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Abstract

In this article, we deal with a class of projective Klingenberg planes constructed over a plural algebra of order
m. Thanks to this, the incidence matrices for some special cases of the class are obtained. Next, the number of
collineations of the certain classes are found. Besides, an example of a collineation for these classes are given.
Finally, we achieve to carry the obtained results to more general case.
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Introduction

Jukl, in [1], study on the real plural algebra of order m and so investigated the linear forms on a free finite
dimensional module M, especially their kernel. Jukl continued to deal with free finite dimensional modules in
[2]. In [3], Erdogan et. al. examined some properties of the modules constructed over the real plural algebra
and later, in [4], Ciftci and Erdogan established an n-dimensional projective coordinate space over (n+1)-
dimensional module constructed by the help of this real plural algebra. For more detailed information on
modules, see [5]. For the algebraic notions that will be used throughout this article, we refer to [6] and [7].

In this article we will study on a class of projective Klingenberg (PK) plane M(A) constructed over the algebra

A:=F+Fn+Fn?+--+Fn™" such that n™=0 for n¢F (where F is a field). So, the incidence matrices for some special
cases of the class are obtained, by taking the field Z, (where p is a prime) instead of F. Also, the number of
collineations of these classes are found. Besides, an example of a collineation for the classes are given. Finally,
the obtained results are carried over PK plane M(A), which is more general case than M(A), constructed

over the algebra A of order m obtained by taking the local ring Z,r (where r is a positive integer) instead of F.
Preliminaries

In this section we will give some definitions and results from [1], [8] and [9], which will be the basis of this
study.

Definition 1 ([1, Def. 1]) The real plural algebra of order m is every linear algebra A on R having as a vector
space over R a basis {1,n,n%--, n™ !} where n™=0 for n¢R.

By Definition 1, we see that an element x of A is of the form x:ao+a1r]+a2r12+---+am_lr1"“1 where a€R for

0<i<m-1.
Now we can state the following two results without proof.

Proposition 2 ([1, Prop 1.3]) An element x=ap+ain+asn+--+ am_lnm'leA is a unit if and only if ag#0.

Proposition 3 ([1, Prop 1.5]) A is a local ring with the maximal ideal nA. The subsets r]JA, 1<j<m, are all ideals
in A.In [1, Prop 1.7], it is stated that A is isomorphic to the linear algebra of matrix Mmm(R) of the form

rdp d; 34z - Apm-2dm-1 ]
0 ag ag - a2
O O ao 31 cee am_3

: . ‘e al

|l 0 .- .- 0 a,

where biE]R{ for 0<i<m-1 (for the detailed proof of this fact, see [3].

Now, we will recall some information from [8].
Definition 4 Let M =(P,L,g,~) consist of an incidence structure (P,L€) (points, lines, incidence) and an
equivalence relation '~' (neighbour relation) on P and on L. Then M s called a projective Klingenberg plane

(PK-plane), if it satisfies the following axioms:

(PK1) If Q and S are non-neighbour points, then there is a unique line QS through Q and S.
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(PK2) If g and h are non-neighbour lines, then there is a unique point gAh on both g and h.

(PK3) There is a projective plane M =(P L ,€) and incidence structure epimorphism W: M — M , such that the
conditions

Y(Q=W¥(S)=Q~S, W(g)=¥(h)=g~h
hold for all Q,SeP, g,heL.

An incidence structure automorphism preserving and reflecting the neighbour relation is called a collineation
of M.

A ring R with identity element 1 is called local if the set I of its non-unit elements is an ideal.

Let R be a local ring with the maximal ideal I. Then M (R)=(P,L,€,~) is the incidence structure with neighbour
relation defined as follows:

P={(xy 1):xyeRIU{(l,y,z):yeRyeT}U{(w,1,2):w,z € I},
L={m 1LklmkeR}u{[l,ntl:teRneT}U{[qn,1]:q,n €I},
[m,1,k] = {(x,xm + k, 1):x € R} U {(1,zk + m,z):z € I},
[Lntl={(yn+ty 1):yeR}U{(zt+n,1,2):z €1},
[0 1{(1,y,yn + q@):y € R} U {(w,1,wq + n):w € I},
S= (Xl,XZ'X3)~(Y1,YZIY3) =Qex—y;el(i=123)forvSs QEeP.
g = [x1 %2, x3]~[y1y2ys] =h e x—y; € 1(i=123) forvgheL
Now it is time to give the following theorem from [8].
Theorem 5 M (R) is a PK-plane, and each desarguesian PK-plane is isomorphic to some M (R).

Now, from [9] we give the definition of an n-gon, which is meaningful when n>3: An n-tuple of pairwise non-
neighbour points is called an (ordered) n-gon if no three of its elements are on neighbour lines.

The Main Results

Let F be a field. Let n™=0 for ngF. Consider A:=F(n)=F+Fn+Fn?+---+n™ with componentwise addition and
multiplication as follows:

ab =(ag+ain+an’+..+am 1N (bo+bin+byn?+...+by, 1n™7)
= a0b0+(albo+blao)r]+(a2b0+a1b1+a0b2)r]2+...+(am_1b0+a0bm_1)r]m"1
= Y15 Yisjk (@b)n*  (aibjeF and ij=0,1,2,3,..,m-1).

Then A is a (unital, commutative and associative) local ring with the maximal ideal I=An of non-units. So, by
Theorem 5 we have that M(A) is a PK-plane. Also, by Definition 1, A can be called as plural F-algebra of

order m.
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Now we will obtain some results on this finite class of PK-plane by taking Z, instead of F. If it is taken Z,
instead of F, then |A|=p™ and [I|=p™. The number of non-neighbour points and lines in M(A) is p>+p+1 and

the number of points (or lines) in the neighborhood of any point (or any line) is (p™1)? respectively. Thus, the
total number of points and lines in M(A) is (P™ Y (p?+p+1). From this results, we see that the plane M

stated in (PK3) of Definition 4 is a projective plane of order p.
For example, for p=2 and m=2, we can give the following results about the PK-plane M(Z,+Z,n)=(P,L,€,~):
The neighbour classes for points are
N:=(0,0,1)~(0,n,1)~(n,0,1)~(n,n.1),
N,=(0,1,1)~(n,1,1)~(0,1+n,1)~(n,1+n,1),
Ns=(1,0,1)~(1,n,1)~(1+n,0,1)~(1+n,n,1),
Ns=(1,1,1)~(1,1+n,1)~(1+n,1,1)~(1+n,1+n,1),
Ns=(1,0,00~(1,0,n)~(1,n,00~(1,n.n),
Ne=(1,1,0)~(1,1,n)~(1,1+n,0)~(1,1+n,n),
N;=(0,1,0)~(0,1,n)~(n,1,0)~(n,1,n) where |P|=28.

Similarly the neighbour classes for lines are
d:=[0,1,0]~[0,1,n]~[n,1,0]~[n,1,n],
d»=[0,1,1]~[0,1,1+n]~[n,1,1]1~[n,1,1+n],
ds;=[1,1,0]~[1,1,n]~[1+n,1,0]~[1+n,1,n],
ds=[1,1,1]~[1,1,1+n]~(1+n,1,1)~(1+n,1,1+n),
ds=[1,0,0]~[1,0,n]~[1.n.n]~[L,n,0],
de=[1,0,1]~[1,0,1+n]~[1,n,1]1~[1,n,1+n],
d,=[0,0,1]1~[0,n,11~[n,0,1]~[n,n,1] where |L|=28.

The incidence relation € with the above results is given by the following incidence matrix (see Table 1):
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Table 1. The incidence matrix for the plane M (Z,+Z,n)

As a second example, for p=2 and m=3, we can give the following results about the PK-plane
M (ZZ+ZZI‘]+ZZI’]2)=(P,L,E,~)2

The neighbour classes for points are
N1=(0,0,1)~(0,n,1)~(0,n*1)~(0,n +n?1)~(n,0,1)~(n,n,1)~(n,n*1)~(n.n+n?*1)~(n0,1)~(n*n,1)~

(n*n%1)~(*n+n1)~(n+n%0,1)~(n+n’n,1)~(n+n*n*1)~(n+n’n+n?1),
N»=(0,1,1)~(n,1,1)~(n*1,1)~(n+n’1,1)~(0,1+n,1)~(n,1+n,1)~(n*1+n,1)~(n+n?1+n1)~(0,1+n* 1)~
(n,1+n%1)~(*1+n*1)~(n+n%1+n%1)~(0,1+n+n%1)~(n,1+n+n*1)~(n*1+n+n’1)~(n+n*1+n+n?1),
N3=(1,0,1)~(1,n,1)~(1,n*1)~(1Nn+n*1)~(1+n,0,1)~1+nn1)~1+nn*1)~(1+nn+n*1)~1+n%0,1)~
(1+n*n,1)~1+n%n*D)~(1+n*n+n%1)~(1+n+n%0,1)~(1+n+n’n,)~(1+n+n*n%1)~(1+n+n’n+n?1),

Na=(1,1,1)~(1,1+n1)~(1,1+n’)~(1,1+n+n*1)~(1+n,11)~1+n1+n1)~1+n1+n*1)~
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)

(1+n,1+n+n3%1)~(1+n%1,1)~(1+n%1+n,1)~(1+n?%1+n%1)~(1+n%1+n+n%1)~(1+n+n%1,1)~
(1+n+n%1+n,1)~(1+n+n%1+n% 1)~ +n+n%1+n+n31),
Ns=(1,0,0)~(1,0,n)~(1,0,n*)~(1,0,n+n*~(1,n,00~(1,n,n)~(1,n.n*~L,nN+n*~(1n%0)~(1,n*n)~
(Ln%nA)~(Ln%Nn+n?)~(1n+n%0)~(Ln+n*n)~(1n+n’n’~1Ln+n’n+n?),
Ne=(1,1,0)~(1,1,n)~(1,1,n*)~(L1,n+n*~(1,1+n,00~(1,1+n,n)~(1,1+nn*~1,1+nn+n*~(1,1+n%0)~
(1,1+n%n)~(1,1+n%n)~(1,1+n*n+n*~(1,1+n+n%0)~(1,1+n+n’n)~(1,1+n+n*n’~

(L1+n+n%n+n?,
N;=(0,1,0)~(0,1,n)~(0,1,n*)~(0,1,n+n*~(n,1,0)~(n,1,n)~(n,1.n>)~n,1,n+n*~N>1,0~(n*1.n)~

(n%,1.n)~n*1,n+n>~Mn+n?%1,0~Mn+n%1n)~MN+n%1n’~Mn+n*1n+n? where |P|=112.

The neighbour classes for lines (where |L|=112) can be similarly written. The incidence relation € of the line
[0,1,0] with the above results is given by the following incidence matrix (see Table 2):

Neighbourhood of di Neighbourhood of [0,1,0]
M (Z,+7Z 7‘»5-&:@"‘;3?’":"58'?'?;%;3:; = == = F
W2+ 2yt Zym) (S| 2| | B2 2| = S| = 2 F e =| = S| = > =
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O.n,1) / 7
0D i 7 7 7 || [ N=ood P T A T
Oari) 777 7 Z ©.n.1) 7 7
z (n.0.1) 7 v // 7 s (0’2“91) 7 i 7]
s ('l»'lz-l) 7 B v o m.0,1) 7 7
9 [UR)) ’zl) v /A vV /) 8 1,9, P // /
_é M v‘!*"‘l ,1) A / /. 'E ('l»'lal) /4 /{" A
5 (0.0) 7 /i . v, 3 (M,21,1) 7 77 7
2 o' 1) 7 7 v v = 7
£ 1,1 Z & , < (@n,0.1) 7 7
;‘":J M0 7 // // / =) B & B
z (n’.n*z-n’,l) 7 7 v Y = 21,1 4 /:, o
a0 F7 7, /2, 7, 2n,21,1) 7 7
(p+n, 1) 7 7 A, 77 N,=(1,0,1)
(o) VA VA W7 > Lol
(" 51 7 v A // e ( 1, )
Ny=(1,0,1) °c (1,2n,1)
(1""2"1) 3 (1+1,0,1)
(L) £ (1.n,1)
el 2 T+n,2n,1
= (1+1,0,1) g (1+y,21,1)
B 1+ ""lz’l) fb (1+2na0a1)
3 1+ n.n0) ko) (1+2n,m,1)
<] 1+ n,+n°,1) Z.
g : 0.0 (L 2n2:1)
E (l+||:-'lzsl) s N7=(2,0,1)
el (1) z 21.1)
Z (I+y 911?1 ,1) “ Q@.2m,1)
(l+q+1lz,0,l) st A=
(I’ 1) g (2+n,0,1)
(It D) £ (2+m.n,1)
(€ W Y V)
N5=(1,0,0) 38 (2+1,21,1)
10, ) (2+21,0,1)
(1,0.0°) G99 , : z (2+2n,n,1)
1,0+°) i EEEs 2/ (2+2n,21,1)
o — m w7 | o | Nu=(1,0.0)
'g (IJIJIZ) AN, Z (1,0,‘[])
2 (‘('1""'1+|;')2) kS (1,0,2m)
2 Ll I = 1,n,0
2 (L) g (n,0)
2 L) £ (€8 ))
z () _§ (1,n,2n)
(L) 5 (1.21,0) LI
(ILn+n’m) 1) AP
(IJI*"IIJIZ) ISP 2 (laz'l,'l) . Vi /( r.
(Lphray) 77 (1,21,2y) A
Table 2. The incidence matrix for the Table 3. The incidence matrix for the line [0,1,0]
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line [0,1,0] in the plane M (Zy+70+7Z20°) in the plane M (Zs+Z3n)

As a last example, for p=3 and m=2, we can give the following results about the PK-plane
M (Z3+Z3n)=(P,L,E,~):

The neighbour classes for points are

N1=(0~0~1)~(0,n,1)~(0,2n,1)~(n,0,1)~(n,n,1)~(n,2n,1)~(2n,0,1)~(2n,n,1)~(2n,2n,1),

N,=(0,1,1)~(0,1+n,1)~(0,1+2n,1)~(n,1,1)~(n,1+n,1)~(n,1+2n,1)~(2n,1,1)~(2n,1+n,1)~(2n,1+2n,1),
N3=(0,2,1)~(0,2+n,1)~(0,2+2n,1)~(n,2,1)~(n,2+n,1)~(n,2+2n,1)~(2n,2,1)~(2n,2+n,1)~(2n,2+2n,1),
N;=(1,0,1)~(1,n,1)~(1,2n,1)~(1+n,0,1)~(1+n,n,1)~(1+n,2n,1)~(1+2n,0,1)~(1+2n,n,1)~(1+2n,2n,1),

Ns=(1,1,1)~(1,1+n1)~(11+2n1)~(1+n,1,1)~(1+n,1+n,1)~(1+n,1+2n1)~(1+2n,11)~

(1+2n1+n1)~(1+2n,1+2n,1),
Ne=(1,2,1)~(1,2+n,1)~(1,2+2n,1)~(1+n,2,1)~(1+n,2+n,1)~(1+n,2+2n,1)~(1+2n,2, 1)~

(1+2n,2+n,1)~(1+2n,2+2n,1),
N7=(2,0,1)~(2n.1)~(2,2n1)~(2+n,0,1)~(2+nn1)~(2+n,2n,1)~(2+2n,0,1)~(2+2n,n,1)~(2+2n,2n,1),

Ng=(2,1,1)~(21+n,1)~(2,1+2n,1)~(2+n,1,1)~(2+n,1+n,1)~(2+n,1+2n,1)~(2+2n,1,1)~

(2+2n,1+n,1)~(2+2n,1+2n,1),
No=(2,21)~(2,2+n,1)~(2,2+2n,1)~(2+n,2,1)~(2+Nn,2+n,1)~(2+Nn,2+2n,1)~(2+2n,2, 1)~

(2+2n,2+n,1)~(2+2n,2+2n,1),
N10=(1,0,0)~(1,0,n)~(1,0,2n)~(1,n,0)~(1,n,n)~(1.n,2n)~(1,2n,0)~(1,2n,n)~(1,2n,2n),
N11=(1,1,0)~(1,1,n)~(1,1,2n)~(1,1+n,0)~(1,1+n,n)~(1,1+n,2n)~(1,1+2n,0)~(1,1+2n,n)~(1,1+2n,2n),

N1,=(1,2,0)~(1,2,n)~(1,2,2n)~(1,2+n,0)~(1,2+n,n)~(1,2+n,2n)~(1,2+2n,0)~(1,2+2n,n)~(1,2+2n,2n)

N13=(0,1,0)~(0,1,n)~(0,1,20)~(n,1,0)~(n,L,n)~(n,1,20)~(2n,1,0)~(2n,1,m~(2n,1,2") where |P|=117.

The neighbour classes for lines (where |L|=117) can be easily obtained as in the first example. The incidence
relation € of the line [0,1,0] with the above results is given by the following incidence matrix (see Table 3).

Notice that the plane M in (PK3) of Definition 4 for the plane M (Z,+Z,n) is the Fano plane of order 2, the
smallest finite projective plane. The obtained plane M (Z,+Z,n) is not isomorphic to the finite projective
Klingenberg plane M (Z4) (see Table 4 for the incidence table) coordinatized by Z,={0,1,2,3} with the maximal
ideal I={0,2} in [10]. For this, it is enough to check the incidence relations N3€d, in Table 1 and Table 4 since
the other incidence relations are the same. The fact that the planes M (Z,+Z,n) and M (Z,) are not isomorphic
is not new and can be found in the literature at different places, see e.g. [11,12]. Moreover, it can be seen to
the papers of [13,14,15] for more detailed information about such finite structures.
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Neighbour- Neighbour- Neighbour- Neighbour- Neighbour- Neighbour- Neighbour-
hood of d; hood of d» hood of d3 hood of dy hood of ds hood of dg hood of dy

M (Z,)
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[1,2,3]
{0,0,1]
[0,2,1]
[2,0,1]
[2,2,1]

[1,0,2]
ds
dy

[2,1,0]
[2,1,2]
d»=[0,1,1]
[0,1,3]
[2,1,1]
[2,1,3]
d=[1,1,1]
[1,1,3]
[3,1,1]
[3,1,3]
ds=[1,0,0]
[1,2,0]
[1,2,2]
[1,0,3]

d;

N,=(0,0,1)

N

(0,2,1)

N
N

(2,0,1)

NN d
N

hood of Nj

(2,2,1)

N
N

N>=(0,1,1)

0,3,1)

N

(2,1,1)

NN
N

hood of N

Nei

(2,3,1)

N
NN

N3=(1,0,1)
(1,2,1)
(3,0,1)
(3,2,1)

hood of N3

1

W
NN

N4=(1,1,1)

1,3,1)

hood of Ny

3,1,1)

3,3,1)

N5=(1,0,0)

(1,0,2)

NN
NN

(1,2,0)

hood of Ns

(1,2,2)

Ns=(1,1,0)

(1,1,2)

(1,3,0)

hood of Ng

(1,3,2)

\\
NN

N7=(0,1,0)

(0,1,2)

// /1 /)‘
/l /I

(2,1,0)

hood of N7

NN
NN

7 7
77

(2,1,2)

7

Table 4. The incidence matrix for the plane M (Z,)

The number of the collineations of the planes M (Z,+Z,n) and M (Z,) are 4(7-6-4)=4(168)=672 as the number
of points in neighborhood of a point is 4 and a basis of the plane consists of the 3-gons. For an arbitrary m,
we can generalize this result to Z, as follows:

The number of the collineations of M(A) is (p™*)*[v(v-1)(v-(p+1))] where v:=p?+p+1 is total number of

points of a projective plane of order p.

Now, we will give an example of a collineation of PK-plane M(A). This collineation is analogous to the

collineation Gs given in [9]. To show that Gs is a collineation, some similar calculations to the proof of [9,

Lemma 3] must be done.

For any s€A, the collineation Gs transforms points and lines as follows:

xy,1) = (xy+xs,1),
(Ly2)-(1y+s,2),

(w,1,2)=((L+ws)*'w,1,z-((1 +ws) *w)(sz))

[m,1k]—=[m+s,1,k],

[1,n,t]-[1,(1+ns) n,t-(ts)((1+ns)1n)],

[q,n,1]1-[g-sn,n,1].

Note that it can be found many collineations, which are similar to this collineation, of the PK-plane.

7900



Further Results

It is possible to further generalize all results in this study by taking the local ring (Zr, 1) instead of the field F

r)m—l =p
m-1

where A:= Zpr+Zprq+Zprn2+---+Zprn since |Zpr| = p' ve |I| = p"L. So, we can immediately give the following

results on the plane M (A):

where p is a prime and r is a positive integer. In this case, it is clear that |A| = (p")™ ve |I| = |I|x(p rm-1

1) The number of points (or lines) in the neighborhood of any point (or any line) is |I|2=(p”‘”‘1)2, respectively.
2) The number of points of type of (x,y,1) is (pr)mX(pr)m=[(pr)m]2,
The number of points of type of (1,y,z) is (p"" x|1|,

The number of points of type of (w, 1,z) is |I|x |I|=|I|2.

Moreover, the results is dually valid for the lines.

3) From 1) and 2) the number of non-neighbour points is:

nm2 nm?2
The number of points of type of (x,y,1) is % = E(p) 1])2 =p?,
prm-
. @™ _ e _ e _
The number of points of type of (1,y,z) is oW T =p,

2
The number of points of type of (w, 1,z) is % =1

Moreover, the results is dually valid for the lines.

4) From 3) the number of non-neighbour points or lines of PK-plane M (A) is p?+p+1.

5) The total number of the points or the lines of PK-plane M (A) is |I|2><(p2+p+1)=(p"“'1)2(p2+p+1).

6) As a result of 4), M stated in (PK3) of Definition 4 is a projective plane of order p.

7) The number of collineations of PK-plane M (A) is (p”“‘l)2 [V(v-1)(v-(p+1))] where v:=p*+p+1 is total
number of points of a projective plane of order p.

8) Gs is a collineation of PK-plane M (A). Note that it is established similar collineations for the planes.

9) By choosing p, r and m, incidence matrix of any line can be obtained by following the previous examples.
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