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Abstract

In this article, the Lie Symmetry Analysis is applied in finding the symmetry solutions of the fifth-order Sawada-
Kotera equation of the formu, +45u°u, +15uu_+15uu, +Uu__ =0. The technique is among the most

powerful approaches currently used to achieve precise solutions of the partial differential equations that are
nonlinear. We systematically show the procedure to obtain the solution which is achieved by developing
infinitesimal transformation, prolongations, infinitesimal generators, and invariant transformations/solutions hence
symmetry solutions of the fifth-order Sawada-Kotera equation.

Keywords: Lie symmetry analysis. Sawada-Kotera equation. Symmetry groups. Prolongations. Invariant solutions.
Power series solutions. Symmetry solutions.

1. Introduction

Recently, many phenomena in physical, engineering and mathematical fields are expressed in terms of Partial
Differential Equations and Ordinary Differential Equations. Among the many approaches that have been
recommended for obtaining the precise solutions of the given differential equations is Lie symmetry analysis, which
provides a very effective procedure.

The other methods include Jacobi elliptic function expansion technique as discussed by Liu et al [1], the Hirota's
bilinear transformation scheme as demonstrated by Hirota [2], Backlund transformation technique as illustrated by
Rogers and Shadwick [3], homotopy analysis technique as discussed by Liao [4], variational iteration scheme as
demonstrated by Noor and Mohyud [5].

Recently, Lie symmetry analysis method is effectively used in the study of several differential equations to obtain
solutions such as Burgers equation as discussed by Oduor [6], nonlinear evolution equations having advanced order
nonlinearity as discussed by Khongorzul et al [7], nonlinear beam equation as deliberated by [8,9], nonlinear
ordinary differential equation as discussed by Aminer [10], a scheme of nonlinear partial differential equation as
discussed by Andronikos et al. [11], nonlinear Helmholtz equation as illustrated by Sakkaravarthi [12], reaction-
diffusion equation as demonstrated by Yildirim and Pinar [13] and many more.

In this article, we apply Lie symmetry analysis method to develop prolongations, symmetry groups, invariant
solutions, exact solutions and symmetry solutions of Sawada-Kotera equation of the form

u, +45u°u +15u.u +15uu, +u, =0 (1.1)

in which U = U(X,t).
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The outline of this article is as follows. In section 2, we present the methods of using Lie symmetry analysis. Section
3 presents symmetry solutions of equation (1.1). Finally, section 4 gives the conclusion and remarks.

2. Methods
2.1 Lie symmetry analysis

We let the generator G of (1.1) to be of the form

G:a(x,t,u)§+§(x,t,u)§+p(x,t,u)% (1.2)

All the coefficient functions «,&and p are found so that all the equivalent one-parameter Lie group of
transformations becomes

X =X(xtue), t'=T (x,t,u;¢), u =u (X,t,u; &) for a symmetry group of equation (1.1)
For the symmetry state to be satisfied by (1.1), we then have

P u, +450°u, +150,u,, +15UU,,, +U,,, |=0 (1.3)

Where G is the fifth prolongation/extension of (1.2) given by

G[s]_a£+§ﬁ+ £+ ti+xa+n8+txa+xxa +ttta+ttxa
x ot Pau o Pou, Pan, o, e, P, P,
+ ptxx a + pxxx 8 + ptttt a + ptttx a + pttxx a + ptxxx a + pxxxx a
autx>< aU XXX autttt autttx auttxx 6U XXX au XXXX
+ pttttt a + pttttx a + ptttxx a + pttxxx 6 + ptxxxx 8 + pxxxxx 6 (1' 4)
auttttt auttttx autttxx auttxxx autxxxx 8U XXXXX
Substituting (1.4) into (1.3) we get
¢ O 0 0 0 0 0 0

[a£+§g+pi+p_+px_+ptt_+ptx_+pxx_+pttt_+pttx_
ox ~ot ou ou, ou, Ou,, ou,, ou,, OUy, OUy,

+ ptxx a + pxxx a + ptttt 6 + ptttx a + pttxx 6 + ptxxx a + pxxxx a
8u’[xx au XXX 8ut’(tt autm( aut’(xx autxxx au XXXX
+ pttttt a + pttttx a + ptttxx a + pttxxx a + ptxxxx a + pxxxxx a ]
auttttt auttttx autttxx auttxxx au IXXXX au XXXXX

I:Ut +45U2ux +15UXUXX +15uuxxx +uxxxxx:| =0
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The infinitesimal condition above reduces to
p' +90pu, +450*u +151"u, +150"u, +150u,, +150°* U+ p*** =0 (1.5)

XXXXX

With p', p*, p*, p** and p™* explicitly defined.

We then equate the coefficients of several polynomials in the first to the fifth partial derivatives of U . This is satisfied
when U, is replaced by —45u°u, —15u,u,, —15uu,,, —U, . whenever it occurs in the equation hence obtaining

the determining equations for obtaining the Lie groups of (1.1)

The solutions from the determining equations become

a=c1+%c3x (1.6)

&=c,+tc, 1.7)
2

,o:—guc3 (1.8)

Thus the infinitesimal symmetries/generators of (1.1) are as given below

ol
o
-
2ot
w3:x2+5t2—2ui
ou

Lie groups admitted by infinitesimal generators are obtained by solving the corresponding Lie equations through
exponentiation. This leads to

;G (e): X(x,t,u;6) > X (x+&,t,u)

®

,(€): X (xtu;e) > X (X t+&,u)

0 0 0. . : ¢ rose |2
w3:x&+5ta—2ua,63(g).X(x,t,u,g)—>x3(xe ™, ue ™)
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2.2 Invariant solutions and exact power series solutions of (1.1)

A group invariant solution is obtained when a group of transformations maps a solution into itself. The invariant
solution of equation (1.1) under the one-parameter group of generator V can be obtained by calculating two

independent invariants N, = k(X,t) and N, = ,u(X,t, u) by solving the equation

N()=a(xtu) T +E(xtu) T+ p(xtu) S0 (1.9

Or its system of characteristics

dx _ dt _ du 2.0)

a(xtu) &(xtu) p(xtu)

Here we consider the group transformations that arise from all the generators of (1.1)

We then allocate one of the invariants as a function of the other as given below
e ¢(k) (2.1)

We then substitute for iz, in (2.1) to get an ordinary differential equation for the function ¢(k) of one variable. By

doing this, we decrease the figure of independent variables by one.

We now show the list of generators ( Xi ) and their equivalent Invariant Solutions (u)
Case 1

For the infinitesimal generator, W, :8_ we getU = ¢(t) When we substitute it into equation (1.1) we get the
X

trivial solution to be
u=g(t)=k (2.2)
Case 2
For the generator W, =a we haveUu = ¢(X) When it is substituted into equation (1.1), the equation is reduced
into the following ordinary differential equation
454%¢ +154'¢" +15¢¢" + ¢ =0 (2.3)

dg

Where ¢’ =
du
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Case 3

o . 0 0 2 +
For the generator, W, = X&+5ta—2ua— we have U=t 5¢(,u) where g1 =Xt 5. Substituting into equation
u

(1.1), will reduce the equation into the following ordinary differential equation
2 1 ' 2 11 U m (5)
—g¢—§u¢ +45¢°¢" +15¢'¢" +15¢9" + ¢ =0 (2.4)

d¢

Where ¢' = ——
du

The exact solutions of some ODEs or some PDEs that are lower in order than the original PDE can be obtained as
discussed by Galaktionov and Svirshchevskii [14]. Thus in our case, the exact solutions of the fifth-order Sawada-
Kotera equation are found from the obtained ODE's. Even though there are so many methods to be applied in
solving differential equations such as reduction by quadratures, and so many others but it is not always easy for
simple semilinear PDE's.

Therefore, the analytic solutions of the reduced equations are found through the power series technique since this
scheme is used in solving all kinds of differential equations including those with non-constant coefficients, as
discussed elsewhere in [15-18]. Thus the exact analytic solutions obtained are the solutions of the original PDE.

In this case, we deliberate equations (2.3) and (2.4).

In view of (2.3) we have
45¢4°¢' +154'¢" +154¢" + 4 =0

We obtain its solution by use of a power series method

#(B)=2 c.B° 2.5)
a=0
Substituting (2.5) into (2.3) we get

120c, + > (a-+1)(a+2)(a+3)(a+4)(a+5)c

a=1
a

15) (a—z+1)(a—z+2)(a-z+3)c,Cc, ,,,u* +30ccC, +

4% +90c,c, +

a+5

z=0
1Si(a —z+1)(a—z+2)(z+1)c,,.C, ,., +45C5C, + 4522@ —2+1)C,C, ;.1 (2.6)
z=0 z=0 i=0

Setting the a=0 we get

120c, +90c,c, +30c,c, +45c.c, =0
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On simplifying we get
1 2
& =150 (90c,c, +30c,c, +45¢.c, ) 2.7)

For a>1 we obtain

-1 a
= 153 (a—z+1)(a—z+2)(a-z+3
s i) (ar2)(ars)(ard)(ars) 2 (a-z+l)(a-z+2)(a-z+43)c0, 0
15§(a —z+1)(a-z+2)(z+1)C,,C0pp + 452 i(a ~z2+1)%C, €, yi] 2.8)
2=0 2=0 i=0
Fora=0, 1, 2...

When a=1 we have
c —_—1(3600 ¢, +180c,c, +90c2c, +60c? +90c 02) (2.9)
6 720 o~4 Cl 3 ov2 2 o~ .

When a=2 we have

c,= ?;0 (900c,c; +540c,c, +135¢,C, +360c,¢, +270¢,c,C, +45¢; ) (3.0)

Thus the power series solution (2.5) into (2.3) is an exact analytic solution which can be given as

B(B)=Co+CB+C 2 +C° +C Bt +C. 8 + D Cpppt™

a=1

=c,+C,B+C, B +c, 8 +c, 4 —ﬁ(QOcoc3 +30c,C, +45c5¢, ) 4° —

> L 15% a-z+1)(a-z+2)(a-z+3)cc, , .+
2 ara s aarg g@ a2 a-zedec, .,

15 (a—z+1)(a-z+2)(z+1)c,.Co\0p +45Zalzz:(a—z+1)cicz_ica_z+l] 1 3.1)

z=0 z=0 i=0

Now the exact power series solution of (1.1) is obtained to be

U(X,t) =Cp+CX+C, X% +CuX° +C,X* +CX° + D€, X

a=1
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=Gy + X +C, X2 +C X3+, x* — %(900003 +30c,C, +45¢5¢, ) X° -

, , .
2 (a2 (ard)ars) oz (@m 22 (a-2a3)ec, . ¢

15 (a—z+1)(a-z+2)(z+1)c,,C, ., + 45ii(a— 2+1)0C,Cyyun] X*° (3.2)

z=0 z=0 i=0

Where ¢ (i =0,1,2,3, 4) are arbitrary constants.

Also, we find a solution of equation (2.4) in a power series of the method (2.5). Substituting into (2.4), and comparing
coefficients, we obtain

12005+i(a+1)(a+2)(a+3)(a+4)(&1+5)ca+5ya +90c,C, +
a=1
15§(a—d +1)(a—d+2)(a—d +3)c,C, 441" +30CC, +

d=0

a a d
15> (a—d+1)(a—d +2)(d +1)cy,.C, 4., +45C5¢, +45>° > (a—d +1)cc, iC, g,

d=0 d=0 =0
2 1

_Zc —Zac, =0 (3.3)
5 5

Setting the coefficients for @ = 0 we obtain
9 2
120c, +90c,c, +30c,c, +45c;c, — E c, =0

which is simplified to give

1 2
& ="Tp (QOCOCS +30c,c, +45c.¢c, — c coj (3.4)

For a=>1, we obtain

-1 a
Cus = (a+1)(as2)(a+3)(ara)(as5) [15;(a— z+1)(a-z+2)(a-z+3)cC, .o+

15§(a— z+1)(a—z+2)(2+1)C,.Co ,.p + 45§i(a— 2+1)0C,Co —%ca —%aca] (3.5)
z=0 z=0 i=0

For the values of a=0, 1, 2...

When a=1 we have
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Co = L (BGOCOC4 +180c,c, +90cZc, +60c? +90c,c’ — g clj (36)

720

When a=2 we have

C, = (9000 ¢, +540c,c, +135¢2c, +360c,c, +270c,c,C, +45¢, — ;’ j 3.7)

2520

Therefore the power series solution of equation (2.4) is given as

#(B)=¢ +C+C,B . f +c B +C +an+sﬂa+s
a=1

=C, +cB+C, B +c, B +c, B —%[900003 +30c,c, +45¢c.c, —%coj/f —~

[15 1 2 3)c
; a+1)(a+2)(a+3)(a+4)(a+5) ZZ; (a-z+1)(a-z+2)(a-2+3)c0, ;o +
15231(a—z+1)(a—z+2)(z+1) C,.C.,.,+45 » (a—z+1)KC, €, by — éca—%aca],ua”’
z=0 z=0 i=0

Hence the exact analytic solution to equation (1.1) is

2 3 4 6 7

U(X,t)=Cot 5 +CXt 5 +C,X°t ®+C, Xt "+, X"t ® —%(QOCOC3 +30c,C, +45¢%C, —%coj Xt 8

_az_;(a+1)(a+2)(ai3)(a+4)(a+5)[15; (a-z+1)(a—z+2)(a—z+3)c,C, .5+

152a0(a—z+1)(a—z+2)(z+1 C,uCa Z+2+4SZZ(; .Zo: (a—d +1)6,C, Cyyur — % _%aca]xa+5t—ag7
(3.8)

3.0  Results and Discussions on Symmetry solutions

Symmetry transformations convert known solutions into new solutions. Considering group transformations that
arise from the infinitesimal generators

0 0 0 0 0
W, =—W,=—,W,=X—+5t——-2u—
OX ot X ot ou

known to be
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G X(xtue)—> X, (x+&,t,u)

G, X(xt,u;e) > X, (X,t+&u)

Gy: X (xtuse) - X, (xe’ te™,ue ™)

Since U=u (X,t) is a known solution of equation (1.1), so is

Gy(e) f(xt)="f(xe* te™)e™

We consider the group G;. Thus the new symmetry transformed solution under G, becomes
u=f(xete*)e” (3.9)

Whenever a known solution of (1.1) is given as U =U (X,t)

3.1 Solution 1

Considering the invariant result of (1.1), U =C. Substituting U = C into equation (3.9) we obtain
u=ce?
3.2 Solution 2

Inserting the exact solution
2 3 o 1 2 5 ) yats
=Gy +C,X +C, X2 +C,X° +C,X —@(9000c3+30c102+45c0c1)x —(b")x

as a known solution of equation (1.1) in which

* = 1 . a

- 15> (a—z+1)(a-z+2)(a-z+3
" az_;‘(a+1)(a+2)(a+3)(a+4)(a+5)L ;(a z+1)(a-z+2)(a-z+3)CC, 5+
155 (a—z+1)(a-z+2)(z+1)c, ., 5.0 +45anzzl(a—z+1)cicz_ica_z+l]

z=0 z=0 i=0

into (3.9) then we obtain

u=[c, +cxe’ +c, (xe* )2 + (xe? )3 +¢, (xe° )4 —ﬁ (90c,c, +30c,c, +45¢5c, )(xe® )5 -
(b*)(xe(aHSg) )] o
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3.3 Solution 3

Substituting the exact solution

2 3 4 _8 7
U=Cgt 5 +CXt 5+C,Xt 5 +C,x°t +¢,x* 5 —ﬁ(%cocs +30c,c, +45c.c, —%cOJ Xt 5 —

(b*)(x“t_af]

as a known solution of equation (1.1) and a" taken as stated above into equation (3.9) we obtain

N2 e e\ N2/ s\ 3/, 5o\l A s\
u=[c,(te*) ® +cxe” (te%) & +c,(xe*) (te* ) 5+, (xe”) (te) " +c,(xe) (te*) 5 -

% (90c0c3 +30c,c, +45¢cc, — % Co ] ( xe* )5 (tef‘g )_; —(b*) ( xe® )a+5 (tefw )‘a;?] o2

4.0 Conclusion and Remarks

In this article, the symmetry solutions of the fifth-order Sawada-Kotera equation have been acquired by means of
Lie symmetry analysis method. Also, deliberation on the group-invariant solutions and the exact analytic solutions
to the equation through the power series technique has been done. Our obtained symmetry solutions demonstrate
that Lie symmetry analysis technique is a candid and best mathematical tool to obtain analytical results of highly
nonlinear PDE’s. Furthermore, this technique can be more efficiently used to study other nonlinear PDE’s, which are
often used in mathematical fields, engineering fields, and physical sciences.
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