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ABSTRACT

Let X be a metric space, M(X, B, n) the space of p—measurable functions, QcR" be a domain whith boundary 6Q and a(x,
€) be an operator of Leray-Lions type. If B and y are nondecreasing continuous function on R such that $(0) = y(0) = 0 and
(f.g) Ll(x, @, W), then, there exists a unique entropy solution u in M(X; @, ) to the problem —div[a(., Du)]+p(u) = fin Q and
a(.,Du)v+y(tu) = g on Q.

Keywords:

Entropy solution; Renormalized solution; Elliptic problem; Measure space.
Mathematics Subject Classification:

35J65; 35J70; 35K55; 47J05; 35D99.

Council for Innovative Research

Peer Review Research Publishing System

Journal: Journal of Advances in Mathematics

Vol 5, No. 2
editor@cirworld.com
www.cirworld.com, member.cirworld.com

650 |Page Dec 23, 2013


mailto:chiraz.kouraichi@yahoo.fr
mailto:absiai@yahoo.fr
http://member.cirworld.com/
http://www.cirworld.com/
http://www.cirworld.com/

&@JJ ISSN 2347-1921

Introduction

Let Q c RV, N > 3, be a domain (not necessarily bounded) whithboundary 6Q. For example, to prove existence and
uniqueness for a solution to an elliptic or parabolic problem in Q related with an operator of Leray-Lions type: Au =
-div[a(.,Du)] with non linear Neumann condition on the boundary oQ:

a(., Du) . v + y(tu) 39, g € L}(6Q), (1.2)

wherey is a maximal monotone graph in R?, v is the vector field of exterior normal to the boundary &Q, when g = 0, many
authors even in the linear case Au = -Au, (see [1], for example) include the boundary condition (1.1) in the definition of the
domain D(A) of the operator A. In the case where g = 0, [2] apply the same process to a family of operators B in the
elliptic case (rep: BY in the parabolic case).Besides supplementary technical difficulties, even in case where A is linear
some notion of multivalued linear operator is needed. This is no more necessary when applying theorems 4.1 of [8] and
[9]. More precisely if X =QuUoQ, Ll(Q) X Ll(aQ) is identified to Ll()(). Then, let A be The operator defined as follows: (u,tu)
eD(A) if there exist (f,g)eL'(X) such u is an entropy solution to the next problems:

—div[a(.,Du)] = fin Q,
{ a(.,Du).v=gon 9Q (12)
In the sense that, if Tk(r) = max {-k, min(r,k)}, k>0, r eQ, YoeW'P(Q)n L~ (Q),
an(X, Du)DTk (u 5 (P) = foTk (u tul (p) + fanTk (Tl.l | T(p)
If A is the restriction of A to L*(x), then A; is said to be accretive in L'(x), if then the next inequality holds
Jo(fi =)0 + f{ul:ul}lfl —fl+ fm(gl — g2y + f{Tu1:Tu2}|g1 - g:1=0, (1.3

For any Fi = (fi,gi)eLl(}(), Ui=(ui,tu)eD(A1), i=1,2 so thatAUi= F; and ¢o = signo(Ui-Uz), wo = Signo(tui-tuz),
where:sign(r):signo(r)=ﬁ,r € R,r # 0, sign(0)=[-1,1] and signo(0) = 0. Inequalities (i) in ([8] theorem 4.1) extends (1.3) to
the case where (ui,tui)eD(A), and inequality (ii) states that if in addition (ui,[] uilD(A1) i=1,2, then for every ¢esign(ui-uy)
and y esign(tus-tuy), we have:

J =)0+ [,,(81 —8)9 = 0. (1.4)

Inequalities (1.3) and (1.4) where applied in [8], and similarly in [9], to prove existence and uniqueness of a solution to the
problem: -div[a(., Du)]+ B(u) > fand a(., Du).v +y(tu) > g on oQ.

It is well known from [7] that uniqueness of weak solutions for degenerate problems, is not guaranteed. However, if two
kind of solutions u and v in a class of uniqueness, such as entropy solutions or renormalized solutions, are obtained as a
limit of a sequence (u,) of some regular solutions related to some sequence data (f,), from uniqueness of u, related to
some f,, the fact that entropy solutions, renormalized solutions etc are particular weak solutions, then by applying (1.3),
formally we shall be able to prove that u = v. This seams to be new, since, even that studied separately existence and
uniqueness of entropy and renormalized solutions have not proved that it is the same solution (see [6]).

Theorems 4.1 [8] may be extended to general measure spaces (X, 3, u) and the closure in (X, 3, ) x L'(X; @, p) of the
operator A; and thus, a larger class of measurable functions that are weak solutions obtained as limit in M(x, 3, ) with
data in feL*(Y) of a sequence of entropy solutions, or renormalized solutions that are in L*(). It is proved first, that for this
particular case, entropy and renormalized solution is the same one. This will be extended, next, for general entropy and
renormalized solutions in M(X, B, ), that are not necessary integrable, but satisfy some specified conditions of regularity
that is required in the definition of this kind of solutions.

Order Preserving Inequalities

Let be given a metric space x and a complete measure space (X; 3, i) such that x'is c-infinite and p is regular, (see [4]).
The space of p-measurable real valued functions (X, 3, 1), equipped with some distance as in [8] and [9] is a Frechet
space and its topology is equivalent to the local convergence in measure. In the sequel, the spaces M(x, 8, n) and
L'(x,®,u) are noted simply 9 and L.

Definition 2.1.A: x—2x an operator, possibly multivalued in x; is said to be accretive in x; if one of the following equivalent
properties is satisfied,

(@ (X1-X2, Y1-Y2)20, if X1,X2€D(A), y1€AX1, Y2€AX,.
(i) The resolvent]? = (I + AA)~! is a contraction from R(I+1A) to X, for everyA>0.
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Definition 2.2.A ism-accretive in x; if the resolvent J# is a contraction everywhere defined in x; for every 2>0.
Definition 2.3.The operator A is m-completely accretive in X, if A is m-accretive and

J 4 (AU1-AU2)p(U1-U2)20, Uy, Uze D(A), pe . (2.1)
®={p: R = R, p Lipschitz, odd, non decreasing and p’ has a compact support}.
The function a of Leray-Lions type is defined as follows,

a:Q x RN - RN
x,8) »a(x¥)

for almost everyx € Q,and measurablein x forany& € RV,

(H. 1){ is a Carathéodory function in the sense that, a is continousin &,
(H.2) there exist p, C1€R, 1<p<N, and C;>0, so that, (a(x,£),%) = C,|¢|P,for a.e.x € Q and every& € RN,

(H.3)(a(x,§1) —a(x%,8),8 — &) > 0,if & # &, fora.e.x€ Q.

(H.4) There exists some hoepr(Q), p’=i and a positive constant C, such that |a(x,£)| < C,(ho(x) + |E|P™1), for a.e. xeQ

and every £ € RN,

If A1 is an m-accretive operator in Ll(l), its closure A = A; is defined as follows: For any (u,f)e x L', then A u =f, if there
exist (Un,fn) €(LN)? such that, (un,f)—>(u,f) in % x L* and A up= f,.

(1): A, is Kato accretivein L1, in the sense that for any pair (uy, f;), (u,,f,) € D(A;) x L, we have:
1133<f |(F— @) +tu—v)| - |f—g|> = [ @-psigmu-v+[ It-gl=o0,
X X fu=v}
where sign(r) = sign,(r) = ﬁ,ifr € R, r # 0,sign(0) = [—1,1] and sign,(0) = 0.
Theorem 2.1. A; and A are defined as previously, let be given f,geLl, then we have the following:
(i) If u, v eD(A) are solutions to Au=f and Av=g, then they satisfy:
[ (€= g)signg(u—v) + [, If — gl = 0. 2.2)

(ii) If in addition u, v eD(A1), then: fx (f—g)p = 0, for every pesign(u — v) (2.3)

Proof. (i) If (Un,f),(Vn,Gr) €(LY)?, Asun=frand A;Vn=gn, Un—>U,Vn—V in 9 and f,—f, gn—>g in L. Since A; is accretive in LY, if
settingh,=fn-gn, ®n=Un-Vn, h=Ff-g, ®=u-v, er=signo(wn) and ¢=signo(o), this leads to:

Jxha®n + [ gyl = 0,vn € N. (2.4)

Next, if Tu(r) = max (-, min Gr)}k €N',r € R, then

Fyho = Semnenl < [ Mifo =K@+ [ 1hl[kri) - kn(@,)
X X

=II+IZ+I3+I4

kT (o,)
k

+f Ih, |
X

+ =l KTi(0,) ~ @0
X k

Then, by appliying the Lebesgue theorem successively to I, I, I3, we may assume that:

Ve > 0,3Kkg,ng =ng(ky),n; € N*s.t.]; <¢gifk >k, 1, <gifn>ngandl; <egifn>ny. Thus if n and k are large enough,

then: [[xho = [xha@y| < 3¢ + f, Ihal[KT.(0,) = @y [ thus lim, o[ fho = [y @y | < 36+ f Ihl ‘kT%((n) - (p|.

Since the left term in the last inequality do not depend to k and limy_, ; , fx |h| |kT1(m) - (p| =0, then
k

lim, 40 fi By = [, hep, hence
Ve >0,3n, € N, suchthat [ he = [ h,@, —eifn>n,. (2.5)

Now, for the right term in (2.4), denote E,={wn=0}, if C is a compact in .x and n>0, then by Egorov theorem: vk € N*,3aN, €
B,Ny c Cand n € Nsothatn > ny,then p(N) <n, |u, — u| s% and |v, —v| < % uniformly on C\N, therefore, after possibly

652 |Page Dec 23, 2013



ILJJ ISSN 2347-1921

replacing Nk withU; 44 N;, we assume that (Ni)k is increasing and while setting F, = Uy, E, and FL = (Fx N (C\N))y, it
ensuer that F, | Fo; = NF,ifk = +oo.

Next, for u almost any xeF,, there exist n such that
2
lu(x) = v()] < Julx) —u, (O + [, (1) = v, ()| + v, (X)) —v ()| < 7.
Thusu=v, p.aeonkF,
Therefore Fy | N1 F, € E = {w = 0} and Jo |nl = [ |h] =&, of sufficiently large k. (2.6)
k
Now, with the help of (2.5) and (2.4), if n is large enough, then [ he +ka|hn| = [ hyo,—e+ [ |h| > —e
As lim,_, e ka|hn| = ka|h|, it arises that [ he +ka|h| > —¢,
For every £>0. Therefore [, he + ka |h| = 0,ifk = kq. 2.7

Next, Fy, = F{( U (Fx, NN ) U (F, nC®). Since hel, then we may suppose that the compact C is sufficiently large and p(Ny)
is sufficiently small so that [ |h| < sand kalhl < ¢, therefore [, |h| > fp;(|h| —e> ka |[h| — 3¢ and then, in view of (2.6) and
2.7).

S (E=g)signg(u—v) + f{uzv}lf— gl= [, ho+ [, |h| = - 4e, for any £>0.
This completes the proof of (2.2).

(i) Its proof is the same as in [8] and [9], we give an outline for this. For a>0, consider
Wiq = (010, T0i0) = Jg'u = (L + Ay € D(Ay), i=1, 2,
1
Yi,cx = (Yi,ouzi,(x) » Alvvi,(x i Al,aui I a(ui B vvi,a)
Consider p, (r) = nTi(r) and j, (r) = for pn (s)ds, then by definition of the subdifferential 9j, = j,,, we have

jn (ul - uZ) iy jn ((‘)1,0 i (‘)Z,a) = apy, ((*)1,0( - wZ,a)(Yl,(x . YZ,O() =0, pn.a.e. on X. Then

f jn (ul i uZ) _f)( jn (wl,a ~ (*)2,0() = (Xf Pn (wl,tx . wZ,a)(Yl,a n YZ,O()'
X X

Sincelj, ()| 1 j(r) = |r|,if r - +oo, then applying the Lebesgue convergence theorem in L*(; , ), we obtain:

j (lur = up| = w10 = w20]) = 0
X
Next, dj(r)=sign(r), then for every pesign(ui-uz), p.a.e. on X we have:

Iul - uZI - |m1,a - mZ,al = [(ul e (*)1,0() - (uz = (*)Z,a)](p = (yl,a X yZ,a)(p' on RN'then

| Gre=v2de= [ (=l = for = wp) 2 0
X X
Since, Yi,—AqU; in L'(X; 3, p), if a—0, then (2.3) is proved.

Applications

We consider the problem

{—div[a(., Du)] =finQ

a(.,Du)v =gon 9Q 3.1

Where f, g eL*. Let T(r)=max{-k, min(r,k)}, k>0 and reQ. M(Q)={u:Q— R, u is measurable}.
Lo(Q)={ue M(QY), such that meas{|u| > k}<+oo, for every k>0}.

Definition 3.1. u is an entropy solution for the problem (3.1), if u e £o(€Q2), DT(U)eLP(Q), Vk>0 and YoeWP(Q)n L® (),
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j a(x, Du)DT,(u— @) < J fT,(u—@)+ f 9Ty (tu — 7).
Q Q 20

Definition 3.2. u is a renormalized solution for the problem (3.1), if ue £o(Q2), DTk(u)eLP(QY), Vk>0,

lim [DulP = 0 and V¢ € WP (Q) N L™ (Q),f S(wa(x,Du)Deo + f S’ (W)@a(x, Du)Du = f feS(u) + f gTpS(tu)
h=to Jy qujk+h Q Q Q 00

For all regular function S such that has a compact support.
Lemmaa3.1. A renormalized solution in L* is an entropy solution.

Proof. If u is a renormalized solution of (3.1),v{ € WP (Q) N L (Q)

f S(u)a(x,Du)VllJ+f S’(u)ll}a(x,Du)Du=f fLUS(u)+f gtyS(tu).
Q Q Q a0

Let f = T, (u— @), € WP (Q) N L*(Q), and S=S,, with S, regular, 0 < S, < 1,S(x) = 0if |x| = n+ 1,S(x) = 1if [x] < n and
radial piecewise linear. Then

f Sy(wWa(x,Du)DT (u — @) + f S, (WT, (u— @)a(x, Du)Du < f fTy (u — @)S,(0) + f gTy (tu — t)S, (tu).
Q Q Q a0

If n>co, Sp>1, then |fS, Ti(u — @)| < |f T (u— ¢)| and |gS, Ty (tu — t@)| < |gTy (tu — ).

By dominated convergence

f £, Ty (u — @) - f T, (u — @) and f £5, T, (Tu — T¢) - f £Ti (tu = ).
) [0 a0 o0

Since DT, (u — ¢) € LP() and a(x, Du) € LP (Q) then
fy Sa(Wa(xDwDT,(u =) = f, a(x,Du)DT(u— )and |f, S,(wa(x Du)T(u— ¢)Du| =

a(x,Du) Ty (u — @)Duj.

J‘nSIuISn+1

By (H4) fnslu|$n+1a(X'Du)Tk(u - (p)Du| < |ITu(u= @)l fnSIuISn+1|Du|p for k=1 by definition of renormalized solution:
lim |[Du|P = 0 then
h=o Jp culsh+1

f S, (Wa(x, Du) T (u — ¢)Du - 0 finally
Q

j a(x,Du)DT (u — @) Sf ka(u—(p)+f gTy (tu — t).
Q Q o0

Then the renormalized solution is an entropy solution.
Lemma3.2. An entropy solution is a renormalized solution.

Proof. From the uniqueness of entropy and renormalized solutions and by Lemma 3.1 we can conclude that an entropy
solution is a renormalized solution.

Theorem 3.1. If u, v e are two entropy solutions to (3.1) then u=v.

Proof. If f and geL’, uew is an entropy solution to (3.1) and vew is a renormalized solutions to (3.1) (entropy solution).
There exists vaeL' is a renormalized solution to (3.1) with va—v in % and (f.,gn)—(f,g) L. Consider then, for a fixed k,

Sy(h) = {Ju—v,| <k} N [{[ul < K} U {|v,]| < h}]
Sy(h) = {lu—v,| <k} [{Jul = h}u {|v,| < h}]
Sy(h) = {Ju—v,| <k} N [{|vy] = h}u {|ul < h}],

We select o= Thv, in the equation related to u. Then, taking into account that

fl (a(.,Du),Du) = 0,and (a(.,Du),—Dv,) < | (a(.,Du),Du— Dv,),we have
Sy S, S,
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— | (a(,Du),—Dv,)+ | <(a(.,Du),Du—Dv,) < J fTy(u— T,v,) + f gT (tu — T tvy).
S2 S1 Q 0

On the other hand by (H4),

(a(.,Du),—Dv,)
Sz

< ClIDV, lle cn—kesivi<hyy X (Mol (h<gui<n+iy + HDUP Ly (hjul<nsiy)

or lim |Dv, [P = 0then lim f (a(.,Du),—Dv,) =0
h—-+4o0 h<lv, |<h+k h—-+c0 S

Next, we do the same for the equation related to vy, with test function p=Thu and add the two inequalities.

f hliT (a(.,Du) —a(.,Dv,),Du—Dvp)1g ) + hliT (a(.,Du),—Dv,) + hl m {a(.,Dv,),—Du)
Q —+400 —+00

i
S5(h) ~re Js,m)

< lim f(T(u— Tyvy)) + £ (T (v, — Thw) + Jim f g(Ti (tu — TT,v)) + go (T (tv,, — TT W)
Q a0

Then, by applying the Lebesgue dominated convergence on the right, and letting n—oo, we obtain
f (a(.,Du) —a(.,Dv),Du—Dv) =0,k > 0.
{lu—v|<k}

It arises from H3 (Leary-Lions), that Du=Dv, a.e in Q (if n—>o) and therefore u-v=0, a.e. in Q. This leads to tTxu=tTkva.eon
oQ, for any k>0. Thus tu=tv a.eon oQ.

Theorem 3.2. IfB, y are nondecreasing continuous function on R such that g(0)=y(0)=0, (f,g)eLl, then, there exists a
unigue entropy solution u in % to the problem:

{—div[a(., Du)] + B(u) = fin O

a(.,Du)v + y(tu) = gon 0Q 3.2

Proof. If u and v are two entropy solutions to (3.2) in % with the same data (f,g)eLl, then applying (2.2), since B(u)=p(v)
a.e. on {u=v} and y(tu)=y(tv)do—a.e. on {u=v}, one obtain:

—f [B(w) — BW)| —f [y(tu) — y(tv)| = 0 thus B(u) = B(v)a.e.on Q and y(tu) = y(tv) on 9Q.
Q a0

If B(u) = h and y(tu) = Kk, then u and v are two entropy solutions in % to the problem, A(u,tu) = (f-h,g-k). Then, the
uniqueness of the entropy solution u to (3.2) derives from Theorem 3.1.

Corollary 3.1. If 1 and A are bounded measure on Q and 49, then —div[a(., Du)] + B(u) 3 A on Q and a(.,Du).v +
y(tu) 3 A on 49 has at least a weak solution.

Proof. SetAU = (—div[a(.,Du)],a(., Du).v),if U,,F, € L'(QU dQ) is some approximative sequence of solutions to the
equation AU, + H, 3 F,,H, € BU, previous arguments is that (H») is a Cauchy sequence in L*, then the classical methods
are applied.
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