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ABSTRACT 

The stability analysis of Gompertz tumour growth model Parameter with respect to the tumour volume size leads us 
to conclude the constancy of Gompertz tumour growth parameter. 
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INTRODUCTION  

The serial determination of tumour volume is one of the few ways to study tumour behaviour and the analysis of growth 
curves from such data provides important theoretical and practical information for clinical and experimental oncology.  

   The Gompertz model of growth has been widely and successfully used as a simple, yet adequate descriptor of tumour 
growth curves [1-11]. Possible theoretical bases of this model have been addressed in the literature from various points 
of view, and it remains to be a topic of investigation [9, 12-24]. Most of the authors have attempted to derive the 
Gompertz model as an approximation (or a special case) of more general models, which are deemed to be based on 
accepted biological foundations. The Gompertz model is postulated (based on it empirical justification) and then the 
more general model is specified to yield the Gompertz model. Some complex models with more free parameters than 
the Gompertz model could not f i t some tumour growth data adequately [9]. In fact many of those more complex 
models were not validated against data, as it is tacitly assumed that they have enough free parameters to _t simple 
sigmoidal growth curves. The Gompertz model have been almost universally used to describe the growth of organisms 
tissues, and populations of single cell organisms. Additionally the biological assumptions and mathematical generality 
of the Gyllenberg-Webb model [16] are sufficient to warrant its application to growth in general. 

The approach to tumour growth presented in this paper uses a Gompertz tumour growth model parameter and it 
was introduced by Benjamin Gompertz (1825) [25] to analyse population dynamics and to determine life contingencies. 
Later, the Gompertzian model was found to f i t well for diverse growth phenomena in nature, including tumour and 
embryonic growth. To the best of our knowledge, there have been few attempts to give biological, theoretical 
grounding to the Gompertz model ( [1,26-39]) in spite of its extensive use in biological and medical research. Especially 
in experimental oncology, the Gompertzian model is most widely used to describe in vivo tumour growth and expressed 
it mathematically by the equation if V (t) is the size of the tumour cell at time t, then 

 

where A, the intrinsic growth rate of the tumor, is a parameter related to the initial mitosis rate a n d  β ,  t h e  growth 

deceleration factor is related to the antiangiogenic processes and    d e f i n e   i s  t he 

volume at time t = 0. From a biological point of view, a greater  value means a stronger association constant 

between drug and angiogenic protein and/or a greater bio availability of the drug; a smaller A value means a slower 

initial grow rate of the tumor. Therefore, a greater  value or a smaller A value indicates a greater antitumoral e ffect 

of the therapy [40]. The growth deceleration factor, is related to the antiangiogenic processes. The solid tumour growth 
may be termed avascular or vascular, with angiogenesis facilitating the transformation form avascular to vascular 
growth. Avascular stage can be characterised by diffusion limited growth, with the tumour receiving vital nutrients and 
eliminating waste products via diffusion across its outer boundary and this stage tumours are usually harmless. To 
escape from the restriction of avascular growth a tumour must undergo angiogenesis. Once vascularised the rumour 
has access to an almost limitless supply of nutrients and is potentially life-threatening. However, it should be stressed 
that quite often discrepancies exist between clinical data and theoretical predictions, due to more or less intense 
environmental fluctuations. 

This paper is organized as follows. In section 2, we outline the main features of the Gompertzian model and estimated 
the Gompertz parameters, given a uniqueness theorem for Gompertz parameters, in subsections we checked the 
existence of solid gompertz tumour growth parameter by theoretical, numerical methods. In the section 3, we checked 
the stability of Gompertz tumour growth parameter. In section 4, we  given a conclusions. 

2 ESTIMATION OF PARAMETERS 

  The Gompertz function describes an symmetrical type of sigmoidal growth is given by a Gompertz equation (1) of 
the following form 

 

where V (t) is the volume of clonogenic tumour cell at time t; V0 is the volume of clonogen number at time t = 0: A 

and β(> 0) are the Gompertz growth parameters. For tumour, size can be measured by volume, biomass or number of 
cells, since the number of tumour cells is equivalent to the volume of the tumour cells in a Gompertz tumour growth model 
[37]. For convenience, we will use volume (V (t)) as the measure of size of tumour cells. 

     Qualitatively, this model gives exponential growth at early time periods which then saturates at later time periods 
(decelerating growth). Using data obtained from a sequence of sampling times, the Gompertz parameter A and β have 
been estimated by various statistical methods like maximum likelihood, linear regression, non-linear regression [40]. 

In the following, we discussed the need to estimate the parameters A and β, also the details of a procedure for the 
estimation of parameters A and β in the absence of maximum volume data of the tumour cells then given the 
condition to exists such parameters. This method utilizes the cumulative volume rate (Vc)(i.e.,  defined by 

, where  )  a nd the maximum lifetime of tumour cells (tm) (at this time 
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the tumour reaches its maximum size of volume or maximum number of cells before disintegration and final effects). 

   The doubling time is a key parameter for assessing the impact of delays in cancer treatment. Most of the 
information about tumour growth rates comes from studies performed long ago and not known clearly the maximum 
volume size of individual tumours and groups of tumours. In general the time the tumour takes to double itself varies 
widely, such that in case of histological type of tumour the time distribution for tumour doubling itself is normally long 
[41-45]. The Gompertz model presents a doubling time (Volume Rate Doubling time (VRD)) which depends only on β. 
Comparisons of volume data of tumours in tumour growth model are aided by calculation of the VRD, because VRD 
changes in the same direction as lifespan of tumour cells. Solving equation (2) for VRD gives 

         

The above equation(3) fully depends on β; so we have to estimate β to calculate VRD in the absence of specific volume 
data of solid tumour cells , since VRD changes in the same direction as lifespan of tumour cells.  

To estimate β , using equation (1) we get an exact mathematical descriptionof Gompertz model in the form  of 
equation(2). Equation(2) gives 

 

where .  Using the equation(4) we can find easily the value of unique A through the estimated 

unique β. The equation(4) depends more on measured tumour size  the ratio of Volume of tumour between initial 

and maximum size, so we must know the value of .     

Table-1 Computations of Theoretical Gompertz Functions in terms of VRD(Volume Rate Doubling time) using 

equation(3).  

Tumor 
 

A 
 

β 
 

VRD 
 

Mouse: 
 

   

Krebs 
 

5.25 
 

0.411 
 

0.1357 hours 
 

Ehrlich 
 

0.078 
 

0.009 
 

9.26 hours 
 

MC1M,low dose 

 

0.119 
 

0.0147 
 

6.09 hours 
 

6C3HED,high dose 

 

0.0397 
 

0.012 
 

19.6 hours 
 

6C3HED, low dose 

 

0.0626 
 

0.0116 
 

11.9 hours 
 

DBA lymphoma 
 

0.276 
 

0.0238 
 

2.59 hours 
 

El4,low dose 

 

0.207 
 

0.019 
 

3.46 hours 
 

El4, high dose 

 

0.172 
 

0.023 
 

4.23 hours 
 

EO771 
 

0.666 
 

0.063 
 

1.08 days 
 

Osteosarcomas 
 

1.02 
 

0.159 
 

0.7191 days 
 

Rat: 
 

   

Walker, W26b1 
 

0.220 
 

0.0218 
 

3.26 days 
 

Walker, W12a7 
 

0.342 
 

0.0205 
 

2.07 days 
 

Walker, W10a6 
 

0.362 
 

0.039 
 

1.99 days 
 

Walker, W10b4 
 

0.132 
 

0.003 
 

5.29 days 
 

R39 Sarcoma, R3a7 
 

1.28 
 

0.124 
 

0.56 days 
 

R39 Sarcoma, R4c4 
 

0.540 
 

0.078 
 

1.35 days 
 

R39Sarcoma, a7R3 
 

0.737 
 

0.063 
 

0.97 days 
 

Flexner-Jobling 
 

0.394 
 

0.049 
 

1.84 days 
 

Rabbit: 
 

   

Brown-Pearce 
 

1.262 
 

0.0169 
 

0.576 days 
  

The source of data for each species is given in [1, 7]. 
 

Since tumour size can be measured by volume, biomass or number of cells, in a Gompertz tumour growth model [46], we 

assume  that maximum volume of tumour cells (where  is the time at which the tumour contains a cell number 

which is one less than its maximum i.e., one cell less to death, and which approximates the maximum lifespan of tumour 
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cells ). Thus 

                                                                                        (5) 
 
after a few algebraic manipulations we get the formula to calculate the maximum lifespan of the tumour cell 

(approximate size at the time of death) 

                     
From equation (6) we calculate the approximate time of death, and maximum volume of the tumour can be 

calculated using equation(5). In the next step we estimate the growth rate of β of equation(1). The cumulative 

intrinsic volume rate  of the Gompertz model of equation(2), is already defined by 

 . 

Substitute the value of  from the equation(2) in the above equation and apply a little algebra we get the 

following equatiaon 

                                                                    (7) 

 

 Where  

The above equation(7) is derived for the estimated term β  by Gompertz tumour growth model. This estimation 
value β  is substitute in equation(3) we will get the value of VRD and volume of the tumour. Clearly, the above 

integral in equation(7), exists,  

Table-1 Computations of Theoretical Gompertz Functions in terms of VRD(Volume Rate Doubling time) from equation 

(3). 

 

2.1 Uniqueness 
 
The basic equation (7) is transcendental, involving an exponential integral, hence, its solution may not be unique. It thus 

becomes necessary to investigate the uniqueness of solution of equation(7).  

Theorem 1: Equation(7) has  a unique solution, if  for  

  
Theorem 2.: To have unique solution of Equation(7), it is necessary that  

  for  

From the above, we have proved the necessary condition for getting unique β through theorem 1 and theorem 2. 

In order to examine the existence of Gompertz tumour growth model parameter by theoretically and satisfies the above 
conditions, we have used the results of experi-ments on the growth of tumours of different types of species Mouse, rat 
and rabbit in table-II. 

Biological implication: The cumulative volume is always greater than initial volume and towards maximum 

lifespan at time . If this condition satisfies then only the theoretical existence is possible. For example, In 

table-II Mouse-Enrlich has ,  and DBA lymphoma has , 

 
also El4 low dose- Mouse, Osteosarcomas-Mouse and all data's given in the table-I satisfies 

the condition. 

We observed that, from theorem 1, it follows that to have a unique independent  parameter A; it is necessary that  

 

From theorem 1, the condition of unique β  does not depends on tumour size  but from theorem 2 the 

necessary condition for unique β depends on the tumour size , hence theorem 1 is more useful than theorem 2. 

This property is very important, since even we do not know the maximum size of tumour, it is possible the check the 
existence of model and validity. 

We verified the numerical solution values through the values of Table-II for the existence and validity of the data's of the 
parameter β. The numerical values from table-II were well f i tted with growth curve and existing theoretically as well as 

_ 
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bio-logically. Hence the existence of solid Gompertz tumour growth parameter is justified. 

Next section of this paper, we have proved a theorem on stability of time-dependent parameter β with respect to the 

volume size  
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3 STABILITY OF GOMPERTZ TUMOUR GROWTH PARAMETER 

Let be time-dependent parameters with volume of tumour size  respectively, then 

 

 

Consider 

 

                                    (8) 

Where   for   and  for  also  

 

Set, ,                                                                                        (9) 

 

Note that   is the arithmetic mean and    is the perturbation term of  

Substitution of (9) into the equation (8), gives 

          (10) 

 
On the RHS of equation(10), the expression 

 

         (11) 

can be approximated to  -  by neglecting higher order perturbation terms in each expression on the RHS of (11), 

since  On account of (11), equation (10) becomes 

 
                    . 

Upon integration we get   

                              (12)            
 

Retrieving   from (12) and substituting into equation (16), we  get 
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                                (13) 

Set, ,              (14) 

Sustitution of (14) into (13) and after a little algebra we obtain 

                     (15) 

where     and  

Since                                                               (16) 

(by neglecting higher order terms in )   

Substituting (16) into equation (15) and simplifying we obtain 

                                                    (17) 

In (17) the last term in the denominator is a product of two perturbation terms. Weneglect this higher order term to get 

                            (18) 

Let  

                                                    (19) 

Then    which is true  when  

If , further we have 
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Which gives 

 

Note that the above estimation is independent of the volume size .  Clearly the term   is the mean of the time-

dependent parameter. 

3.1 Necessary for stability  

Theorem-3    The time-dependent parameter β is stable for any volume size , provided    

Proof:   When (19) holds, from (18) we get 

                                (20) 

Where . Hence it follows from (20) that β is stable for any  

Remark: When , we get  

                                                        (21)          

Since the function   for every positive    and asymptotically goes to 1 (see figure 1) 

 

 

 

 

 

 

 

 

 

 

 

 

 

 
 

FIGURE:1: Graph of the function y=1/(1-e
-x

)  
When (21) holds, it follows from (18). 
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Theorem 4.: The time-dependent parameter β  to be stable with respect to the population size V (t), it is 

necessary that β  be a constant. 

Corollary 1. Since β  is a constant, it is clear that β  is stable also with respect to the maximum life span tm. 

4   CLOSING COMMENTS 

The purpose of this discussion has been to address the issue of parameter stability of a new method for estimating 
the time-dependent growth rate β  of the Gompertz tumour growth rate model with deceleration factor. Such a method is 
necessary when attempting to estimate Gompertz tumour growth parameter coefficients in the absence of specific 
volume data of large number of tumour cells at particular time. 

ACKNOWLEDGMENTS 

The work by M.Pitchaimani is supported by the SERC-DST (Ministry of Science and Technology, Government of India) 
Reference number: SR/S4/MS-677/10. 

REFERENCES 

[1]  Anna Kane Laird. Dynamics of Tumour Growth. Br J Cancer. 18(3), 490-502 (September 1964). 

[2] L.Simpson-Herren, H.H.Lloyd. Kinetic parameters and growth curves for experimental tumour systems. Cancer 
Chemother.Rep  54(3),143-74, (1970). 

[3] P.W.Sullivan S.E.Salmon. Kinetics of tumour growth and regression in igG multiple myeloma. J.Clin.Invest 51(7), 
16971708, (1972). 

[4]  L.Norton. Gompertzian model of human breast cancer growth. Cancer Research 48, 7067- 7071, (1988). 

[5] R.Demicheli, R.Forni, A. Ingrosso, G.Pratesi, C.Soranzo, M.Tortoreto. An exponential-Gompertziandescription 
of LoVo cell tumour growth in vivo and in vitro data. Cancer Research  49(23):6543-6,(1989). 

[6] M. Marusic, Z. Bajzer, J. P. Freyer and S. Vuc-Pavlovic. Analysis of growth of multicellular tumour growth 
spheroids by mathematical models. Cell Prolif. 27, 73 - 94 (1994). 

[7] I. D. Bassukas. Comparative Gompertzian analysis of alterations of tumour growth patterns. Cancer Research, 
54, 4385 - 4392 (1994). 

[8] A.M.Parfitt, D.P.Fyhrie. Gompertizian growth curves in parathyroid tumours: further evidence for the set-point 
hypothesis, cell Proliferate. 30(8-9), 341349, (1997). 

[9] Z. Bajzer, S. Vuc-Pavlovic and M.Husak. Mathematical modeling of tumour growth kinetics, in:J.Adam, 
N.Bellomo(Eds.) a survey of Models for Tumour-Immune System Dynamics, Birkenhauser, Boston, MA,Series 
ISSN 2164-3679, 89-133,(1997). 

[10] R.Chignola, A.Schenetti, G.Andrighetto, E.Chiesa, T.Foroni, S.Sartoris, G.Tridente, D.Liberati.Forecasting the 
growth of multicell tumour spheroids: implications for the dynamic growth of solid tumours. Cell Proliferat.33(4): 
219-2,(2000). 

[11] W.R.Miller, D.A.Cameron, A.A.Ritchie, The relativeimportance of proliferation and cell death in breaset cancer 
growth and response to tamoxifen. Eur.J.Cancer 37(12):1545-53,(2001). 

[12] M.A. Savageau. Allometric morphogenesis of complex systems: a derivation of the basic equation from 
f i r s t  principles.Proc.Nat.Acad.Sci.USA 76(12):6023-5,(1979). 

[13] M.Witten. A return to time, cells systems, and aging: III.Gompertzian models of biological aging and some possible 
roles for cirtical elements. Mechanisms Aging Dev. 32(2-3):141-77,(1985). 

[14] W.S.Kendal. Gompertzian growth as a consequence of tumour heterogeneity. Math. Biosci. 73, 103-107, (1985). 

[15] C.L.Frenzen, J.D. Murray. A cell kinetics justification for Gompertz equation. SIAM J. appl.Math 46(4), 614629, 
(1986). 

[16] M.Gyllenberg, G.F.Webb. Quienscence as an explanation of Gompertzian tumour growth. Growth.Dev.Aging 

53(1-2):25-33, (1989). 

[17] C.P.Calderon. Modeling tumour growth. Math. Biosci. 103(1),97114, (1991). 

[18] R.Makany. A theoretical basis for Gompertz's curve. Biometr.J. 33(1), 121-128,(1991). 

[19] Y.Ling, B.He. Entropic analysis of biological growth models. IEEE Trans. Biomed.Engg  40(12), 1193-1200, 
(1993). 

[20] A.S.Qi, X.Zheng, C.Y.Du, B.S.An. A cellular automaton of cancerous growth. J.Theor.Biol.161(1), 1-12 (1993). 

[21] Z.Bajzer. Gompertizian growth as a self-similar and allometric process. Growth.Dev.Aging 63(1-2):3-11, 



ISSN 2347-1921 

1303 | P a g e                           M a r c h  2 9 ,  2 0 1 4  

(1999). 

[22] E.K. Afenya, C.P.Calderon. Diverse ideas on the growth kinetics of disseminated cancer cells. Bull.Math.Biol.62, 527-
542, (2000). 

[23] Z.Bajzer,S.Vuk-Pavlovic.New dimemsions of Gompertizian growth. J.Theor.Med.2(4), 307-315,(2000). 

[24] J.C.M.Mombach, N.Lemke, B.E.Bodmann, M.A.P.Idiart. A mean-field theory of cellular growth. Euro.Phys. Lett 59, 
923, doi:10.1209/epl/i2002-00244-6,(2002). 

[25] Gompertz.B. On the nature of the function expressive of the law of human mortality, and on a new mode of 
determining the value of Life Contingencies. Trans. R. Philos. Soc. 115:513-585 (1825). 

[26] Trifon I. Missov. Gamma-Gompertz life expectancy at birth. Demographic Re-search 28(9), 259-270,(2013). 

[27] S.Cooper, Distinguishing between linear and exponential cell growth during the division cycle: Single-cell studies, 
cell-culture studies and the object of cell-cycle research,Theor.Biol.Med.Model3,p.10(2006). 

[28] D.Dingli, M.D.Cascino, K.Josic, S.J.Russell, and Z.Bajzer, Mathematical mod-elling of cancer radiovirotherapy, 
Math. Biosci.199, pp.55-78,(2006). 

[29] F.Kozusko and Z.Bajzer, Combining Gompertizian growth and cell population dynamics, Math.Biosci.185, pp 153-
167, (2003). 

[30] L.Norton, R.Simson, H.D.Brereton and A.E.Bogden, Predicting the course of Gompertizian Growth, Nature 264, 
pp.542-545,(1976). 

[31] E.S.Lakshminarayanan and M.Pitchaimani. Existence of Gompertz parameters and its asymptotic formulae for a 
large population. Appl. Math. Lett. 17(2), 173 - 180 (2004). 

[32] M. Witten, and W. Satzer. Gompertz survival model parameters: Estimation and Sensitivity. Appl. Math. Lett. 
5(1) 7 - 12 (1992). 

[33] Monika J. Piotrowska Urszula Fory.The nature of Hopf bifurcation for the Gompertz model with delays. 
Mathematical and Computer Modelling 54(910), 21832198,(2011). 

[34] Esmaeil Mehrara, Eva Forssell-Aronsson, Hakan Ahlman and Peter Bernhardt. Specific Growth Rate versus 
Doubling Time for Quantitative Characterization of Tumour Growth Rate. Cancer Research 3970-3975, 67: (8). 
April 15, (2007). 

[35] Wai-Yuan Tan, Weiming Ke and G.Webb. A Stochastic and state space model for tumour growth and 
applications Computational and Mathematical Methods in Medicine, 10, 117 - 138 (2009). 

[36] Volker Haustein* and Udo Schumacher. A dynamic model for tumour growth and metastasis formation. Journal of 
Clinical Bioinformatics2:11,doi:10.1186/2043-9113-2-11, http://www.jclinbioinformatics.com/content/2/1/11,(2012). 

[37] Viviane Teles de Lucca Maranho, Marcelo de Souza Lauretto, Julio Michael Stern. FBST for covariance 
structures of Generalized Gompertz models. XI Brazilian Meeting on Bayesian Statistics AIP Conf. Proc. 
1490, 202-211,doi: 10.1063/1.4759604 (2012). 

[38] Xia Wanga, Qiang Songb and Xinyu Songa.Analysis of a stage structured predatorprey Gompertz model with 
disturbing pulse and delay. Applied Mathematical Modelling 33 (11), 42314240,(2009). 

[39] Shaik. Mohammad Rafi and Shaheda Akthar.Software Reliability Growth Model with Gompertz TEF and Optimal 
Release Time Determination by Improving the Test Efficiency. International Journal of Computer Applications 
7(11), 34-43,(2010). 

[40] L. Ferrante, S. Bompadre, L. Possati, and L. Leone. Parameter estimation in a Gompertzian stochastic model for 
tumour growth. Biometrics, 56, 1076 - 1081 (2000). 

[41] Z.H.Levine, B.R.Borchardt, N.J.Brandenburg, C.W.Clark, B.Muralikrishnan, C.M.Shakarji Chen, J.J.Siege. E.L. 
RECIST versus volume measurement in Medical CT using ellipsoids of known size. Optics Express 18(8), 8151 
8159 (April 12, 2010). 

[42] A.P.Peskin, K.Kafadar, A.M.Santos and G.G. Haemer. Robust Volume Calcula-tions of Tumours of Various Sizes. 
The 2009 International Conference on Image Processing, Computer Vision, and Pattern Recognition. (July 2009). 

[43] Adele P. Peskin and Alden A. Dima. Modeling Clinical Tumours to Create Ref-erence Data for Tumour Volume 
Measurement. Spriger-Verleg Berlin Heidelgerg, G.Bebis et.al.(Eds). ISVC(2010), part II, LNCS 6454 736-746 
(2010). 

[44] C.E.Finch, M.C.Pike and M.Witten. Slow mortality rate accelerations during ageing in some animals 
approximate that of humans. Science, 249, 902 - 905 (1990). 

[45] F. M O Al-Dweri, D. Guirado, A. M. Lallena and V. Pedraza. Effect on tumour control of time interval between 
surgery and postoperative radiotherapy: an empirical approach using Monte Carlo simulation. Phys. Med. Biol. 

49, 2827 -2839 (2004). 



ISSN 2347-1921 

1304 | P a g e                           M a r c h  2 9 ,  2 0 1 4  

[46] Miljenko Marusic. Mathematical models of tumour growth. The lecture presented at the MATHEMATICAL 
COLLOQUIUM in Osijek, Croatian Mathematical Society - Division Osijek. 175 -192 (June 7,1996). 

 

 

M. Pitchaimani did M.Phil Mathematics and Ph.D Mathematics at Madurai Kamaraj University, 

Madurai, India. He is working as Assistant Professor in RIASM, Univeristy of Madras, Chennai, 
India. He published 24numbers of research papers in reputed Journals. His research areas are 
Stochastic differential equations and Mathematical modeling. He guided 13 M.Phil Students and 
guiding 07 Ph.D. Students. He awarded by young Scientist from DST. 

 
 

  

 

 

 

G. Somasundara Ori  did M.Phil Mathematics at Madurai Kamaraj University, Madurai, India 

and he is Research Schlor in Mathematics at RIASM, Univeristy of Madras, Chennai, India. He 
published 2 numbers of research papers in reputed Journals. His research areas are Stochastic 
differential equations and Mathematical modeling. . 
. 

 

 


