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Abstract

This paper obtains a characterisation of the congruences on *-simple type A I-semigroups. The *-locally
idempotent-separating congruences, strictly *-locally idempotent-separating congruences and minimum
cancellative monoid congruences, are characterised.
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1. Introduction

For a semigroup S, E(S) will denote the set of idempotents of S. If S is a semigroup with non-empty set of
idempotents E(S), we define a partial order "<" on E (S) such thate < fifand only if ef = fe = e. Let I denote
the set of all integers and let N° denote the set of non-negative integers. A semigroup S is said to be an I-
semigroup if and only if E(S) is order isomorphic to I under the reverse of the partial order.

The structure theorem for *-simple type A I-semigroups was established in [8], as an extension of the structure
theorem for simple I-inverse semigroups and *-simple type A w-semigroups due to Warne [10] and Asibong-
Ibe [1]. This paper is a follow up of the study of congruences on *-bisimple type A I-semigroups studied by
Ndubuisi and Asibong-Ibe [7], where the congruences were identified as idempotent-separating congruence
and minimum cancellative monoid congruence.

Earlier investigations in [6] and [10] studied congruences on *-simple type A w-semigroups and congruences
on simple I-inverse semigroups respectively. Determination of congruences throughout this paper is based on
their description in [6].

This work is divided as follows. Section 2 contains a minimum of results concerning *-simple type A I-
semigroups. The content of section 3 is a determination of *-locally idempotent-separating congruences, strictly
*-locally idempotent-separating congruences and minimum cancellative monoid congruences of a *-simple type
A I-semigroup.

Let us recall some definitions which will be useful in the study.

Let S be a semigroup and let a,b € S. Then the elements a and b are said to to be R*-related written a R* b if
and only if for all x,v € S, xa = ya ifand only if xb = yb. The relation L* is defined

dually. The join of the equivalence relations R* and L* is denoted by D* and their intersection by #*. Thus
aXH*bifand only if a R*b and a L*b. In general R* o L™ # L* o R* as shown in [3].

Following Fountain [4] a semigroup is an abundant semigroup if every L*-class and every R*-class in S contain

idempotents. An abundant semigroup S is adequate [3] if E(S)forms a semilattice. In an adequate semigroup
every L*-class R*-class contains a unique idempotent.
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Let a be an element of an adequate semigroup S, and a* (a™) denotes the unique idempotent in the L*-class
Ly (R*-class R} ) containing a.

We remark that a type A (in particular, right type A) semigroup realized in Fountain [2] as a special type of right
PP monoid with e-cancellable element where e € E(S), the set of idempotents in S. An adequate semigroup S is
said to be a type A semigroup if ea = a(ea)* and ae = (ae)ta forallaeS and e e E(S).

We conclude this section by defining the relation J*. Let S be a semigroup and I* be an ideal of S. Then I* is said
to be a *-ideal if Lj, € I* and R} < I for all a e I*. The smallest *-ideal containing ‘a’ is the principal *-ideal
generated by ‘a’ and is denoted by J*(a). Fora,b e S,a J*b if and only if J*(a) = J*(b). The relations J* contains
D*.

A semigroup S is said to be *-simple if the only *-ideal of S is itself. Clearly a semigroup is *-simple if all its
elements are J*-related. To have a clear picture of J*-related elements we recall the following Lemma.

Lemma 1.1 [3]. Let S be a semigroup and a,beS. Then beJ*(a) if and only if there are elements
Aoy Aqy ooy Ay €S, X1,X2, ey X, Y1) Var oo Yo € ST such that a = ay, b = a, and a;D*x;a;_,y;, fori =1,2,...,n.

Other basic results discussed in [3] will be assumed. The notation adopted in this paper is similar to that in
Fountain [3], Howie [5], Asibong-Ibe [1] and Makanjuola [6].

Recently type A semigroups have been shown to be special type of restriction semigroups. In this case type A
w-semigroup will essentially be an w-restriction semigroups. The idea developed here will prove useful in the
study of restriction semigroups.

However, we will in this work retain the term type A semigroups generally.
2. *-Simple Type A I-Semigroups

Following [9], let T = U%; M; be a chain of cancellative monoids. Each element x; e T is necessarily in M; for
0 <i<d-1. Anidentity e; e M; is an idempotent in T. Clearly e; ¢ T form a chain of idempotents e, > ¢e; >
e >ey_q.

Let 6 : T - M, be a monoid morphism and let S =T X I x I (where I is the set of all integers) be the set of all
ordered triples (x;,m,n) wheremeN°nel, 0<i<d-—1landx;eT.

Define multiplication on S by the rule

(xl-.fn'_lp‘p.ij""’.fn_p,q,m,n +q-— p) ifn=>p
(xi'm' n)(yj' D, q) =
(kom0 ™ fypn-¥pym+p —1,q) ifn<p

where 6° is the identity automorphism of T, and for me N°, nel, f,, = e; theidentity of M;, while for m >
0, fm,n = un+19m_1-un+29m_2 ---un+(m—1)9-un+ml and

fon = Untm - Untm-1)0 - Unt20" 2. u3,0™, where {u, : nel} is a collection of T with w, = e; for n >0,
Denote a semigroup formed by S = GBR*(T,6) where T = U%} M;.

If for each i we now let M; = {e;}, a monoid with one element, we obtain the set I x I under the multiplication
(md+i(n+q—p)d+i) ifn=p

(md + i,nd + )(pd + j,qd + j) =
((m+p —n)d +j,qd + ) ifn<p
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We denote I x I under the above multiplication by Bj and call it the extended bicyclic semigroup.
If we let (x;,m,n) be an idempotent in S. Then

(x;, m,n) = (x;,m,n)(x;,m,n) =
(xi fitom X0 ™ foomapmn—m+n) ifn>=m

(Frtam 0™ ™ frnpn-Xpm—n+mmn) ifn<m
in which case m =n, x? = x; .

Conversely, suppose x? = x; then we have that (x;, m,n)(x;, m,n) = (x;, m,n). Thus (x;, m,n) is an idempotent
if and only if m =n and x; is an idempotent in S.

The following results were proved in [8].

Lemma 2.1. Let S = GBR*(T, 6) be a generalized Bruck-Reilly *-extension of a monoid T, where T = U%}' M; is
a finite chain of cancellative monoids M;. Let (x;, m,n), (y;,p,q)€e S . Then

i) (x;,mn) R*(yj,p,q) ifand only if m =p and i =j.

i) (x;,m,n) L*(yj, p,q) ifand only if n = q and i =j.

i) (x;,m,n) J*(;,p,q). Thatis S is *-simple.

Lemma 2.2. S = GBR*(T,0) is a type A semigroup if and only T is a type A semigroup

Theorem 2.3. Let S = GBR*(T,0) be the generalized Bruck-Reilly *-extension of the monoid T where T =
U4 M; . Then S is a *-simple type A I-semigroup with d D*-classes.

We conclude this section, with the structure theorem of *-simple type A I-semigroups.
Theorem 2.4 [8]. Let Sbe a *-simple type A I-semigroup with d D*-classses. Then S is isomorphic to a
generalized Bruck-Reilly *-extension S = GBR*(T,6) of a monoid T ,where T = UL M; is a finite chain of
cancellative monoids M; and 6 is an endomorphism of T with image in M, .

3. The Congruences

In this section, we will determine the congruence relations on a *-simple type A I-semigroup S = GBR*(T, ).
We first present the properties of the congruences and then show that every congruence relation p on S is
either a *-locally idempotent-separating congruence (if no two distinct D*-related idempotents are p-related)
or all the idempotents are in one p-class. We also provide a method for constructing the strictly *-locally
idempotent separating congruences. Lastly, we show that there is a minimum cancellative monoid congruence
on S.

Lemma 3.1. Let S = GBR*(T,6) be a *-simple type A I-semigroup where T = U% M; is a semilattice of
cancellative monoids. Then H* is a congruence on S, and S/H* = B}.

Proof. The mapping 6 : S - B} by
(x;,m,n)0 = (md + i,nd + i)

is onto. It is a homomorphism since
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(xi- fiop-¥iO™ P fopm,n+q — D) ifn>p
((xl-, m, n)(yj,p, q)) 6= . X 0
(om0 ™™ fy—nn-¥pym+p —1n,q) ifn<p
(xi- i p- VO P fuppm,n+q —p)8 ifn=p
(ftom-Xi0P ™™ fypn.yjpym+p—1n,q)8 ifn<p
(md+i,(n+q—p)d+i) ifn=p
((m +p—n)d +j,qd +J) ifn<p

(md +i,nd +i)(pd +j,qd + )
= (x;,m,n)0 (yj,p,q)Q.
Thus @ is a homomorphism.

Furthermore, ((xi,m, n)(yj,p,q)) e H* if and only if (md +1i, nd +i) = (pd + j,qd + j); hence 800~ = 3~
and the result follows.

Lemma 3.2. Let p be a congruence on a *-simple type A I-semigroup S = GBR*(T,8) where T = U% ) M; .
Suppose that

(i) (e,mym)p (ej,m, m) then forany nel, (e;,nn)p (e]-,n, n)
(i) (e;,mm)p (ej,m +1,m+ 1) then forany nel, (e;n,n)p (ej,n +1,n+ 1)
Proof. i) Let (ey, n,m), (ey,m,n) € S, then
(eg,n, m)(e;, m,m)(ey, m,n) = (e;,n,n).
(eg,m, m)(ej,m, m)(eo, mn) = (e]-,n, n),
and
(eq,m,n)(e;,n,n)(eg,n,m) = (e;, m, m).
(eg,m, n)(e]-,n, n)(eo, n,m) = (ej,m, m).
ii) Let (ey, n, m), (e, m,n) € S, then we have
(eg,n,m)(e;, m,n) = (e;, n,n).
(eg,m, m)(ej,m +1,m+ 1)(e0,m, n) = (ej,n +1,n+ 1),
and
(eq,m,n)(e;, n,n)(ey,n,m) = (e;, m,m).
(eg,m, n)(ej,n +1,n+ 1)(90, n,m) = (e]-,m +1,m+ 1).
Hence the proof.

We now establish an important property of congruences on *-simple type A I-semigroups.
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Theorem 3.3. A congruence p on a *-simple type A I-semigroup is either a *-locally idempotent-separating
congruence or all the idempotents are in one p-class.

Proof. Suppose that the idempotent elements of S are not in one p-class and e,;44i P eum+kya+: for some
m,kel,k>0and 0<i<d-—1. We are to show that no two distinct D*-related idempotents are p-related.
Let k =1 which implies that e,;44i p eant1)a+i - Using Lemma 3.2 and the fact that e, p e, implies e, p e, for
every n < k < m together with the transitive property of the congruence, we see that the idempotents are in
one p-class which is contrary to our assumption. Thus, no two distinct D*-related idempotents are p-related.
Therefore p is a *-locally idempotent-separating congruence. This completes the proof.

A typical *-idempotent-separating congruence of a *-simple type A I-semigroup is characterized in the
theorem.

Theorem 3.4. Let S = GBR*(T,9) where T = U’} M; . The relation p on S = GBR*(T, 8) defined by the rule:
(x;,;m,n) p (yj,p,q) ifand only if m=p, n=gq,i =jand (x,-,yj)e ker©
is a *-locally idempotent separating congruence

Proof. It can be easily shown that p is reflexive and symmetric. To show transitivity, we let (x;, m,n) p (¥;,p,9),

(}’j,p,CI) p (zk,w,v) forall (x;,; m,n), (}’j.p.Q). (zy,u,v)eS.Thenm =p, n=gq,i =], (x,-,yj) eker@andp =u, q =
v, =k, (y]-, zk) € ker®.

Consequently, m = u, n = v,i = k. Hence (x;, z;) € ker 8, which means that p is transitive.

Next is to show that p is a congruence. Now let a = (x;,m,n), b = (y]-,p,q). That p is a congruence entails
showing that

apbimplies agpbg (for right congruence)
apbimplies gap gb  (for left congruence)
vV g =(z,w,1)eS =GBR*(T,0).
Consequently,
ag = (x;,m,n)(z,,w,l)
(xi fio w20 frwpmn+ L —w) ifn=w
(Firtam %0 ™ fronn-Ziom+w —n, 1) ifn<w
bg = (¥, p,a)(z,w, 1)
0y fww- 20T fomw 0 g + L — W) ifqg=>w
- (fap- 0™ fw—qq-Ziwp + W —q,1) ifg<w
So, if (x;,m,n)p (y]-, p,q), then

(xi! m, Tl)(Zk, w, l) p (y]' b, q)(zkl w, l) =
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(% fi 2o 21O frwomn + L —w) ifn>w

(fitam-xi0" ™ fyponn-Zm +w —n, 1) ifn<w
- w207 fowp 0@ + L — W) if g=w
(flap- i U fw—gq-Ziwp + W —q,1) ifg<w

But (x;,m,n)p (yj,p,q) ifandonlyif m=p, n=¢q, i =j and (xl-,yj) eker6.

(xi fio 210 frowpmun + L — w) ifn>w
Thus,
(firtam 0" ™ fiynn-Zom +w —n,1) ifn<w
by i 2k0™ " fr—wpmn + L — w) if n>w
(Frtom - ¥i0" ™ fornm-Ziom +w —n,1) ifn<w

Hence p is a right congruence.
That pis a left congruence follows similarly. Thus p is a congruence.

Furthermore, (e;,; m,m) p (e;,n,n) implies m =n which implies (e;, m,m) = (e;,n,n). Thus any two distinct
idempotent elements which are D*-related cannot lie in the same p-class. Hence the proof.

We will now construct the strictly *-locally idempotent-separating congruences on *-simple type A I-
semigroups.

3.5. Notation. Let kg, kq,k;, ks, ..., k; be a sequence of non-empty integers, satisfying 0 < kg < ky ... <k; <
d—1, kg=-1, kyy; =d—1.

Define a relation p = p(kg, k4, ..., k) on S = GBR*(T,0) by
m=p, n=qfork, ;<i,j<k, 0Sv<t+1
(x;, m,n) p (yj,p,q) implies jor m=p+1, n=q+1fori<kj,andj >k,
or m+1=p, n+l=gqforj<kyandi>k,

Lemma 3.6. With the notation introduced, p = p(kg, k4, ..., k;) is a strictly *-locally idempotent-separating
congruence on S = GBR*(T, 6).

Proof. Suppose p is a strictly *-locally idempotent-separating congruence on S = GBR*(T, 6). Then we have that
(x;, m,n) p (v;,p,q) implies (y;,n,m) p (x;, q,p)

since it is evident that the relation p defined above is a congruence on a type A semigroup
(Where (y]-,n, m) is inverse of (x;, m,n) and (x;, q, p) is the inverse of (yj, P, q) )

Now we have that (x;,mn)"p(y;,p,q)" and (x;,m,n)*p (y;,p.q)* implies (e, m,m)p (e;,p,p) and
(ei! n, n) P (ei' q, CI)

That is, we have that e;,q.; p epg+j and epgii P €ga+j -

Suppose md +i > (p+ 1)d +j then e,q.jpepryarjthen i<j m<p+1. i>j m<p.
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Similarly, we have j<i,p<m+1 j>i p<m
Consequently, we have i <j, m<p+1<m+1. Thatis m=p or p+ 1.
i>j, m<p<m+1. Thatis p=m or m+ 1.
Interchanging the roles of m and n, p and g we have that
i<jn=qorq+1 i>j,gq=norn+1.
Now using Lemma 3.2 and considering some cases, we have the desired result.
We now consider cancellative monoid congruences. These can be characterized as follows:
Theorem 3.7. Let S = GBR*(T, 6) be a *-simple type A I-semigroup. Define a relation ¢ on S by
(e, m,n) o (y;,p,q)
ifand only if m —n =p — g and x; = y;. Then
i) o is the minimum congruence on S.
ii) §/ o is a cancellative monoid.

Proof. i) That o is reflexive and symmetric can be easily checked. To show transitivity, let (x;, m,n) o (v;,p,q)
and (¥,,p.9) o (z,1,¢) for (x;, m,n), (¥,,p,9), (zx,7,c) €S. Then we have m—n=p—q, x;, =y; and p—q =
r—c, yj =z . Thisimpliesm —n =r — c and x; = z, . Thus o is transitive.

Now let a = (x;,m,n), b = (y;,p,q). That o is a congruence entails showing that
acb = auocbu (forright congruence)
acb=uaocub (for left congruence)

V u=(z,rc)eS. So, we have that

(xi fi2r 2k fopomn+c—71) ifn>r
au = (x;, m,n)(z,,r,c) =

(o X0 ™ frpm-Ziom + 7 —n,¢) ifn<r

- for 20 fyr g+ c—1) ifq=>r
bu = (y;,p,q) (2, 7,¢) =

(b yi0  freqq- Zp + 7 —q,C) ifg<sr

Suppose (x;, m,n) o (y;,p,q), we have
m—Mm+c—-r)=(m-n)+(@r—-c)and p—Q@+c—1r)=@P—-q)+ (@ —c)
m+r—n—c=m-n)+(@r—-c) and p+r—q—c=p@P-—-q)+ (@ —o).

Since m—n=p—q,wehavethat(im—n)+(r—-c)=p@-—-q)+ @ —o).

Consequently, ¢ is a right congruence. That ¢ is a left congruence follows similarly. Thus ¢ is a congruence.
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Suppose p is any other congruence. Then we have (1,m,m) p (1,0,0) for all me I If (x;,m,n) o (y;,p,q), then
(x,m,n)(1,p,p) = (¥,,p,9)(L,p,p) for some pel

Slnce (1: m’ m) p (1!0’0)’ then (xil ml n)(lv p: p) ,D (xi!m’ n)
Similarly, (y;,p,q)(1,p,p) p (0, @) so that (x;, m,n) p (yj,p,q). Hence ¢ € p.

ii) Obviously the class of o containing the idempotents is the identity element for S/o. So we have
1, m,n)o (y]-, p,q)a = (¥j,p,9)o . Thus §/0 is a monoid.

To show that S/co is cancellative, let a = (x;, m,n),b = (yj,p,q). That S/o is cancellative entails showing that
ao uo = bo uoc = ao = bo (for right cancellative)
uo ao = uo bo = ao = bo (for left cancellative)
V u = (z,r,c)eS. So, we have that
ac uo = (x;, m,n)o (zx,r,c)o = (yj,p, q)a (z,1,C)o
=bouo .
The rest of the proof follows from a routine calculation.
For the remainder of this section the group of integers under addition will be denoted by Z.
We now describe the nature of S/o in the case where 6 is the identity mapping.

Theorem 3.8. Let S = GBR*(T, 6) be a *-simple type A I-semigroup in which 6 is the identity mapping. Define a
multiplication on the set T x Z by the rule that

(x;, md + i)(yj, nd + i) = (xl-yj, (md+1i)+ (nd + i))
for x;,yjeT,mneZ.Then S/oc =T XZ.
Proof. Defineamap ¢ : S - T X Z by the rule that (x;,m,n)p = (xiyj, (md+1i)— (nd + i)).
Evidently, ¢ is well defined. It is known that T x Z is a cancellative monoid with identity (1,0).

Now let (x;, m,n) and (y]-,p, q) be any two elements of S. Then

(xl-.fn‘_lp’p.yjen‘p.fn_p,q,m,n +q-— p) ifn>p
((xz.m, n)(y;, q)) @ = _ X @
(foun-%i0P ™ - ¥m+p —1n,q) ifn<p
(%i- fiop- VIOV P fuppmn+q—Dp) @ ifn>p
(o n-xiOP ™ ¥y m+p—1,q) @ ifn<p
(xiy]-,md+i—(n+q—p)d+i) ifn=>p
(xiyj,(m+p—n)d+j—qd+j) ifn<p
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{(xiyj,(m—n)d+i+(p—q)d+i) ifn=p

(xyj, (m—=m)d +j + (p — q)d +) ifn<p

(x;yj,(m-n)d+i + @ —q)d+j)

(x;,(m —n)d + i)(ij »—q)d +j)
= (x, (md +0) — (nd + D) (y;, (pd + ) = (qd + )
= (xumme (v,0,9)¢ -
Thus ¢ is a homomorphism.
Furthermore,
Comm)e = (v,,p, )@
if and only if (x;,(md + i) — (nd + 1)) = (y;, (pd +j) — (qd +)))
ifand only if (md +i) — (nd +1i) = (pd +j) — (qd +j) and x; = y;
if and only if (x;,m,n)o = (yj,p,q)cr .
Thatis ¢ cp™t=0.
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