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ABSTRACT

The Randi¢ index R(G) of an organic molecule whose molecular graph is G is the sum of the weights [d(u]d[v]]_i of

all edges uv of G, where d () (or e{77)) denote the degree of vertex u(or v). In this paper, we compute the Randi¢ index of

line, subdivision and total graphs for some graphs.
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INTROUDUCTION

In 1975 Randic [8] proposed several numbering schemes for the edges of the associated hydrogen-suppressed
graph based on the degrees of the endvertices of an edge in studying the properties of alkane. To preserve rankings
of certain molecules, several inequalities involving the weights of edges needed to be satisfied. Randic stated that

weighting all edges uv of the associated graph G by (d{u)d (Eﬂj]_i preserved these inequalities, where d(u) denotes the

degree of a vertex u in G. The sum of these latter weights over the edges of G is called the Randic index of G, denoted by
R(G). Some researchers often call it connectivity index [2]. Randic index is an important molecular descriptor and has
been closely correlated with many chemical properties [6] and found to parallel the boiling point, Kovats constants, and a
calculated surface. In addition, the Randi¢ index appears to predict the boiling points of alkanes more closely, and only it
takes into account the bonding or adjacency degree among carbons in alkanes (see [7]). It is said in [5] that Randi¢ index
“together with its generalizations it is certainly the molecular-graph-based structure-descriptor, that found the most numerous
applications in organic chemistry, medicinal chemistry, and pharmacology”. More data and additional references on the index
can be found in [3,4].

The vertex set and the edge set of a graph G are denoted by V(G) and E(G), respectively. Let G = (V,E) be a simple graph
with vertex set {v1, Vz,..., Vo}. The Randi¢ index of a graph G is defined as

1
R(G) = Luwvez (o) Totmace

where d(u) denote the degree of vertex u.

Eiz
Obviously, If G be a r-regular graph, then R(G ) = Q

For example, The Randi¢ index of the cycle C,;, complete graph K, and complete bipartite graph ffm are as follows:

nin—-1) _

z
T Tl
= W R(K,n.)="—=mn andR(C,) =

R(K,) =

]

Let xz-}-denotes the number of edges with degree i, j, resp. The Randi¢ index can be rewritten as

R(G) =X 1igjzn—1 x._;i

Vi

There are many results concerning Randi¢ index. In [1], Bollobas and Erdés gave the sharp lower bound
of R [G] = yn—1 when G is a graph of order n without isolated vertices. Yu [10] gave the sharp upper bound

ofR(T) =

+2+/2-3
- : , When T is a tree of order n. Caporossi et al [2] gave another description of the Randi¢ index by using

linear programming.
In this paper, we derive formulae of the Randi¢ index of line, subdivision and total graphs for some graphs.

Main results

Firstly, we restate three graphs which constructed from a graph G.

Subdivision Graph: The subdivision graph S(G) is the graph obtained from G by replacing each of its edge by a path
of length two, or equivalently, by inserting an additional vertex into each edge of G. (See [9]):
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Line graph: The line graph of G, denoted by L(G), is the intersection graph whose vertices correspond to the edges of G,
and two vertices of L(G) are joined by an edge if and only if the corresponding edges in G are adjacent.

Total graph: A natural extension of line graphs is the total graph. The total graph T(G) is the graph whose vertex set is the
set of all elements of G, and two vertices are adjacent if and only if the corresponding elements are associated in G, or

equivalently, The vertex set of T(G) is V[G] U E[G]. Two vertices X, y in the vertex set of T(G) are adjacent in T(G) in

case one of the following holds: (i) x,y are in V(G) and x is adjacentto y in G. (ii) X, y are in E(G) and x, y are adjacentin G
(i) xisinV(G), yisin E(G), and x, y are incident in G.

By the above definitions we have following lemma.

Lemma2.1. (a)Lete =uv € V(L(G) NE(G). Thend, ) (e) = d(u) + ds(v) — 2.

d.(w), weV(G)

(b) Forevery w € V(5(G)), dgzy(w) = { 2 wEE(G)

2d.(w), w E V(G)

(c) Forevery w € V(T(G)), dyigy(w) = {dls (u) +d.(v), w=uv €E(G)

Result 2.2. Let G be a r-regular graph. Then
1. Foreveryw £ V(T(G)), d _,:G}(Wj =2(r—1)and |E[L[G:])| = (r — 1)|E(G)].
2. Foreveryw € V(S(G)), drigy(w) = 2orrand |[E(5(6))| = 2|E(G)I.
3. Foreveryw € V(T(6)), drig(w)= 2rand |E(T(6))|= r(IE(G)] + IV(G)]).
Result 2.3. Let G be a r-regular graph. Then

R(L(6)) = E2 R(5(6)) = 22 ana R(T(6)) = T

War

Example 2.4. R(L(K,)) = %_1} R (L[KM)) = ”2—5 and R(L(C,)) = E

—_—

R(5(k,)) =222 R(S(K.n)) = 2m/2n and R(S(C,)) = n.

=
L

-+

R(T(K,)) =" R(T(K,,)) =22 ana R(T(C,)) = n.

Result 2.5. Let G be a r-regular graph. Then R(G) + R(L(G]) = R(T(G)).

Result 2.6. Let G be a r-regular graph. Then
1. R(G) < R(L(G)) < R(5(G)) < R(T(G)),ifr = 3.

1520 | Page April 26, 2014



ISSN 2347-1921

2. Forr=2,R(G)=R(L(G))and R(T(G)) = R(5(G)) = 2R(L(G)) = 2R(G).
In following we compute Randi¢ index for three graphs, path, star and wheel graph.
The path graph P,,:

Let B, be a path graph with n vertex. Let V(B,) = {v;, v5, ..., v, Jand E(B,) = {e, €5, ... €1 ).

— ‘u"E+ n—El

Vix2 2z

z ~3
Obviously, R(P,) = e + =

2]

By the definition of line graph, V(L(B,) = E(B,), E(L(B,) = {e,e;.411 =i =n — 2} soL(P,) = P,_,, thus

n—4

-
=

R(L(P) =2+

By the definition of subdivision graph, V (§(B,)) = {vy, v5, ..., ¥, 81,85, .. €,_1 } and
E(S(Fnj = {vfefll =i=n-— 1} v {EE-?.ZJE-+1|1 =i=z=n-— 1} We haveSE:Pn] = .P:n_l,SO
R(S(B))=n—2++2

2WE+3I+4/3 | 4n-13
Theorem 2.7. The Randié index of total graph of path, R(T'(B,)) = — ; =+ A

Proof. By the definition of total graph, V(T (B,) = V(B,) UE(B,),
E(TR)={rvell=sisn—1}U{ev,ull <i<n—-1}U{pvll<isn-1}u

{eieg‘+1|1 =i<n-— 2}

By Lemma 2.1(a), dT':?Jn} (1n) = dr,:,pn}[:vn] = 2| dr,:,pn} (ey) = dr,:,pn} (e,-1) =3 and r.'ir,:pn:, (v,) =4, for

i#+1,nand d'ﬂ:'pn} (e;) =4 fori = 1,n— 1. Thus

x x x Xx 2 2 4 4n—13
R(T(P, ) =22 24 B M — — —
( ( n]) 23 + R + REEE + R ) + 242 + 2+43 + 2
This proves the result. o
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The star graph K ,,

Let V[Km) = {v, vy, vy, ..., ¥, } and E.'[KL”} ={e,, e, ..., e, }, where &; = vV, . Then

n —
R(K,,) = Tl

By the definition of line graph, V[L[Km) = E(K,,) E(L(Km) = {eie}- 1=<i<j=< ﬂ} So L[Kl,n) =K,,

thus R(L(Ky,)) =

n+n

Theorem 2.8. The Randi¢ index of subdivision graph of star graph, R [S[ij) =—.

B

Proof. By the definition of subdivision graph, V (5 (K, ) = {vy, vy, o, U, €4, €5, e € )4

E(S[Km) ={rell=i=n}jU{vel|l=i<n}

By Lemma 2.1(b), We have dg(g, ) (v;) = nand dg(g. L] (e;,) = 2 fori = 1,2,...,n. Thus

= x n n n+m .
R[S(Km])= =+ 2L = — 4+ — = —— asdesired. o
waxl V2Xn V2 Wan 2

Theorem 2.9. The Randi¢ index of total graph of star graph,

n+yn nn-1)

W
R[T(KLH:])_?_FM;—Z('Rﬂ' 1:] 2[,”_'_1:]'

Proof. By the definition of total graph, V[T[Km) =V(K;,)UE(K,,)and
E(T(Ky,) ={rellisnlufvrlicisniu{velizisniulee|l<i=+j<n}
By Lemma 2.1(c) We have dz-,:;,:: 2D (v) = 2n, dT,:K: ) (vi:] = 2 and dlr,:H: 2 (ei] =n+lforl =i=mn. Alo

mn
Taizm) = X2int1) = Xizmiinsn) — AN X(piqyne1) = (2) Thus
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n n {;} _n n+n nin—1)

n
RIT(K = =— — .
[ ( 1«'”:]) S 2mn+l) v2xIn + JInx(n+l) Ni m+1=int1) 2 4/ 2(n+1) 2in+1)

This proves the result. O

The wheel graph W,

Let V(W,) = {v, vy, vy, ... v, Jwhere d,, (v) =n,d, (v;)=3forl<i<nand

—_ ¥ ¥ ! r__ — r__ —
E(an - {61,32, ...,En, 61,62, "'-"E?‘!}’ Where ei - 'E?'i'.;'i and ei - 'i'.?i'l?i_l_i,forl- - 1,2,...,ﬂand y?‘!+1 - ?'?1-

Thus R(W,) = 42 —nhm
.

n
/3 xn V3x3 3

Theorem 2.10. The Randi¢ index of line graph of wheel graph,

Vn n n(n —1)
R(L(W, )=+ — i
LW =5 yat+1 2(n+1)

Proof. By the definition of line graph, V(L(W},) = E(W,,) and
E(L(W,) =
{eeqll=i=ne,., =elufele,ele J1<i=ne,=¢elufee|l<i=j<n]

According to Lemma 2.1(a), We have d (W) (e.)=4andd (W) (ell=n+lforl=<i=n.

T
). Thus

Onother hand, Xys = T, Xyrpaqy = Zn and Xin+1)(n+1) = (2

2n {2) v ! n(n—1)
RALW,) = r , ~ 2 "Unti 2t 1)
Vix4d Jax(n+1) Jin+tDx(n+1) vn+1 2(n+1)

as desired. ]

[6+-+/In
Theorem 2.11. The Randié index of subdivision graph of wheel graph, B(S(W,)) = e

-
.

Proof. By the definition of subdivision graph,
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V(W) = {v, v, vy, o, Uy 81,85, 000, €, €1, €5, e Ep ),

E(S(W,) ={ve,ev,. .velll <i=n}U{vell<i<n}

By Lemma 2.1(b), dsry; ) (€;) = dsyr 3 (€) = 2, dsye 3 (v;) = 3 and dgpyy  (v) = 1. Thus

R[:SU"'L';]:]: Ko ¥ Hon :3n+ n

VZTH3 A TEn B I

|

o
=3
=

The result now follows. O
Theorem 2.12. The Randi¢ index of total graph of wheel graph,

(4n+/3n) | (3 In+3n/B) | nin-1)

R(T(Wn)] . 5 B,/ (n+3) 2(n+3)’

Proof. By the definition of total graph, V (T (W) = V (W, ) U E(W,) and

E(TW,)={v,v, . ve. v peeqllsi<niUfvpr|llsi<niUfve/ll=i<n}u

(vielll <i € njufele,ele,_;l1<i<ne;=e}uUfefel|l =i=j<n}

By Lemma 2.1(c) dI'I:Wn} (v) = 2n, dl"{Wn} (v,) = dI'{Wn} (e;) = 6and dl"{Wn} (ei)=n+3forl=i=<mn.

T
AlSO Xgg = &N, Xpion) = Xginia) = 21, Xiap)(nesz) = 1, AN X(pagiinsz) = (EJ-ThUS
RCeY) — =y e\ £ B fT SEE )
L VExXE  ABxIn  Jfinx(nt3)  Jex(nt3)  fTnt3lx(nt3)

This proves the result. O
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