g(V, Z)n(U)n(Y)
+9WU, 2n(V)n(¥) —gWU,V)gWV,2) + gWU,Y)n(VIn(Z) + gV, Z)n(¥)nU)
=9, 2n(V)nU) —gWV,Y)nWin2) + gV, Y)g(Z,U) + g(¥,Z)nU)nV)

—g(Z, Un(Vn¥) + g, VInWUnZ) — g¥, UnZn\)]]. (3.15)

Let {e;}, i = 1,2,3 be an orthonormal basis of the tangent space at any point. Then the sum for 1 < i < 3 of (3.15)
for suitable contraction yields

0=[Lg + (@® + §(@NISWV,2) + 2(a* + §(a))g(V, 2)) (3.16)
forU=Y =e¢;, i =1,2,3. For Z = §, the last equation leads to
0=[Lg + (a? + E(@)]. (3.17)

This proves the theorem.
Corollary 3.1 Every alpha-Kenmotsu manifold M3 is a pseudosymmetric manifold of the form

R-R=—(a’+£(a))Q(g,R) (3.18)
where «a is strictly positive function of class C* such that da An = 0. For £(a))=0, we have

R-R=—a%Q(g,R). (3.19)
Theorem 3.3 Let M3 be a pseudosymmetric alpha-Kenmotsu manifold. If the manifold M3 has a non-zero
function such that —Lg = (a® + £(a)) then the manifold M3 is an Einstein manifold with 2 = —2(a® + &(a))
where a is strictly positive function of class C* such that da An = 0.

Proof Assume that M3 is a pseudosymmetric alpha-Kenmotsu manifold. Thus we have

R-R=1zQ(g,R)(U,V,Z; X,Y).
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Next, taking into account of the last equation, (1.1), (3.13) and X = &, we get
0 = [Lg+ (¢ +E(@)]g(RWU,V)Z,Y)§ — g(R(U,V)Z), &Y
—gWU.VIREVIZ +n(U)RY,V)Z = g(V,Y)R(U,$Z
+n(V)RWU,Y)Z — g(Z,Y)R(U, V)¢ +n(Z)R(U,V)Y]. (3.20)
Then taking inner product both two sides with respect to &, we obtain
0 = [Lg+ (a® + §(@)][RWU,V)Z,Y —n(Y)g(R(U,V)Z,§)
=9, V)gR(E,V)Z,$) +n(U)gR(Y,V)Z,3)
—9(V,Y)g(RU,$)Z,§) +n(V)g(R(U,Y)Z,§)
—9(Z,Y)g(RW,V)E,$) +n(Z)g(RWU, V)Y, E)]. 3.21)
By the help of (3.8), (3.21) can be written as
0 = [Lg+ (a® + E(@)]RWU,V,Z,Y) = (a® + {(a)[-g(Z, VI)n(U)n(Y)
+9Z, Un(V)n(¥) —g(¥,)g(Z, V) + g(U,Y)n(VIn(Z)
+g(V,Z2n(¥)nU) = g¥, Z2nVinU) — gV, YI)nWU)n(2)
+9(V,Y)9(Z,U) + g(¥,Z2nW)nV) — g(Z, U)n(VIn()
+g (¥, VinUn(2) — g(¥, UnZ)n V)1l (3.22)
Then the sum for 1 < i < 3 of (3.22) for suitable contraction yields
0=[Lg + (a® + E@)][SV, 2) + 2(a® + £(a))g(V, 2)]. (3.23)
Thus there are two cases with the help of (3.23). (3.23) just satisfies if either —Lg = (a® + &(a)) or
SW,z) =2g(V,Z) where A = —2(0(2 + 5(0{)). This completes the proof.
Theorem 3.4 Let M3 be a pseudosymmetric alpha-Kenmotsu manifold. If the manifold M3® has a non-zero
constant function such that Ly # —a? then the manifold M3 is an Einstein manifold with 1 = —2a* where a is a
positive constant.
Proof According to the hypothesis, taking into consideration the above theorem we have
0= [Lg + @2|[S(V, Z) + 2a2g(V, 2)] (3.24)
where « is a positive constant. Here, if we put L, # —a® then we obtain
S(V,2) = —2a2g(V, 2). (3.25)

This completes the proof.
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Conclusions

In this paper, we are especially interested in pseudosymmetric alpha-Kenmotsu manifolds. Some certain results
are obtained related to curvature tensors on such manifolds. Our forthcoming paper is devoted to investigating
alpha-Kenmotsu manifolds satisfying the other pseudosymmetry conditions. In particular, we study Ricci
pseudosymmetry and generalized Ricci pseudosymmetry conditions. It is well known that open problems are so
interesting in this area, especially for almost contact structures.
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