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Abstract

In this paper, we established criteria for asymptotic properties of nonlinear difference equation with mixed arguments of
the form

A% (8, (A%,)" )+ 0, T (%) + P (X, ) =0, NEN,

where{a.}, {p,}and {q,}are nonnegative real sequences, « is a ratio of odd positive integer, and ¢ and M are

positive integers. We deduce the properties of studied equation by establishing new comparison theorem, so that some
asymptotic properties of nonoscillatory solutions are resulted from the oscillation of a set of first order difference equations.
Some examples are provided to illustrate the main results.
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1. Introduction

In this paper we are concerned with the following third order nonlinear difference equation with mixed arguments of the
form

A (a, (A, )“)+qnf (%, )+ p.h(Xm) =0, neN, L.1)

Where N0 {no,n +1, N, +2,.. } , is a nonnegative integer, £ and M are positive integers. f,h:R—>R is

continuous and nondecreasing and A is the forward difference operator defined by AXn = X,,1 — X,,» subject to the

o
following conditions.

(Hl) ¢ is a ratio of odd positive integers;
{ } is a positive real nondecreasing sequences;

3 { } and {qn } are nonnegative real sequences;

uf (u)>0and uh(u)>0 foru=0;

4

2)
)
)
) -

f(—uv)> f (uv)> f (u)f(v) foruv>0;

5

¢) —h(=uv)>h(u)h(v) for uv>0.

(H
(
(
(
(

H
H
H
H

Let 0= max{f, m}. By a solution of equation (1.1), we mean a real sequence {Xn} which is defined for

nzn, — 6 and satisfies equation (1.1) for all Ne No- A nontrivial solution {Xn} of equation (1.1) is said to be
oscillatory if it is neither eventually positive nor eventually negative, and nonoscillatory otherwise.

The oscillatory behavior of solutions of third order difference equations with or without delay have been
investigated by several authors, see for example [3, 4, 5, 7, 13], and the references quoted therein.

In [8, 12], the authors studied the oscillatory behavior of third order difference equation with mixed arguments.
Following this trend in this paper we discuss the nonoscillatory behavior of equation (1.1) by comparing it with first order
delay / advance difference equation. In Section 2, we establish some results on the nonoscillatory properties of equation
(1.1) and in Section 3, we provide some examples to illustrate the main results.

2. Main Results

Through the paper it is assumed that

R, = W = % 2.1)

s=n,
It is convenient to prove our main results by means of a series of lemmas as follows.

Lemma 2.1. Let {Xn} be a nonoscillatory solution of equation (1.1). Then {Xn} satisfies one of the following
(1) x,Ax, >0, an(an (AX, )“)>O and anZ(an (AX, )“)<0;
(1) x,Ax, <0, an(an (AX, )“) >0 and anz(an (Ax, )“)<0,

eventually.

Proof: Let {Xn} be a nonoscillatory solution of equation (1.1) and assume without loss of generality X, > 0 for all

N=n,. It follows from (1.1),

Az(an(Axn)“)<0.
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Thus A(an (AXn )a) is decreasing and of fixed sign. We claim that A(an (AXn )a) >0 for all n=n,. If
A(an (AXn )a)< 0 for n>n, >n,, then from (1.1) and condition (2.1), we have a, (AXn )a < Owhich implies
X, <0, a contradiction. Therefore we conclude that A(a11 (AXn )a) >0 eventually. Hence @, (AXn )a is of fixed sign
for all N. Thus either case (I) or case (ll) holds.

Definition 2.1. The equation (1.1) has property (A) if every nonoscillatory solution {Xn} of equation (1.1) satisfies case
() of Lemma 2.1.

Lemma 2.2. Suppose {pn} and h(u) satisfies (H3) and (H4) respectively. If the first order advanced difference
inequality

Az, —p,h(z,,,)=0 2.2)
has an eventually positive solution, then so does the advanced difference equation

Az, - p,h(z,.)=0. 2.3)

Proof: Let {Zn} be a positive solution of (2.2) forall N >N € N0 . Then Z_ satisfies the inequality
n-1
Z, 22y + Y. Ph(z,n)-
s=N

Let yl(n)z , and
n-1
Ye(n)=z,+> ph(y,(S+m)), k=23,..

s=N

From the definition of Y, (n) and (H4) that the sequence {yk (n)} has the property

z,=Y,(n)=y,(n)>y;(n)>..27,, n>N.

Hence lim, yk(n)z y,, where z, >y >27,,N>N. Let h (n): pnh(yk (n+m)),k =12,.... Then
hl(n)th(n)Z...ZO. Since hl(n) is summable on [N,n] and lim, hk(n)= pnh(ymm). By Lebegue

dominated convergence theorem
n-1
yn = ZN +Z psh(ys+m)'
s=N
Thus Y, satisfies (2.3).

Lemma2.3. Assume A>0, B>0, ¥ >1 then
(A+B) = A" +B’.
Lemma2.4. Assume A>0, B>0, y>1 then

A" +B’
2
The proof of Lemmas 2.3 and 2.4 can be found in [12].

(A+B) =

Lemma2.5. Assume Z, >0, Az, >0, and A(an (AZn )a) > 0 eventually. Then for arbitrary K € (0,1)
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n+m 2 k n+m 24
-, R (2.4)

eventually.

a
Proof: Let W, =@, (AZn) . Then, we have

n+m-1 n+m-1

/ -1/ / -1/ /
Zom— Ly = z \Niaas ‘ ZVVlna z a, “ ZVvlnm(Rner_Rn)
s=n s=n
or
7 \Nlla
Zom >14 % (R, -R). @5)
Z, Z,

On the otherhand, since Z, — o as N —> 20, then for any k e (0,1) and N as large as possible, such that

n-1 n-1 n-1
kz,—<z,—-zy = > Az, <> w/a " <w/*> a;t".
s=N s=N s=N
Therefore
\Nln/a k
Z > E . (2.6)
n n
Using (2.6) in (2.5), we get
Zn m k Rn m
—*21+R—(Rn+m ~R,)zk=—mm,
Zn n n

The proof is now complete.

Next we establish some properties of nonoscillatory solutions of equation (1.1). Define

> 1/a
Ql(n):a;”"‘(n—Nl)”“ [qu} , @.7)

s=n

-3 1/ a
R(n)=a"“(n-N,)"" [Z ps:| , 2.8)

s=n

and

E(n)=]](1+Q.(s)) (2.9)
s=N,
Theorem 2.1. Let 0 < <1, assume that (He) holds and

L:J)Zlfor u=0. (2.10)
u

If the first order advanced difference equation

Az, — F;(n)(El(n))fl h'“ (E,(n+m-1))h**(z,,,)=0 (2.12)
Is oscillatory then equation (1.1) has property (A).

Proof: Assume the contrary, let {Xn} be a nonoscillatory solution of equation (1.1) satisfying case (| ) of Lemma 2.1.
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We assume that X, > 0 for N = N . Summing equation (1.1) from N to co and using (2.10), we obtain

A(an (AX, )")z 30X, + > P (Xom)

2 quxsa—( + h(xn+m)z Ps - (2.12)
s=n s=n
On the otherhand we substitute S—/¢ =U, we have

quxsa—Z = Z qu+/,xl7 e zqs+,€xsa e X:qud '
s=n s=n s=n

u=n-/

From (2.12) and the last inequality, we have
a 2 =
A(an (Ax,) )2 XEY e +N (X ) D P (2.13)
s=n s=n

Since A(an (AXn )a) is decreasing, we have

n-1

a,(A%,) = A(aS (AX )a)z A(an (AX, )“)(n -N,). (2.14)
s=N,
Combining (2.13) and (2.14) we obtain
a, (&%)  =x7 (N=N,) D 0, +h (X ) (N=N) D ps. (2.15)

By Lemma 2.3, we have

© la )
s, 252 0N (S, | G - (S

la

s=n
or
1
AX, = Q, ()X, +P,(n)h (x,..,)-
n-1
By setting X, = ZnH(l—i- Ql(s)), we can easily verify that Z, is the positive solution of the advanced difference
s=N,
inequality

Az, —P,(n)(E,(n)) " h"“ (E, (n+m-1))h (2,..)=0.

By Lemma 2.2, the corresponding difference equation inequality (2.11) has a positive solution, which is a contradiction.
This completes the proof.

Corollary 2.1. Let 0 < <1. Assume that (H;) and (2.10) hold. If

la
USC) >1, |u> (2.16)
and
n+m-1 m m+1
lim inf >’ Pl(s)(El(s))lEl(s+m—1)>(m—J (2.17)
noe sn +

then equation (1.1) has property (A).
Proof: We see that (2.17) implies

1748 |Page June 9, 2014



L&JA\ ISSN 2347-1921

o0

> R(s)(E(s)) E(s+m-1)=co. (2.18)

s=n

By Theorem 2.1, it is sufficient to prove that equation (2.11) is oscillatory. Suppose, let (2.11) has a positive solution Z, .

Then Az, >0 and Zz,, >C>0.

Summing (2.11) from Nl to N —1 we obtain inview of (2.16)

2,23 RE)(E () ¥ (E, (s+ m-1))h¥ (z,..)

s=N,
n-1
>cY R(s)(E(s)) E (s+m-1).
s=N,
By (2.18) implies

limz, =co,

nN—oo

Using (2.16) in (2.11) we have {Z,} is a positive solution of difference inequality

Az, ~R(n)(E,(n))  E,(n+m-1)z,., >0. (2.19)

On the otherhand Corollary 2.2 in [6] and (2.17) guarantees that (2.19) has no positive solution. This contradiction shows
that equation (1.1) has property (A).

Theorem 2.2. Let & > 1. Assume condition (He) and (2.10) hold. If the first order advanced difference equation

Az, ~R,(n)(2%“E, (n))_1 h'e (24" E, (n+m-1))h'*(z,,,)=0 (2.20)
is oscillatory then equation (1.1) has property (A).

Proof: Suppose {Xn} is an eventually positive solution of equation (1.1) satisfies case (l) of Lemma 2.1. Then from
inequality (2.15) and Lemma 2.3, we have

AX, 2 2% [ Q, (M), + R(MN"“(X,,n) |- (2.21)

n-1

Denote X, =Z, Z(lfa)/aH(l+ Q,(8)). Itis easy to see that Z, is the positive solution of the advanced difference
s=N,

inequality

Az, P, (n)(24“"“E, (n))_l h'« (249 E, (n+m—1))h'* (z,,, ) 20.

By Lemma 2.2 we deduce that the corresponding difference equation inequality (2.19) has a positive solution, which is a
contradiction. Hence the proof is complete.

Corollary 2.2 Let & > 1. Assume condition (He) , (2.10) and (2.16) are hold. If

n+m-1 N m+1
lim inf > Pl(s)(Z(“‘)’“El(s))lEl(s+m—l)>(mrilj 2(11@/0,’ (2.22)

s=n
then equation (1.1) has property (A).
The proof of Corollary 2.2 is similar to that of Corollary 2.1, so it can be omitted.

For our next result, we define

n—-1 «
A = qn( a;”“] : (2.23)
—(—k

S=n—~{
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s+m-1 )

R,(n) = h( > aj‘““Jz P, (2.24)
j=s+m-k s=n

QZ(H)ZEA(S+€+|(), (2.25)

and
E,(n) =] [ @+Q,(s)) (2.26)
s=N,
where K isa positive integer.

Theorem 2.3. Let (He) holds. If the first order advanced difference equation

-1 la 1
Az, —P,(n)(E, () h(E,(n+m-k-1))“h(z/% )=0 (2.27)
is oscillatory then equation (1.1) has property (A).
Proof: Let {Xn} be a positive solution of equation (1.1) satisfying case (I) of Lemma 2.1. By monotonicity of

y, =4, (AXn )a > 0 implies

n-1 n-1

X z yi./a -la = yl/a Z as—lla (2.28)

s=n—k s=n-k

eventually. Combining (2.28) together with (2.12) we have

Ayn >zqsxs f+h n+m ips

s—/-1 &
>quys (= k( allaj h(yiﬁj-, k)P (n)
s=n j=s—(-k

or
Ay, 2 i AYs i +PR (Mh(yils). (2.29)

By arguing as in the proof of Theorem 2.1, we see that S—/ — K =Uleads to

iﬁgys_é_k =iA(u +0+k)y, = yniA(u +/+k)=Q,(n)y,

u=n

Using the last inequality in (2.29) we have

~Q,(n)y, =Py (n )h(yi’ffn k)>0 (2.30)

n—
By putting Y, = ZnH(1+ QZ(S)) It is easy to check that Z, be a positive solution of the advanced difference
s=N;

inequality

Az, — B, (n)(E, (n)) "h(E, (n+m—k-1))""h(z¥% )= 0.

n+m k

It follows from Lemma 2.2, the corresponding difference equation (2.25) has a positive solution, a contradiction to the
assumption. So we conclude that equation (1.1) has property (A).

By using similar argument as in the proof of Corollary 2.1, we easily verified that the following result holds.
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)

Assume that (H) and (2.10) hold. If

Corollary 2.3.
la
h(u™) >1, |u>1, (2.31)
and
o n+m—k—1 a m m+1
liminf >’ P,(s)(E,(s)) Ez(s+m—k—1)>(—1] (2.32)
n—oo s—n m +

then equation (1.1) has property (A).

We offer another criteria for oscillation of equation (1.1) based on the properties of first order delay difference equation.

Let us denote,
Ra & ~1l/a 1 a ¢
P,(n) = pnﬂ% > at(s—N,) : (2.33)
n s=N

n—¢-1

Q;(n)=q,f ( D ae(s- Nl)”“j, (2.34)
s=N

and
E,(n) =] [@-PR(s)) (2.35)

s=N;

where [ €(0,1) is arbitrary.
Theorem 2.4. Assume that (H;) and (Hg) hold. Let

la
hu )Zlfor u=0. (2.36)
u
If for some £ € (0,1) , the first order delay difference equation
- 1/«
AW, +Qu() (E; (M) £ ((Eo(n—£-1))" ) f (wi5) =0 @)

is oscillatory then equation (1.1) has property (A).
Proof: Assume that contradiction. Then there exists a nonoscillatory solution {Xn} of equation (1.1) satisfies case (l) of

Lemma 2.1. We assume that X, > 0 and let B = ﬂl/“ . Appling Lemma 2.5 we see that {Xn} satisfies

R
Xim = ﬂl f Xq (2:38)
n
eventually. Let N > N,, we denote 7, = A(an (AXn )a) . Itis easy to verify that
f h Rn+m <
Az, +q,f(x,,)+p.h| A R K|S 0 (2.39)
n
and (2.14) can be written in the form,
o a
a, (Ax,)" > A(an (Ax,) )(n -N,)>z,(n—N,).
Summing from N, to N—1, we lead to
June 9, 2014
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n-1 n-1
Xn > Z as—l/azi./a (S . Nl)l/a > Z#/a z as—lloz(S _ Nl)lla.
s=N; s=N;

Combining the last inequality with (2.39), we obtain

n—/-1 n-1
6z, +6,f [zﬁ’f; > a5 Nl)”“} pnh(ﬁl R e 5 g e s - Ngwj <0

=N, n =N,
or
1
Az, +Py()z, +Q;(n) f (/%) <0.
n-1
By setting Z, = WnH (1—P;(s)) . 1t follows that Z,, is a positive solution of delay difference inequality
s=n

AW, +Q,(n) (Ey(n)) ™ f ((Es(n—zz—l))”“) f (W) <o0.

By Lemma 3 in [10], the corresponding delay difference equation (2.37) has a positive solution, which is a contradiction.
This complete the proof.

Corollary 2.4. Assume that (H;), (H,) and (2.36) hold. If

la
T 51 oquit (2.40)
u
and for some f € (0,1),
n-1 h / 41
lim inf > Q,(s)(Es(s)) E3(s—é—1)>(—j (2.41)
n—oo =3 /+1
then equation (1.1) has property (A).
Proof: It is easy to see that (2.41) implies
n-1
> Q3(s)(E3(s))_l E;(s—¢-1)=c0. (2.42)

s=n—/

By Theorem 2.4, it is sufficient to prove that (2.37) is oscillatory. Assume that (2.37) have an eventually positive solution
W, , then AWn < 0. we claim that lim W, = 0. If not, there exists some I >0 such that W, _, >I. Summing (2.37)

n—o0

from N, to N—1, we have inview of (2.40)

w, =W, + S QU () 1 ((Es(s—-1)" ) (w)

s=N,;

> f (rl’“)nzillQ:g(s)(Eg(s))fl E,(s—¢-1).

s=N,

Letting N —> 00, we get a contradiction and we conclude that limz, =0. Thus 0<z <1. By using (2.40) in (2.37),

n—oo

we see that Z is a positive solution of difference inequality

AW, +Q,(n)(E;(n)) " E;(n—£-1)w, , 0. (2.43)

n-¢ —

By Corollary 2.2 in [6] and condition (2.41) ensure that (2.43) has no positive solution. From this contradiction, we
conclude that equation (1.1) has property (A).
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3. Examples
In this section, we present some examples to illustrate the main results.

Example 3.1. Consider the third order nonlinear difference equation with mixed arguments

A% (nAX, )+ n-2 X, ot X,.,=0, n>3. 3.1)
(n+D)(n+2)(n+3) (n+D)(n+2)
n-2 o
Here @, =N, a=1/=2,m=3,q, = d p, . Then, it is easy to see that

M+D(n+2)(n+3) " (n+D(n+2)

1
all conditions of Corollary 2.1 are satisfied and hence equation (3.1) has property (A). In fact {Xn}: {— is one such
n

solution of equation (3.1) having property (A).

Example 3.2. Consider the third order nonlinear difference equation with mixed arguments

) 2(n-1) 2
A*(2nAx, )+ X, + X,.,=0 n>2 3.2)
(n+D)(n+2)(n+3) (n+)(n+3)
Here &, =2n, a=1/(=1m=2,q, = ML) and P, =——————".Then, itis easy to see that
(n+D)(n+2)(n+3) (n+1)(n+3)

1
all conditions of Corollary 2.2 are satisfied and hence equation (3.2) has property (A). In fact {Xn}z {2— is one such
n

solution of equation (3.2) having property (A).

Example 3.3. Consider the third order nonlinear difference equation with mixed arguments

5 1

A2 (zn (AX, )3)+W T T 0, n>2. (3.3)

Here @, =2 a=3,(=2,m=4,q, zzi

N and P, = F Then, it is easy to see that all conditions of Corollary

1
2.3 are satisfied and hence equation (3.3) has property (A). In fact {Xn}= {5 is one such solution of equation (3.3)

having property (A).
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