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Abstract

In semigroups theory Green’s relations, introduced by ]. Green, are a very im-
portant and useful tool for developing the semigroup theory. They characterise
the element of a semigroup or a ring in terms of the principal ideals they gen-
erate.

In contrast to early semigroup theory , where, as we have seen, ideas from
rings were applied to semigroups, Greens relations have also been applied
to rings (Hollings, 2014). In ring theory Greens relations are introduced by
(Petro,2002) In this paper at first we generalize Green’s relations in rings.
After this we notice that there exist an one to one correspondence between the
ideals of a ring and this type of new relations we introduced.Then we compare
them with Green’s relations in rings. At last we define some new relations in
module theory, which mimic Green’s relations in rings, as an attempt to get
tools in studying modules.
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1 Introduction

We give some notions and present some auxiliary result that will be used
throughout the paper. For all unexplained concepts and propositions the reader
may refer to [1],[2],[5].

[3] Let U be a ring and let a € U. The principal left(right) ideal (a);((a),) gen-
erated by a is Ia+ Ua(Ia+ aU), were I denotes the ring of all integers. Green’s
relation £ and R in the ring U are denoted by :

alb & (a)l = (b)l,
aRb & (a), = (b),.

L and R are equivalence relations. £,(R,) denote the equivalence class of
UmodL(modR) containing the element a € U.



[1] Let Y be a non-empty subset of (X, <) if d is the greatest lower bound or
meet of Y we write

d=N\ly:yeY}
if ¢ is the least upper bound or join we write
c=V{y:yeY}

[7] Let €, 1 be equivalence relations on a set X, the join € V 7 is the smallest
equivalence relation on X containing € and #.
Since the universal relation w is an equivalence relation containing € and 7 on
X, therefore € V 1 exist’s and it is the intersection of all equivalence relations
containing € and 7.
An equivalence relation y on a grupoid C will be called a right (left) congru-
ence on C if ayb(a, b € C) implies acybc(caych) for every c € C.
By a congruence on C means an equivalence relation on C which is both a right
and a left congruence.

2 Main Results

Let U be a ring and K an ideal in U. We define relations Ry, L as following :

aRyb < a—(zb+bs),b—(z'a+as’) €K for any (z,2') € Z?,(s,5") € U?
alxb < a—(zb+sb),b—(z’a+s'a) € K for any (z,2') € Z?,(s,5') € U?

It is easy to verify that the relations Ry, Lare equivalence relations in the ring
U.

For the sake of simplicity we denote the element a — (zb + bs) and a — (zb + sb)
respectively by a—b(z,s) and a —(z,s)b.

The intersection Hx = Lx NRx of the equivalence relations Lx, R on the ring
U is an equivalence relation on U.

Proposition 2.1 Let I,] be ideals in U then the following propositions are equiva-
lent::

a)Rr<R;7,b) L1 <Ly c)Hr<Hzc)IC].

Proof. Let I and | be ideals such that I C J and aR7b for a,b € U, then there
exist z,2’ € Z s,s’ € U such that a—b(z,s) e I CJ and b—a(z’,s’) €  C ], so we
have that aR 7b hence Rz <R ;.

To prove the converse, let i be an arbitrary element of I. Then it is true that
iR70. By using the fact that Ry <R we get that iR 70, thus i € J]. We can
prove analogously the other cases.

Greens Relations R, L, H in rings are a special case of the above relations. If
K = {0} then we have



Rioy =R, Lioy =L, Hioy=H
Thus the following proposition hold.

Proposition 2.2 Let K be an arbitrary ideal of the ring U then the following in-
equalities are true.

N { RkIK ideal of U },
N A{ Lk|K ideal of U },
N { Hg|K ideal of U }.

R
L
H

Leme 2.1 The Green’s relations Ry, L are such for each a,b,s € U and m € Z we
have

alxb = a(m,s)Lxb(m,s),
aRyb = (m,s)aRy(m,s)b.

Proof. Suppose alib then there are z,z’ € Z, y,y’ € U such that a— (z,p)b € K,
b—(z,y)aeK.
Equalities :

b(m,s) = (2, y")(a(m,s)) = m(b—(2,y")a) + (b= (2',y")a)s € K

are true, the same hold a(m, s)—(z,v)(b(m,s)) € K, so a(m, s)Lb(m,s). The other
implication is proved in on analogues manner.

Leme 2.2 For every ideal K of the ring U the Green’s relations Ly and Ry com-
miuite.

Proof. 1t suffices to show that L o Rx SRy o L.
Let a and b be element of the ring such that alx o Rib, there exist ¢ € U such
that

alicand cRyb.

Soc—(zy,y1)ae K and b—c(z;,9,) € K.
Let d = a(z,,v;), since alyc then

a(z2,92)Lxcc(22,92) (1).

Since bR cc then b —c(z;,7;) € K.

Take b =c¢(zp,9,) + k for any k € K,

We get that bLyc(z,95).

and by using (1) we have that bLya(z,,v;).

Now let us show that aRya(z,,v,). For this we take a(zp,v,) —a(z,,v,) € K (2).
We calculate a — (a(z,2))(25,v5).The following equalities hold

’

(a(22,92))(23,v3) = (((z1, 91 )c + K')(22,92))(25, ;) for any k’ € K
= (21, 91)((c(22,92))(23, 93))
= (21,91)((b—k)(z3,v5)) for any k € K
= (21,91)(0(23,93) = k(23,9,))
=(2},97)(c+k;) where k; e K
= (21,1 )c+ (z1,v] k1 = a+k, where k, € K.



Since a —(a(22,v2))(25,v5) = a—(a+k;) € K, and by (2) we get that aRxa(z3,v5).
Finally we have that aRya(z,,,) and bLa(z,,v,) this means that aRy o LD,
sOLxoRx CRxoLy. m

We denote D = Ri V L. From the above lemma we actually get that D =
RyoLy.

We can notice that there exists an one to one correspondence between the re-
lations Rg and the ideals of the ring.

This is shown in the following proposition.

Proposition 2.3 There exists an one to one correspondence between the relations
of "types” R, Lx, Hic, Dk. and the ideals of the ring U.

Proof. Let I, be an arbitrary ideal of the ring U. Now we take into consideration
the relation R;.

Let J be another ideal of U such that I # J which implies that (I —J) = 0 or
(J=I)=0.1If (I-]) =0 then it exists i € I -], hence iR;0 , but we have that iR ;0
, 50 Ry # R;. We can prove analogously the other Greens relations . m

Proposition 2.4 Let U be a ring, then the following propositions are equivalent.

a) U is a simple ring,
b) R = VV{Rg|K —ideal,K = U},
¢) L=\{Lk|K —ideal,K = U}.

where R, L are Greens relations in rings.

Proof. If U is a simple ring then its only ideal K # U is {0},s0 propositons b)
and c) hold.
Conversely, for any K # U from proposition 2 we get that R < Ry, if R = VR
then R = Rk, by using the above corespondence we get that K = {0}. So U is a
simple ring. The same hold for the relation £. m

If K is an ideal it can be verified that the equivalence relation defined as
following, apxb < a—b € K is less or equal than ther relation Rg because

For all k e K,aRg(a+k) (3)

So we get that that a+ K CR% ,
The following propositon holds.

Proposition 2.5 For any ideal K, we have that px < Lx "Ry = Hyg. Where px is
the relation defined above.

Proposition 2.6 Let U be a finite ring and K an ideal in U. Then the cardinal of
K is a divisor of the cardinal of classes of the relation R

Proof. For all a,b € U such that aRgb we have that a+ K C R% and b+ K C th<
hence RY% is a union of the equivalence classes of the relation K.

Since each two classes according relation pg has the same number of elements
(since the ring is finite) then we get that |K] is a divisor of [Rg]|.



Proposition 2.7 The relation Ry (Lg) is a left congruence (right congruence) ac-
cording to the multiplicative semigroup of the ring.

The proof is analogous as in the case of Green’s relation in rings [3]

Proposition 2.8 Let K be an ideal of the ring U dhe a,b € U then

I-aRgbin U & ER_E in the quotient ring U/K
2-aLxbin U < aLlb in the quotient ring U/K
3-aHgb in U & aHb in the quotient ring U/K

Symbolically we denote Rg/K =R, Lx/K = L,Hg/K = Hwhere R, L, H are Green’s
relations in ring.

Proof. 1t is sufficient to prove only the first equivalence because the other cases
can be proved analogously. If aRb then it exists ((z,2'),(s,s’)) € Z? x U? such
that a — b(z,5)inK and b —a(z,s’) € K, which imply that ZRb. In a similar way
we can prove also the converse.

Taking into consideration the connection between the ideals of a ring and
the kernel of rings homomorphism the above proposition can be restatedas
following.

Proposition 2.9 If f : U — V is an epimorphism then Ry, s/ker f =R where R is
Green’s relation in V.
Ekg,f/kerf =L

The proof is analogous as in the above proposition.

Definition 2.1 Let M be a right U- module. Then in M we define the relation R
as following

miRmy & (my) = (my), my,my € M

For the left modules we denote the relation by L.
For the element my,m; in the definition we say that there exist ay,a, € U,
Z1,29 € Z such that :

my =myzy +mydy, My =mqyz; +myay.

Or simbolically m, = my(z1,a1), my = my(z;,a,).
It can be proved easily that the above relation is an equivalence relations in
M.

Proposition 2.10 Let M be a right U-module and let a,b € U be arbitrary elements
such that aRb. Then maRmb, for all m e M

Proof. If aRb then there exist ((z,2’),(s,s’)) € Z? x U? such that a = b(z,s) and
b =a(z’,s’). Hence we get:



ma = m(b(z,s)) = mb(z,s)
mb =m(a(z’,s’)) = ma(z’,s)

so maRmb in M.

Proposition 2.11 Let M be a nonzero U-module. Then M is irreducible if and only
if IM/R| =2

Proof. Since M is an irreducible module then for all m = 0 we get that mU = M.
Because MU = 0, so for all m,n = 0,mRn and consequently |M/R| = 2.

For the converse, let N # 0 be submodule of M, for any m € M —{0}, and for any
neN-{0}, m,7=0. By using the fact that |M/R| = 2 we conclude that m =7,
so N = M and M is an ireducible module as nontrivial modules.m

Proposition 2.12 Let M be a completely reducible module, then for each two el-
ements m = my + ..+ my,m’ = my + .. + m,’( such that mRm’ we have that n = k,
and m;Rm; where m; are unique representation of m as a sum of elements in an
irreducilble modules.

Proof. Let M =) ;.; M;, where M; are irreducible modules.

If n >k, we can write m,m" as m = my + my +...m,, m’ = mj +m} +...m; where
some of m;, m; can be zero and m;, m; can be in the same component M;,

Since mRm’ then m = m’(zy,a;) for (z1,a41) € Zx U

Since M; N (Y ;. jer Mj) = 0 we get that m; —m;(z1,a1) = 0 thus m] = m;(z,ay).
In a similar way we can prove that m; = m;(z,,a,) where m’ = m(z,,a,).

Hence m;Rm;. For m; # 0 we have that m; #0,son=k m

We let as an open problem the converse although it might not be true.
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