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Abstract. In this paper, we solve the Fibonacci functional equation, f(x) = f(x-1) + f(x-2) and discuss its
generalized Hyers-Ulam-Rassias stability in Banach spaces and stability in Fuzzy normed space.
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Introduction.

A question in the theory of functional equations is the following "When is it true that a function which
approximately satisfies a functional equation € must be close to an exact solution € ?” If the problem accepts a
solution, we say that the equation € is stable.

In 1940, SM. Ulam [8] gave a wide-ranging talk before the Mathematics Club of the University of
Wisconsin in which he discussed a number of important unsolved problems. Among those was the following
question concerning the stability of homomorphism:

Let (G1, *) be a group and (G, ©,d) be a metric group with the metric d. Given € >0, does there exists
a 0_>0 such that if a mapping h: Gi — G; satisfies the inequality d(h(x*y)h(x)o h(y))< J_ V x, ye Gy, then
there is a mapping H: Gi — G; such that for each x, y € G1 H(x*y)=H(x) o H(y) and d(h(x),H(x))< €?

In the next year, D. H. Hyers [3], gave answer to the above question for additive groups under the assumption
that groups are Banach spaces. In 1978, T. M. Rassias [7] proved a generalization of Hyers' theorem for additive
mapping as a special case in the form of following result.

Suppose that E and F are real normed spaces with F a complete normed space, f: E—F is a mapping
such that for each fixed x € E the mapping t— f (tx) is continuous on R, and let there exist €> 0 and pe[0,1) s.t

[T x+y)= 00— F (| <e(x|” +[y]") x yeE.

XI*

1-2°")

’ .

Then there exists a unique linear mapping T: E—>F st ||f (X) =T (x)| < &

In this paper we discuss the stability of Fibonacci functional equation
f(x) = f(x-1) + f(x-2). (1)

A function f: R—X will be called a Fibonacci functional equation if it satisfies (1), for all xe R, where X is a real
vector space. By a and B we denote the positive and negative roots respectively of the quadratic equation x*-x-

1=0. i.e, a= %g and B= %g for any xeR. M. M. Parizi and M. E. Gordji [11] proved the stability of Fibonacci

functional equation in Modular functional spaces. S. M. Jung [10] also proved the stability of Fibonacci functional
equation in real Banach space as following:

Theorem1: Let (X||.||) be a real Banach space. If a function f: R—X satisfies the inequality, || f(x)-f(x-1)-f(x-2)||<€
(1.1)

for all xeR and for some €>0, Then there exists a Fibonacci function F: R—X such that ||f(x)—F(x)||s(1 +j—§)s

(1.2)
for all xeR.
Proof. We get from (1.1),
100 -oxf(x-1)-BIf(x-1)-oxfix-2)] | <e, (13
For each xeR. If we replace x by x-k in (1.3), then we have,
[1F(x-k)-ocf(x-k-1)-BIf(x-k-1)-af(x-k-2)]| | <€
And
|IB* [f(x-k)-of(x-k-1)]-B*** [f(x-k-1)-af(x-k-2)]||< B* € (1.4)
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Thus, we have,

n-1

|If9)-af(x--1)-p" [f(x—n)—af(x—n—l)]||sz ||Bk[f(x —K) —af(x —k—1)] = B**[f(x —k — 1) — af(x — k — 2)] || <
k=0

Yo IBlke (1.5)

From (1.4), we get {B [f(x-n)-af(x-n-1)} is a Cauchy sequence. Therefore, we can define a function F1: R—X by

Fl:ylli_r& B¥[f(x —n) — af (x —n — 1)], since X is complete so F; is in X. We obtain that
Fi(x-1)+F1(x-2) = g1 1111_{1;10 B f(x—n—1) —af(x —n)]
+47% lim BE[f(x = (n+2)) —af (x = (n+2) = 1)]

=B 1)+ BFL()=F1(x),
For all xeR. Hence F is a Fibonacci function. If n goes to infinity, then (1.5) implies
If09-ofe-1)-Fa00f| <= e (16)
For every xeR.
From (1.1)
[If00-Bf(x-1)-alf(x-1)-Bf(x-2)]]| <€, 1.7
For each xeR. If we replace x by x+k in (1.7), then we have,
[[F(x+k)-Bf(x+k-1)-aff(x-+k-1)-Bf(x+k-2)]|| <€
And
llor™ [fx+k)-Bfx+ k-1)]-o<t [fix+k-1)-Bfx+k-2)]|< o € (1.8)
Thus, we have,
||a‘"[f(x+n)—[5f(x+n—1)—[f(x)—Bf(x—1)]||SZ:=O ||a—k[f(x +k) — Bf(x +k— 1)] — a **[f(x + k— 1) — Bf(x + k —
2| < X, ke (19)

From (1.8), we get {a"[f(x+n)-Bf(x+n-1)} is a Cauchy sequence. Therefore, we can define a function F,: R=X by

FZ:P_IE) a [f(x +n) — Bf(x + n—1)], since X is complete so F; is in X. We obtain that
Fa(x-1)+Fa(x-2)= a~* lim a " V[fx+n—1)—pf(x+n—1)]

+a? lim a2 [f(x +n = 2)) = Bf (x + (n = 2) = 1)]

=a 'R (x)+ a2 Fa(x)=F2(x),
For all xeR. Hence F; is a Fibonacci function. If n goes to infinity, then (1.9) implies
IF209-f09 + oD <= e (L.10)

For every xeR.
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From (1.6) and (1.10), we have

-a

160|725 1 00) = 575 o] =572 1(B-00f0-[BF00-o 00|

sa—iﬁ||Bf(x)-aﬁf(x-l)-BFl(x)||+ ai—ﬁna F2 (x)-of(x) + oBf(x-1)]|

2
S(l + E) €
For all xeR. Now we set

a

F= 722 () = 75 F

Clearly F(x) is the FibOnacci function.

Now we prove the stability of Fibonacci functional equation in fuzzy normed space.
Theorem 2: Let (X, N) and (Y, N') be fuzzy normed spaces. If f: R—X satisfies the inequality
N(f(x)-f(x-1)-f(x-2), t) 2N'(d(x), t) (2.1)

for all xeR, then there exists a Fibonacci function F: R—X such that

N(F(x)-F(x)) =N'(d(x), (1 + %)t).

Proof. We get from (2.1),

N(f(x)-af(x-1)-B[f(x-1)-af(x-2)], t) =N'(d(x), t) (2.2)

For each xeR. If we replace x by x-k in (2.2), then we have,
N(f(x-k)-af(x-k-1)-B[f(x-k-1)-af(x-k-2)], t) 2N'(d(x-k), 1)

And

N (B [f(x-k)-af(x-k-1)]-B*** [f(x-k-1)-af(x-k-2)], B* t) =N'((x-k), t) (2.3)

Thus, we have,

N(f(x)-of(x-1)-B"[f(x-n)-af(x-n-1)1, X222 | B]%t) > min{N(B*f(x-k)-af(x-k-1)-B*+ 1 [f(x-k-1)-af(x-k-2),8*  t)k=0,1,....n-
1}> N'(d(x), X253 181%1) (2.4)

From (2.4), we get {B"[f(x-n)-af(x-n-1)} is a Cauchy sequence. Therefore, we can define a function F1: R—X by
F1=%m B¥[f(x —n) — af (x —n — 1)], since X is complete so F; is in X. We obtain that
Fi(x-1)+F1(x-2)= g~ Alj{}o FrHfx—n—1) —af(x—n)]

+B72 lim B*2[f(x — (n+2)) —af (x = (n+2) = 1)]

=B F1(x)+ BF1(x)=F1(x),

For all xeR. Hence F; is a Fibonacci function. If n goes to infinity, then (2.4) implies

34—2\/3),[)

N(f(x)-af(x-1)-F1(x),t) > N'(d(x), ( (2.5)

7472



L
For every xeR.

From (2.1)

N(f(x)-Bf(x-1)-od[f(x-1)-Bf(x-2)1,1) =N'($(x), 1), (2.6)

For each xeR. If we replace x by x+k in (2.6), then we have,

N(f(x-+k) - Bf(x+k-1)-alf(x+ k-1)-Bf(x+k-2)1,t) =N'(d(x+k), 1)

And

N(o® [f(x+k)-Bf(x+k-1)]-o*? [f(x+k-1)-Bf(x+k-2)], o t) =N'(p(x+k), ) (2.7)

Thus, we have,

N(a =" [f(x+n)-Bf(x+n-1)-[f(x)-Bfx-1)].X%Z5 1))

> min{N(a~*f(x+k)-Bf(x+k-1)-a =¥+ [f(x+k-1)-Bf(x+k-2),a"t) k=0,1,....n-1}

> N'($(), Zpd a| 1) (2.8)

From (2.7), we get {o"[f(x+n)-Bf(x+n-1)} is a Cauchy sequence. Therefore, we can define a function F2:R—X by

FZ:,H{}O a [f(x +n) — Bf(x + n—1)], since X is complete so F; is in X. We obtain that
Fo(x-1)+F2(x-2)= a~* 1111_{210 a O D[f(x+n—-1)—Bf(x +n—1)]

+a? lim a2 [f(x +n = 2)) = Bf (x + (n = 2) = 1)]

= Fa(X)+ a?Fa(x)=F2(x),
For all xeR. Hence F; is a Fibonacci function. If n goes to infinity, then (2.8) implies

N(F209-f0+Bfx-1),02 N0, () (2.9)

For every xeR.

From (2.5) and (2.9), we have
N(09-[ 2 F1 () = 5% ] 0=N(B-0)f(09- [BF100-0F209), [B-aif
> min{N(BF(x)-aBf(x-1)-BF1(x), “=L8), N(t 2 (x)-cf(x) + oBf(x-1), =Lt )
>N(¢0), (1+2)
For all xeR. Now we set
F= 22 A () = 55 F

Clearly F(x) is the Fibonacci function.
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