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Abstract
In this paper, we are concerned with oscillation of a class of third-order nonlinear delay difference equation of the form
Ala(m)A(b(M)Ay(n)) +q()y"(n—k) =0, n=n,.

We establish some new oscillation criteria by transforming this equation to the first-order delayed and advanced difference
equations. Employing suitable comparison theorems we present new results on oscillation of the studied equation. Some
examples are provided to illustrate the results.
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1 Introduction

In recent years, determination of oscillatory behavior for solutions of first and second order difference equations
has occupied a great part of researchers' interest. Compared to the first and second order difference equations, the study
of third order difference equations has received considerably less attention in the literature, even though such equations
arise in the study of economics, mathematical biology and other areas of mathematics. For contributions, we refer the
reader to the papers [1-6] and the references cited therein.

Therefore in this paper, we are concerned with the oscillation of the third-order nonlinear delay difference equation of the
form

A(a(m)A(b(M)Ay(n))) + q(n)y'(n—k) =0, n=n, (1.1)
subject to the following conditions:
Q) y is the quotient of odd positive integers;
(ii) fa(n)}, {b(n)}and {g(n)} are sequences of positive real numbers;
(iii) k is a positive integer.

By a solution of equation (1.1) we mean a real Sequence {y(n)} and satisfying equation (1.1) for alln = ny . We

consider only those solution {y(n)} of equation (1.1) which satisfy sup {|y(n)| :n = N} > Oforal N > ngy. A
solution of equation (1.1) is said to be oscillatory if it is neither eventually positive nor eventually negative and non
oscillatory otherwise.

In [15], the authors considered the equation (1.1) and studied the oscillatory behavior of all solutions when

= 00 = ©0
L. a(n) i )
n=ny n=no

Motivated by this observation, in this paper we discussed the oscillatory behavior of equation (1.1) for the following two

cases.
i ! < d i ! 1.2
—— < = — 0 )
() < b(n) (1-2)
n=ng n=ngo
and
i ! < d § 2 < 1.3
—_— (ee] —_— (0e] .
2(n) " b(n) (13)
n=ny n=ny

In Section 2, we establish some sufficient conditions which ensure that all solutions of equation (1.1) are either oscillatory
or converges to zero. Examples are provided in Section 3 to illustrate the main results.

2 Oscillation Results

In this section, we will establish some oscillation criteria for the equation (1.1). To simplify our notation, let us denote
2(n) = ~w(n) = ~a(m)(Bb(W)Ay(n)) and B(n) = Tp .

We begin with the following Lemmas.

Lemma 2.1.

Let q(n) > Qforall n =ny and a > 0 is a ratio of odd positive integers and K is a positive integer.

iq(n)=oo,

(1) If « <1 and

then all solutions of the equation
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Ax(n) +qn)x*(n—k) =0 (2.1)
are oscillatory.
(i) If «a =1 and
n-l k+1
lim i ot
Mm inf Z q(s)><k+1) '
s=n—k

then all solutions of equation (2.1) are oscillatory.

1
(iii) If @ > 1 andthereexistsa A > - In @ such that

T}l_r){)lo inf [q(n) exp(—e’“’)] >0,
then all solutions of equation (2.1) are oscillatory.
Proof.
The proof can be found in [8] and [16]. (m |
Lemma 2.2.

Let q(n) > 0 forall n = ng and ,3 > 1 is aratio of odd positive integers and K is a positive integer. If

iq(n)=oo,

n=ng
then every solution of the equation

Ax(n) —q)xP(n+k)=0 (2.2)
is oscillatory.
Proof.

Assume that {x(n)} is a nonoscillatory solution of equation (2.2). Without loss of generality, we may assume that
x(n) >0 forall n = ny; = ng . From the given equation, we have

Ax(n) = qm)xP(n+k) >0
and therefore {x(n)} isincreasingand xf(n+ 1) < xf(n + k) foral n > n, . Then
s Ax(n) xB(n+k)
.~ 3 . > n, .
jx(n) sF 7 xP(n+1) ) xFn+1) ), =

Summing last inequality from 7111 to N — 1, we have
x(N) ds N-1
f 7 2 E q(n)
S
x(nq) n=nq

or

N-1 1
n) < < 0,
2, 10 < G
n=niq
Letting N — 00 in the last inequality, we obtain a contradiction and the proof is now complete. (m ]

Lemma 2.3.
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Let q(n) > 0 forall n = ngy and m is a positive integer. If

n+m
m m+1

Mim inf Z q(n) > (m + 1)

then every solution of

Ax(n) —qn)x(n+m) =0 (2.3)
is oscillatory.
Proof.
The proof can be found in [7]. (m ]

Theorem 2.1.

Assume that condition (1.2) holds. Let there exist numbers &, 8, with &« <y < [ suchthat a,f,y are
the ratios of odd positive integers. If there exist two positive integers [ and m with 21 < k and if for all sufficiently large
ny =2 ng andfor Ny > Ny, the following difference equations

n—k—1 Zi_:%llL .

Aw(n) + ¢/ "“q(n) Z TS‘;(”) W (n — k) = 0 (2.4)
1 n+l-1 1 sp+l-1
Av(n) + m S; a(s,) S;2 q(sy) |vP (n+2l—-k)=0 (2.5)
and

00 1 B [n—k-1 1 4

Az(n) — cf_ﬁq(n)< z @> Z b6 zZP(n+m) =0 (2.6)
s=n+m S=niq

are oscillatory for all constants ¢; > 0, ¢, > 0, then every solution of equation (1.1) is oscillatory.
Proof.

Let {y(n)} be a nonoscillatory solution of equation (1.1). Without loss of generality, we may suppose that
{y(n)} is positive. Then there exist three possible cases:

Case(1): y(n) >0, Aym) >0, A(b(n)Ay(n)) >0,
A (a@ma(b(m)ay(n)) < 0;
Case(2): y(m) >0, Aym) <0, A(bmAym))>0,

A (a@ma(b(m)ay(n)) < 0;

and

case(3): y(m) >0, Aym) >0, A(bmAym))<0,
A(a(n)A(b(n)Ay(n))) <0

for n = nqy, where Ny = Ny is large enough.

Assume that case(1) holds. Using A (a(n)A(b(n)Ay(n))) < 0, we have
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”i a(s)A(b(s)Ay(s))
a(s)

b(n)Ay(n) =

S=n1

n—1
1
> a(m)A(b(n)Ay(n)) Z et

S=n1

That is,

amA(bMAy(n)) &= 1
Ay(n) = b(n) Z a(s)’

Summing the last inequality from 15 (1, > ny) to 1 — 1, we get by the definition of w(n) that
1

n—1 Zu n
y(m) = a(m)A(b(n)Ay(n)) z To)l(u)

B Tyl Zu—nl a(u)
W(n) b(s) . (2.7)

From equation (1.1) and the fact that Ay (1) > 0, we see that there exists a constant ¢; > 0 such that
A (a@ma(b@m)ay(n)) +c] “qm)y*(n—k) < 0.
Using (2.7) in the above inequality, we see that W(n) is a positive solution of the inequality

1 a
n—k— lzu = a(u)

Aw(n) + ¢! “q(n) Z —

S=ny

wi(n—k)<0.

Therefore, by Lemma 1[16], the associated delay difference equation (2.4) also has a positive solution, which is a

contradiction.
Next assume that case(2) holds. Summing equation (1.1) from nton + [ — 1 implies that
n+l-1

aMABbMAYM) = D )y (51~ k)

s1=n
n+i—1
> y(n+l—k) Z q(sy) .
s1=n
That is,
n+l—-1

Yn+1—k
A(b(n)Ay(n)) = 4 (na-(l-n) ) Z q(s1) .

S1=n
Summing the last inequality from n ton + [ — 1, we have
n+l—-1 sp+l-1
y'(s;+1—k)
by = PIIED
— a(sz)
Sp=n S1=S2
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n+l—1 1 s2+l-1
> y(n+2l—k 2 Z 5.
Y ( ) 2wty 2 96
Sp)=n 51=S2
That is,
n+l-1 s2+l-1
y'(n+2l—k) 1
—Ay(n) > Z Z (s
y b G L, 16
S1=S52
Summing the last inequality from N to 00, we get
yr(n+
() > Z Z (s1).
Y SN TES! a(sp) Ls T
S3=n S1=S2

Let us denote the right hand side of the last inequality by v(n). Then v(n) > 0, and one can easily verify
that V(1) is a solution of the difference inequality

1 n+l—1 1 s2+l-1
Av(n) + —Z Z S v(n+2l—k) <0.
( ) b(n) “ a(SZ) “ CI( 1) ( )

Therefore, by Lemma 1[16], the associated delay difference equation (2.5) also has a positive solution, which is a
contradiction.

Assume that case(3) holds. As A (a(n)A(b(n)Ay(n))) < 0, we see that a(n)A(b(n)Ay(n)) is decreasing.

Thus, we get

a(s)A(b(s)Ay(s)) < a(m)A(b(n)Ay(n)) for s=n=>n,.

Dividing the above inequality by a(s) and summing the resulting inequality from 71 to N — 1, we obtain

N—-1 1
BIN)AY(N) < b(m)Ay(n) + a(m)A(b(n)Ay(n)) Z il

Letting N — o, we have

o 1
b(W)Ay(n) = —a(mA(b(n)Ay(n)) Z@ (2.8)
Using conditions y(n) > 0 and A(b(n)Ay(n)) < 0, we have
n—1
1
y(m) = b(n)Ay(n) Z@ (2.9)
Thus,
A L)l <o0. (2.10)
n-1 _*+
s=n1p(s)

Combining (2.8) and (2.9), we get

1534 |Page April 30, 2014



L&JA\ ISSN 2347-1921

0o n—1
1 1
> —a(m)A(b(n)A Z— Z —. 2.11
Yy = —amABMY™) ) == ) T (211)
s=n s=nq
On the other hand, we have by (2.10) and (n + m) = (n — k) that
n—k—-1 1
s=ni }
yY(n—k) = —(13) yY(n+m)
n+m-—1
= b(s)
n—k—1 1
s=ni p
= —(13) yPm+m)y"P(n+m). (2.12)
n+m-—1
=1 b(s)
. . n-1 _1
By virtue of (2.10), we have that there exists a constant ¢, such that y(n) < ¢, s=n1505) "
Hence by (2.12), we get
Y 25 1b( 5\ e\
1 S
14 k) > f | ——— 227 B(n + z | B
y(n—k) 2c) i yF(n+m) bGs)
s=ni b(S) S=nq
n+m-—1 1 —# n—k—1 1 Y
_ B — | 48 2.1
! Wi rcl Z he | Y+ m. (2.13)
sS=nq Ss=n
Using (2.13) in equation (1.1), we have
) 1 B [n—k-1 1 14
Aw(n) +ciF q(n) Z — z — (—W(n+m))ﬁ <0.
a(s) b(s
s=n+m s=niq
Writing the last inequality in the form
0 1 n—k—1 14
Az(n) — ¥ q(n Z Z zZP(n+m) >0.
(n) q()<_ a(s)> ) am ) At
s=n+m =n

From the above inequality and Lemma 1[16], we deduce that the associated advanced difference equation (2.6) also has
a positive solution, which is a contradiction. This completes the proof.

Corollary 2.1.

Let (1.2) holds and let @ = f§ = ¥ = 1. Assume that there exist two positive integers [ and m with 2] < k and if
for all sufficiently large 1My = Ny and for n, > nq,

n—1 s—k— 12 k+1
u= n1 alu k
llrn inf Z q(s) Z b )( ) > (k+1) , (2.14)
s=n—k K
. s-lil szi 1 o> ( k — 21 )k—21+1 (2.15)
A 2, 56 Loty L 107 e |
s=n S$1=5Sy

and
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11m mfn:rn;r:q(s) z a(u)silb(u) ( _1) , (2.16)

then every solution of equation (1.1) is oscillatory.
Proof.
The proof follows by using Lemma 2.1(jii) and Lemma 2.3 in Theorem 2.1 and therefore the details are omitted. (m ]

Corollary 2.2.

Let (1.2) holds andlet &« > 1, B > 1 and y > 1. Assume that there exist two positive integers [ and m  with
2l < k and if for all sufficiently large T4y = ng and for n, > Ny, we have if kK = 1 and there exists a A; >

1
m In @ such that

1 a
n—k— 12u '
lim inf q(n) Z T(;(u) exp(—e*1") | > 0, (2.17)

also there existsa A, > —— 3 Iny such that

k—
n+l—1 sp+l—1
lim inf b(n) Z a(sy) Z q(sy) | exp(—e*2™) | >0 (2.18)
and
oo 2 1 B [n—k-1 1 4
z o (Zm@> Z e | = (219)

then every solution of equation (1.1) is oscillatory.

Proof.

The proof follows by using the Lemma 2.1(jiii) and Lemma 2.2 in Theorem 2.1 and therefore the details are
omitted. (m |
Corollary 2.3.

Let (1.2) holdsandlet &« < 1, ¥ <1 and B = 1. Assume that there exist two positive integers [ and m with
2l < k and if for all sufficiently large 1y = ng and for Ny, > Ny,

we have
o iy 1\
Z 9 | ) —5) == (2.20)
o0 0 n+l 51_n2 sp+l—1
2 bL Z a(sy) Z A1) = (@2
" n+m—1 s s—k—1 ~
lim mfs;lLI(S)uZm e Z e (m; ) , (2.22)
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then every solution of equation (1.1) is oscillatory.

Proof.

The proof follows by using the Lemma 2.1(i) and Lemma 2.3 in Theorem 2.1 and therefore the details are omitted.

(m]
Corollary 2.4.

Let (1.2) holds and let & <1, Y <1 and f > 1. Assume that there exist two positive integers [ and
m with 21 < k and if for all sufficiently large 11 = Ny and for n, > nq,

e Ay
n; q(n) ; —m 2] = (2.23)
o 1 n+i—1 s2+l-1
Z e Z e Z q(s) = oo (2.24)
and
oo o B [/n—k- 14
n; q(n) <;m$ ;llfls) B, (2.25)

then every solution of equation (1.1) is oscillatory.

Proof.

The proof follows by using the Lemma 2.1(i) and Lemma 2.2 in Theorem 2.1 and therefore the details are
omitted. [u]
Theorem 2.2.

Let all conditions of Theorem 2.1 hold with (1.2) replaced by (1.3). If

Z b(v) Z a(u) Z qE)BY (s 4 = (2.26)

v=no

then every solution of equation (1.1) is oscnlatory.
Proof.

Let {y(n)} be a nonoscillatory solution of equation (1.1). Without loss of generality, we may suppose that
{y(n)} is positive. Then there exist four possible cases (1), (2), (3) (as those of Theorem 2.1) and

Case(4): y(m) >0, Aym) <0, A(bmmAym))<0,
A(a(n)A(b(n)Ay(n))) <0

for n = ny, where My = ng is large enough. From the proof of Theorem 2.1, we can eliminate cases (1), (2) and
(3). Consider now the case (4). Since A(b (n)Ay(n)) < 0, we get,

Ay(s) < M for s>n.

b(s)

Summing this inequality from 1 to N — 1 and letting N — ©0 implies that

y(n) = —B(n)L(n)Ay(n) = LB(n) (2.27)
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for some constant L > 0. From equation (1.1), we have,

A (a@ma(bm)ay(n))) + L' q(n)BY (s - k) < 0.

Summing the above inequality from 14 t0 n — 1, we get

n—1
a(m)A(b(m)Ay(n)) + LY z q(s)B" (s —k) <0.

Summing again, we obtain

n-—1 1 v—1 1 u—1
S Ny S
y(nl) b(v) a(u) q(s) (S )
v=nq u=niq S=njp
which contradicts (2.26). This completes the proof. O

Remark 2.1.

Based on Theorem 2.2, similar to Corollaries 2.1 — 2.4, one can obtain some oscillation criteria for equation (1.1). The
details are left to the reader.

3 Examples
Example 3.1.

Consider the third order difference equation

A (nZA(nAy(n))) + n®y(n—-3)=0, n>1. (3.1)
Here, a(n)=n?% b(n)=n, qin)=n3, k=3 andy=1.Choose a=F=1 and [ =1 and
m = 2, then all conditions of Corollary 2.1 are satisfied and hence every solution of the equation (3.1) is oscillatory.

Example 3.2.

Consider the third order difference equation
A (nZA(nAy(n))) + n*y3(n-3)=0, n>1. (3.2)

Here, a(n) =n?, b(n) =n, q(n) =n*, k=3 andy = 3. Choose a=§, B =5and [l =1, then

it is easy to see all conditions of Corollary 2.2 are satisfied and hence every solution of the equation (3.2) is oscillatory.
Example 3.3.

Consider the third order difference equation

A (n3A(nAy(n))) + n6y%(n -4)=0, n =1 (3.3)

3 6

Here, a(n) =n>, b(n)=n, q(n) =n

m = 2, then itis easy to see all conditions of Corollary 2.3 are satisfied. Therefore all solutions of the equation (3.3) are
oscillatory.

, k=4 and y=§. Choose a=%,ﬁ=1, l=1 and

Example 3.4.

Consider the third order difference equation

A (n3A(nAy(n))) + nsyg(n -5) =0, n> 1. (3.4)
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Here, a(n) =n3, b(n) =n, q(n)=n>, k=5 and yzg. Choosea=§, [3:%, =2 and

m = 2, thenitis easy to see all conditions of Corollary 2.4 are satisfied. Hence, every solution of the equation (3.4) is
oscillatory.
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