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Abstract. This paper is mainly concerned with using ( -exponential operator T(qu) in proving the identities that

involve the generalized Rogers-Szeg6 polynomials I, (x,b) . We introduce some new roles of the (] -exponential operator
and prove that the generalized Rogers-Szeg6 polynomials can be represented by the ( -exponential operator, so we use

this operator and it's roles in proving the basic identities of r, (X,b) given in [7, 8] which are: generating function, Mehler's

formula and Rogers formula. Then we introduce several extensions of I, (X,b) identities such that: the extended

generating function, extended Mehler’s formula, extended Rogers formula and another extended identities. These extended
identities of the generalized Rogers-Szeg6 polynomials can be considered a general form of the corresponding identities for

the classical Rogers-Szeg6 polynomials h,(X|q) when b=1.
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1 Introduction and Notation

The Rogers-Szeg6 polynomials play an important role in the theory of the orthogonal polynomials, particularly in the study of
the Askey-Wilson polynomials [1, 2, 3, 4, 10, 11, 12, 15]. In 1997, Chen and Liu [5] used a special case of the (] -exponential

operator T(qu) to represent the classical Rogers-Szegé polynomials h,(X|q) to derive Mehler’s formula (1.7) and

Rogers formula (1.8) of h, (x| Q). In this paper we represent the generalized Rogers-Szegé polynomials I, (X,b) by the
q -exponential operator to prove the basic and extended identities for r,(X,b).

Firstly, let us review some common notation and terminology for basic hypergeometric series in [9], where we assume that
|g|<1,the Q-shifted factorial is given by:

@)=l (&0, =ﬁ(1—aqk), (2:0), =fg<l—aqk>. a
Also
(&a), = (&0)../(aq";q)..,
&9 = (39), (ag; ),
This notation for multiple Q -shifted factorial:
(@, 8,5, 8n;0), = (8450), (82; )5 -+ (@ A
(8,8, 85;0)., = (a;0),.(32:9)., - (@5 0).-

The ( -binomial coefficient or Gaussian polynomials is given as:

[”} = (9:9)n
kl (@)@ @ni

The basic hypergeometric series .4, is defined by:

oo
’ ¢ 5 . Ar+1 o ((}] ..... (ly<].(1}” n
r+10p b b 4. = E b Foe. z,
Lo ien ! —0 (G015,

Or2 G In

where &;,b;,g and X may be real or complexforall i and j.

The Cauchy identity is defined as:

Z @)« - (@x0),

, | x|<1. 1.2)
i CF q)k (x;9)..

Putting a =0, (2) becomes Euler’s identity:

Z Xt Ix|<1, (1.3)

rer (SHe) 8 (x q)

and its inverse relation:

k

(-1)fq *x* _ .
kz;‘ (a:9), - (9. ¢

The (classical) Rogers-Szegd polynomial is defined by:

h,(x/g) = > nkX. (1.5)
k=0

It has the following generating function:
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i 1 , (1.6)

= (q D (t.xt,q)w

where max{|t|,| xt[}<1.

Also Mehler’s formula of h, (X|q) is:

I’1

_ o (xyt%a),
Zh (x|a)h,(y|a) G YLt (L.7)

where max{|t|,| xt|,| yt|,| xyt|}<1.

and the Rogers formula of h, (x]q) is:

ZZ nem (X1 0)

m

n=0m=0 (q q)n (q c1)m
Sm
n=0m=0 (q q) (q q)m
(xst;q).,

i , (1.8)
(t,s, xt, xs;q).,

where max{| s|,|t],| xs|,| xt[} <1,
where (1.6), (1.7), and (1.8) are the basic identities of h,(X|q).
The generalized Rogers-Szeg6 polynomials [7, 8, 13] is defined as:
n )
T 3 ]
ralz,0) = Z [L].r" ek
k=0

Compared with classical Rogers-Szegé polynomials h,(X|q), the polynomials I, (X,b) involve two parameters.
Clearly, the polynomials h,(X|Q) can be considered as a special case of the polynomials r,,(X,b) for b=1. Note that

r,(x,b) =r,(b,x).

In 1982, Cigler [7] stated the generating function and Mehler’s formula for the generalized Rogers-Szegd polynomials.
Also Désarménien [8] states the basic identities for the polynomials I, (X,b) .

Theorem 1.1 (Cigler [7] and Désarménien [8] ).

1. The generating function for T, (X,b) is:

1
Zr () (q 0, (xtbtq), 9

where max{| xt|,|bt[}<1.

2. Mehler’s formula for r,(x,b) is:

(xyb’t?;q),,
. ) | 1.10
Z (D) (Y. )(q A, (xyt,xbt,byt,b%;q),, o

where max{] xyt|,| xbt|,| byt],| b2t [} <1.

3. The Rogers formula for 1, (X,b) is:
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b = (xbst; b b .
22 om0 oo o, - v er SR )(q T N —

where max{| xs|,| xt|,| bs|,|bt[}<1.
Where (1.9), (1.10), and (1.11) are the basic identities of I, (X,b) .

The ( -differential operator Dq is defined by:

Dq f (a) - f(a) _af (aq) .

The ( -exponential operator T(bD,) is defined in [5] as:

D)”
ACH )N

The ( -exponential operator is the reminiscent of the Euler’s identity (1.3), then Chen and Liu [5] obtained the following
operator identities:

T(bD,) = Z

Proposition 1.2 Let D, and T(bD,) be defined as above, then

y { i }_ tX
D, = , (1.12)
(ata),. ) (atq),
T(bD,) = : ,  |bt]<1, (1.13)
(at; q) (at,bt;q),,
T(bDy) - - __(absta), : (1.14)
(as,at;q),, | (as,atbs,bt;q),,

where max{| bt|,|bs|}<1.

In 2005, Zhang and Wang [16] used the (] -exponential operator T(qu) to some terminating summation formulas of
basic hypergeometric series and (] -integrals to obtain some (] -series identities and (| -integrals involving 54, , they gave
the following operator identities:

Proposition 1.3

n) @GA)0 [ _npp. oy (@VT"50).
D“{(at;q)w} t"(v/t;q), = (1.15)

v/s, vit, viw

T(dD @vq). - __(av.dv.adstwiv,q), 2%, av,dv  ;qg,adstwiv |, (1.16)
(as,at,aw;q), (as,at,aw, ds, dt,dw; q).,

where max{| ds|,| dt],| dw],| adstw/v [} <1.
2 New Roles of the q-Exponential Operator

In this section, we derive some roles of the (| -exponential operator T (b Dq) , these roles are very important for proving

the identities of the generalized Rogers-Szego polynomials T, (X,b) .

Theorem 2.1 For he N , we have
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T(D,) a" __ (abstq), Z":nj(as,at;q)jbjan_j o
| (as,at;q),, | (as.at,bs,bt;q), &5 (abst;q); ’

where max{] bs|,| bt[} <1.

an
T(qu){—(as’ at;q)w}

© bk an
Z:1(q )] {(as at; q)w}

k

> 2 Zq"“‘“kiDJ{a"}Ds-J{-;-.}

k §=0 (asq’,atq’;q),,

Proof.

I

=0 (a:9); (a; q)k (asq’,atq’;q),,

gM8

bl (g9, an (bq_qu)k{ 1 }
(@;:0); (0;0),; (@), [(asq’,atq’;q),,

(asq’,atq’;q).,

= anbj an_jT(bq_j Dq){%}
j=0

abst; 5 (as,at;q); 3

I ( a).. Zn ( q)ijan i
(as,at,bs,bt;q)., 45~ (abst;q);

e Setting N=0 in (2.1), we get the identity (1.14) of the ( -exponential operator.

As a special case of (2.1), we give the following corollary:

Corollary 1 For ne N , we have

e q){(as a)., } (as, bs Q.. ,_Zonj(as D ofa)’, =2

where |bs|<1.

Proof. Put t=0 in (2.1).
e Setting N =0 in (2.2), we get the identity (1.13) of the ( -exponential operator.

Theorem 2.2 We have

‘ 1 btv; q) o , av "
T'(bDy) = - \abtn; 4) _ 201 G, Ot 1q.bs |, @3
(as,at, av: q)x (as, at.av. bt, bv; q)c abtv

where max{| bt],|bv|,|bs[} <1.

Proof.
1
T(bD{———
( q){(as,at,av;q)oo}
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=ibk {1 1}

0 (4:9)¢ (as;q),, (at,av;q),

B -

= i (as;q).. (atq’,avg’;q)..

:ii bk+j ik Sj Dg{ . 1 ' }

i (@a) (a; q) (as;q),, " [(atg’,avg’;a).,

> O ioy

(as q)w = (4;0); (atq’,avg’;q),.

1 Z (bs)! (abtvg’;q).,
(as q)., 5 (a;9); (atg’,avg’,bt,bv;q).,

abtv: q)a U .
= — ( 2o 20 ( @i :qﬁ-*'). |bs| < 1.

(as.at,av,bt, bv: q) abtv

, | bt],[bv|<1

e Setting S=0 in (2.3), we get the identity (1.14) of the (| -exponential operator.

Theorem 2.3 We have

1
T (qu){(as, at,av,aw;q),, }

_ (abwa), 2 (av,awa) ., (ata); (bs)! (by)"
(as,at,av,awbv,bwiq),, 5% (abvwa).,  (a;a); (@;0),

(2.4)

where max{] bt|,|bv|,| bw[} <1.

Proof.

1
- Dq){(as, at,av,aw;q),, }

— 1 1
3 Pl |

= (0;9) (as;q)., (at,av,aw;q),,

Z"’: bX kq,(]k)J { 1 }Dk—j{ _ 1 _ }
S (9:0) ‘l@sa). ) * [(atg’,avg’,awg’;q),,
© © k+j . j

Y ] T eyl
i=

e CHOMCE q) (as;q),, ' |(atq’,avg’,awq’;q),

o S, O gt i |

(as a)., §= (a; q)J (atq’,avg’,awq’;q).,
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. . avg',awq’
i . )
1 Z (bs) (abvwg’;q).. 4 abwg :q.bt

(as q)., % (9;9); (atg’,avg’,awqg’,bv,bw;q),,

_ (abvwq),, i(av,aw,q),-m(at;q)j (bs)! (bt)"
(as,atav,aw,bv,bw,q),, 4%  (abwa).,  (4:9); (@:9),

e Setting S =0 in the above theorem, we get the identity (2.3), also setting S =t =0, we get the identity (1.14) of the
g -exponential operator.

Theorem 2.4 We have

(abvwq),,
(as,at,au,av,aw;q)., (as,at,au,av,aw,bv,bw;q).,

§ i (at;q);(au;a);, ;(@v,aw;q);, .0 (bt)  (bs)’ (bu)"

, (2.5)
i,j,n=0 (abVWq)|+J+n (q1Q)| (qvq)J (q’q)n
where max{| bu,| bv|,|bw[}<1.
Proof.
T(bD,) !
(as,at,au,av,aw;q).,
:i bX Dk{ 1 ik }
= (q0), ' |(as;q)., (at,au,av,aw;q),,
:i b* Zk:qm Wk JDJ{ 1 }Dk—j{ | xR = }
= (0:9), < (as;0),,] * |[(atq’,auq’,avg’,awg’;q),
1 Z (bs) D,) 1
" (s q).. < (a; q)J (atg’,auq’,avg’,awg’;q).,
- (abvw,q)., i (at;q);(au;q);, ;(av,aw,Q);, j.n (bt)' (bs)! (bu)"
"~ (as,at,au,av,aw,bv,bw;q),, , 5, (abvw; Q). j.n (0;0); (9;9); (g;9),

e Setting U =0 in the above theorem, we get the identity (2.4), setting t =u =0, we get the identity (2.3), and setting
s=t=u=0, we get the identity (1.14) of the (| -exponential operator.

Theorem 2.5 We have

T0D,) { 1 }: (abvw;q),,

(ac,as,at,au,av,aw;q)., (ac,as,at,au,av,aw,bv,bw;q) .,

i (as;q); (@t q) j,m (AU Q)i jom (A, AW A) i jumin (D) (bC)! (bS)™  (bu)" 26
i ja=o0 (@bVW )i, men (@a); (@a); (@), @a),’
where max{| bul,| bv|,|bw[} <1.

Proof.

T(bD,) :
(ac,as,at,au,av,aw;q),,
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0 bk Kk . ) 1 ) 1
— 2 qJ(J—k)ijd{ }DE—J{ i i _ i _ }
5 (0:9)y 4= (ac;a).,, (asq’,atq’,auq’,avq’,awq’;q),,

:ii b q c Dk{ 1 }
S5 (4:0) (0:9); (acq),, [ (asq’,atq’,auq’,avg’,awg’;q),,

(bc)’ 1
" (ac q)w ,Z(;(q 9); Dq){(asq" .atq’,aug’ ,avq",awq";q)w}
Z (bc)’ (abqu"q)w
(ac q)w 5 (0; q) (asq atq ,auq’,avg’ awqJ bv,bw;q).,
(atq’;q)y (aug’; Q)i (a0’ a0 Q)i iy (0D (05)" (bU)"
i mnz0 (abvwa’; a)i, min (@:9); (o;9), (9;09),
_ (abvw;q).,

(ac,as,at,au,av,aw,bv,bw;q)

i (as;9);(at; A) j.m(@U; Q)i jom (@Y, AW Q)i jomen (BE)' (bC)! (DS)™ (DU)" _
] (@bvwa);, jimin (CHYNCHYNCH)MHE)M

e Setting € =0 in the above theorem, we get the identity (2.5), setting ¢ =u =0, we get the identity (2.4), setting
c=s=u=0, we get the identity (2.4), and setting c=s=t=u =0, we get the identity (1.14) of the ( -exponential
operator.

3 The Basic ldentities of r, (x,b)

In this section, we represent the generalized Rogers-Szeg6 polynomials I, (x,b) bythe q -exponential operator, then

by using this operator representation we give a simple proof for the basic identities of the polynomials T, (x,b) .

The generalized Rogers-Szeg6 polynomials I, (X,b) can be represented by the ( -exponential operator T(qu) as
follows:

Theorem 3.1 We have
T(qu){x”}z r,(x,b). (3.1)

Proof.

o0

. b
TEGAE }zkz—:;(q;q)k

S b (@ Dn
kz (CHeo) PR (e He)

= i [;jl *pn—k

k=0 L

D{{x"}

=r,(x,b).
By using the operator representation (3.1), we derive the basic identities of generalized Rogers-Szegd polynomials.

Theorem 3.2 (The generating function of r,(X,b) ), we have
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1
SO G b o2

where max{| xt|,| bt[}<1.

Proof.

o0 tn 0 tn
= ST (bD, ){x"
nzz(;r” ) Z;r( W }(q:q)n

:T(qu){i ()" } Ixt|<1
= (

1
=100 L]

1
(xt,bt;q),,

e Setting b =1 in (3.2), we get the generating function of the classical Rogers-Szegé polynomials (1.6).

Theorem 3.3 (Mehler’s formula of r,(X,b)), we have

(yb’t*;q)., 33)
(q Q. (xyt,xbt,byt,b’;q),. '

where max{] xyt || xbt],| byt],| b%t [} <1.

Zr (x.b)r,(y.b)

Proof.
ZT (x,o)r, (y, b) ir (y,b)T (oD ){X"}-—
0d, = (o),
=T(qu){§rn(y,b) (;XZ) },| xyt],| xbt|< 1

_ 1
=T (D, ){ (xyt, xbt; q)., }

2.2,
= BBy <
(xyt, xbt,byt,bt; q).,

e Setting b =1 in (3.3), we get Mehler’s formula of the classical Rogers-Szegé polynomials (1.7).

Theorem 3.4 (The Rogers formula of T, (x,b)), we have

m

= b S .
ZZ( T NCTINCEE er (xbry (kD) SNCT &4

where max{| xs|,| xt|,|bs|,|bt[}<1.

Proof.

m

S
ZZ from (%0 (q Dy (D)

n=0m=0
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m

- bD n+m S
ZZT( X (q Dy (D

n=0m=0

=T(bD, ){Z () Z (xs)" } Ixs|| xt|<1

(e H o) Mpmar { (¢ o) 8

_ 1
T(qu){(xt, XS; q)w}

_ (xbst;q),
(xs,xt,bs,bt;q).,

m

= (xb b)r. (x,b S
= (bt ). Z;r;)r (D) (%, )(q Dn (@D,

e Setting b =1 in (3.4), we get Rogers formula (1.8) of the classical Rogers-Szegé polynomials.

4 Some Extensions for the Basic Identities of r,(x,b)

In this section, we extend the basic identities of generalized Rogers-Szegd polynomials by using ( -exponential operator

T(b Dq) , where we introduce the extended generating function, extended Mehler’s formula and extended Rogers formula of
r,(x,b).
Theorem 4.1 (Extended generating function of T, (X,b)),we have

20 n X k

Wi
Zln«k(-]-b)(q:q)n T (J'(.b!:l})m Z

n=0 m=0

k —
[m] (xt: ¢)m (b/z)™, (4.1)

where max{| xt|,| bt|} <1.

Proof.

b — n+k tn
Zrmx ) ZT( —(q1q)n

=T<qu>{xki—é$2§ e

k
=T(bD,
o0 ||

k k
xr k Th
— m mZ:(, [mJ(zt q)m (b/z)™, |bt| < 1.

n

e Setting kK =0 in (4.1), we get the generating function (1.9) for the generalized Rogers-Szegé polynomials.

Theorem 4.2 (Extended Mehler’s formula of r,(X,b)), we have

o0 ¥ .5 \ 3
e (xyb t™: q)oc |k (zyt. byt; g)m koo
n(2.0) rnci(y. ! = ~ e —_
Z‘ Tn\Z,0) Tt k(Y J)(‘ (zyt, byt, bxt, b2t; q) 0o Z m| (zyb?t2;9)m (4.2)

q.q)
n=_0) 9 9)n m=A()

where max{] xyt|,| byt |, | bxt|,| b2t [} <1.

Proof.
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o0 tn
D) (y,b
;rn(x Mo (Y )(q;q)n

- nzz(;rn (x,b)T, (bD, ){yMk}m

o0 t n
=T, (qu){yk;rn(x,b) ((qy;) } | xyt] byt|< 1

k
e q){(th byt; Q)m}

2
(xyb?t?; q)zw ka (xyt, E)gt ' D pm
(xyt byt,bxt,bt;q),, 5= (xyb“t5;q),,

| bxt]|,| bt |<1.

e Setting kK =0 in (4.2), we get Mehler's formula (1.10) of the generalized Rogers-Szegé polynomials.

Theorem 4.3 (Extended Rogers formula of T, (X,b) ), we have

4
" g™ (xbst: ) k| (zt,z5:9)5 1 _
n4+m-+ : = - . — bW 'r- 4.3
)2;”;" bmtk(Z (q Dn (¢:9)  (zt,2s.bt,bs:q) ,X—l:- [J] (xbst: q); ; “3)
where max{| xs|,| xt|,|bs|,|bt[}<1.
Proof.
ZZ n+m+k( Sm
n=0m=0 (q Dy (@:9),
n Sm
L ZZT (bD ){ n+m+k
n=0m=0 (q q) (q q)m

5 (0:0), o= (A:0),

Xk
_T(qu){—(Xt’ o q)w}

, \ k
_ tl'h\'t-qjx Z k (zt, xs; q); b o lbs] |btl =
(xt, zs,bt,bs; q) o ] 7| (zbst; q); : ) 2

=T (D ){ kz OO” s~ (097 } Ixs | xt|<1

e Setting k =0 in (4.3), we get the Rogers formula (1.11) for the generalized Rogers-Szegd polynomials.
Now we extend some other identities for I, (x,b) also by using the Q -exponential operator.

Theorem 4.4 We have

= t
D)o (v,b
;rmk(x ) (¥,b) o

(zyb12; q) o ZZ m| [n| (bxt; q)«(byt: q);(zyt: q)s +j;).u+_jj_m—.ﬁun~—j
(bt, bxt, byt., Tyt; q) oo ials (zyb®t%; q) st s E 1/

(4.4)
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where max{| xyt|,| byt|,|bxt],| bt [} <1.
Proof.

k

t
(CHeN

Zrm+k (Xa b) rn-¢—k (y’ b)
k=0

L) k

b)T. (bD, ){y™*
;mk(x) (bD,){y }( o

0 k
=T, (qu){y”kZ:;rmk (x.b) (gytq)) }

=3 mso*x™T, (qu){sy—}
s=0

=Ty(qu){ Wst(xyt :q), (b/x)® }

(xytq®,byt;q).,,

m 2425, XVt b t

:Z (Xybt q)2 an(yqzzy q)J s+JXm synj
S (xytg® byt,bxtq® bt ), S (xyb’t?q°;q),

— (Xybztzlq)oo Zzn: (bXt q) (byt q) (th q)S+J b5+j m— syn ]
(b?t, bxt,byt, xyt;q),, <345 (xyb*t*;q)s, ;

e Setting N=mM=0 in (4.4), we get Mehler's formula (1.10), and setting m =0, we get the extension of Mehler's
formula (4.2) for r,(X,b).

By using (2.3), we give the following identity of the generalized Rogers-Szeg6 polynomials:
Theorem 4.5 We have

N ! XS, XV

Z rn+m+k( t X { S (szv, q)w 2¢l XbSV yqibt 1 (45)
TR (q:q)n (@), (@a),  (xt,xs,xv,bs,bv;q),,

where max{| xt|,| xs|,| xv|,|bt|,|bs|,|bv[}<1.
Proof.

m k

- ts S v
z I’n+m+k( . . _
n,m,k=0 (qu)n (q!q)m (qvq)k

=T(bD, ){Z ()] Z(XS) Z(Xv)k} | xt,|xs|,[xv|<1

(O Ho) Mg (o) MEmrd CHO) Y

_ 1
=T (qu){(xt, XS, XV;Q),, }

(zbsv:q)ac TS, TU
= - : —— a¢ 1q,bt ), bt|, |bs|, [bv| < 1.
(xt, x5, 20, b5, b0; Q)00 - £ ( zbsy 7 M_) 128, Bl ol <=2
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e Setting t =0 in (4.5), we get the Rogers formula (1.11) for r,(x,b).

The following identity of the generalized Rogers-Szeg6 polynomials will be derived by using the identity (2.3) of the (
-exponential operator as follows:

Theorem 4.6 We have

i t" s

M (D) (Y, 0) ——— ——

o " (@D (@0

= {Jl’b q ZZ (zbs: ahi(zys: )i+ 1(bys; q]Jle n—jl (4.6)
(xt, zbs, xys. s, bys; q)~o 1=0 5=0 4.-1.!/("-"'~[I]J-+lW-fl'l .

where max{| xt .| xys|,| bxs|,| bt],|b?s|,| bys[} <1.

Proof.

tm s
o) (y,b
m;o"”k(x i Y )(q;q)m (@:9)s

tm k

= 3T, (0D, (v 3
2 TP Hnu (D) o

I (xt)" & (xs)
=T, (bD ! , .| b 1
o ){Z(q OI)m;mk(y D) q)k} | xt|,| xys|,| bxs|<

1
T (6D} —— —— ¥
=(2%a) (xt, zbs:; q;xZL]hqqu v
J=

IIX.

n n l
= Py T(bD,) < -
Z:,, [j:| y =%l { (zt, xbs. .l‘ysqfiq)x}
3=l
438 p . syb? 2@ q) o bs. zysq?
_ Z [”} bjyn--_) , A(ly’ : ({J) 4} o 201 ( .T()-l.)l:lqu‘ .q. bi)
e B (xt, zbs, zysq? . b2s, bysq?: q) ryb-s=¢
557 .
(zyb*s<: q) n| (zbs: q)i(zys: q)j+1(bys: Q)i it nii
= = Py It
[ xt, ?I)\ Tys, b-\ buﬂ q].\ [Z(] Z [J] (z yb-_s-. q ]_?4!((!‘ q}{ Yy

e Setting N=t =0 in (4.6), we get Mehler's formula (1.10), and setting t =0 in (4.6), we get the extension of Mehler's
formula (4.2) of the generalized Rogers-Szeg6 polynomials.

5 Another Extensions for the Identities of r,(x,b)
identities of the generalized Rogers-Szegd polynomials I, (x,b) which are more general than the previous extensions.
Theorem 5.1 We have

By using the (] -exponential operator T(qu) , We give some other extensions for the basic

3 ) (y.b)r (2,b)
n,%‘or”m(x D0 o, o,
(xzbs*;q),, 5 (xz5,Xbs;q);,.; (Xbt;0); (byt)! (b%t)’ o)

~ (xyt, xbt, xzs, xbs, bzs,b%s: q) . G (xab®s%a),, (0;a); (q;a);
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where max{| xyt|,| xbt|,| xzs|,| xbs|,|b%t|,|bzs]|,| b?s [} <1.

Proof.
o0 b b b n sm
n;o"m(x o (-0 (2, )(q @y (@D,
= 5T (bD, ){x™™ b)r.(z.b s”
n;o (PRI (v, B (2 )(q (o) M (eH o)

=T, (bD, ){Zr (y, b)((th)) Z (z,b (q, - }|xyt|,|xbt|,|xzs|,|xbs|<1

n m=0

=T,(bD,) L
(xyt, xbt, xzs, xbs; q),,

(xzb?s?;q),, i (xzs,%bs; q);, ; (Xbt; Q) ; (byt)! (b%)’

" oyt 7, 7z, YO B b2t |bzs|b?s|<1.
yt, Xbt, xzs, xbs, bzs,b"s; q)., 5% (xzb®s?;0),,; (9;9); (g;q);

e Setting t =0 in (5.1), we get Mehler's formula (1.10) for 1, (X,b).

In the following theorem, we derive new identity for the generalized Rogers-Szegd polynomials depending on (5.1).
Theorem 5.2 We have

n

d s u vl
B)r, (YD), (z,b)r, (w,b)r, (f,b)r:(g,b
n,m,;,-:or”m(x Mier) R (P (R (T ) 8 )(q;q)n (@A) (09), (@0)

(xwb?s®, ygb*v*;q),,
(xzt xbt, xws, xbs, bws, b?s, yfu, ybu, ygv, ybv,bgv,b?v;q).,

y i (Xbt;q); (xws, xbs; ), , (Ybu; ), (ygv, yov;q),,, (bzt)' (b*t)” (bfu)' (b?u)" 62)

h (xwb®s%;);, , (Ygb*v?;a),,, (a;a); (@:0), (99), (%),

where max{| xzt |,| xbt],| xws |,| xbs|,|bws|,| b?s|,| b?t |,| yfu],| ybul,| ygv|,| ybv|,| bgv|,|b?v],|b?u[} <1.

e Setting t=u=v=0 or t=5=u=0 in (5.2), we get Mehler's formula (1.10) of the generalized Rogers-Szego
polynomials.

Theorem 5.3 We have

m k

- S u
b)r(y,b)r- (z,b)r, (w.b
n,mz,k“mr"*m*k(x (-0}l (2. D) )(q D (@), (@50);

n

(xb®>wu?;q),,
(xyt xbt, xzs, xbs, xwu, xbu, bwu,b?u; q).,

y i (Xbt;q) ; (xzs;0) ;. (X0S; )y, 0 (WU, XDU; ), 114 (bzS)' (DYDY (B%)' (b%s)P

s (xb?Wu?; Q). fursp (a;9); (@;a); (a;9), (@),
(5.3)

where max{| xyt|,| xbt|,| xzs|,| xbs|,| xwu |,| xbu],| bwu |,| b?s |,|b?u [} <1.

Proof.
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n k

s™ u
(@;9), (9;9), (@;9)«

i Mamek O D), (Y, D)1, (2, D)1 (W, D)

n,m,k=0

(xt)" (XS < (xu)
=T, (bD, b
( >{zr<y ) S e B S ,q)k}

( an k=0

=T,(bD,) !
(xyt, xbt, xzs, xbs, xwu, xbu; q) .

(xb®wu?;q),,
(xyt,xbt,xzs,xbs,xwu,xbu,bwu,bzu;q)w
. i (XDt ) ; (x25,9) ;1 (X0S; @) oo OWU, XDUQ);. 1. (b25)' (b))’ (071)' (b75)"
e (xb*WUZ; Q)i i (@:9); (9:0); (a:9), (@),

e Setting $=0 in (5.3), we get the identity (5.2), and setting t =S =0 in (5.1), we get Mehler’s formula (1.10) of the
generalized Rogers-Szegd polynomials.

Finally, we derive the following identity of the generalized Rogers-Szegd polynomials by using the results (1.14) and (1.16)
of the ( -exponential operator.

Theorem 5.4 We have

z n Sm uk
rn+k (X b) r.m-¢—k (y, )
n,mk=0 (CHOMGHOMECHO)
(zybsu, yb?su. xbtu/s; q) o ( ybsu/t. bs, ys :
= ‘ — aga | 7 o :1q,xbtujs ),
(zt,ys, xyu, bru, byu, bt. bs, b*u; q)~ rybsu, yb=su (5.4)

where max{| xt|,| ys|,| xyu|,| bs|,| bxul,|bt|,|byul,|b?u,| xbtw/s [} <1.

Proof.

m k

S u
b ,
nr;or"”(x v (Y )(q ), (40, (50

n

t" < uk

(0:9), (@:9), (9:0),

i T, (bD)AX™ T, (bD,)4y™*}
m.k=0

(x)" = (¥8)™ & (xyu)*
=T,(bD,)T, (bD 2: }: 2: Axt]|ys], 1
(DT, ){ (a; tti)nmzo(ouq)mk=0(0|;q)k}|x”ystyu|<

] 1
=T,(bD,)T, (qu>{m}

=T, (bD,)| —— XD - Ibshibxul<d
(xt, ys, xyu,bs,bxu;q),,

(O]

(xybsu, yb?su, xbtu/s: q) : ybsu/t, bs, ys ,
- ' ‘ " iq.xbtu/s ).

= - - - 30x .
(xzt,ys, zyu, bru, byu, bt, bs, b*u; q) o ~ xybsu, yb?su

e Setting U=0 in (5.4), we get a result of multiplication of two generating functions (1.9) for the generalized
Rogers-Szeg6 polynomials, where
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Zr (X, b) ) mzo (y,b) ’(q 0. " (xt,bt, ys,bs;q),
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