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Introduction

The Banach contraction principle is the most natural and significant result of fixed point theory. It has become one of the
most fundamental and powerful tools of nonlinear analysis because of its wide range of applications to nonlinear equations
arising in physical and biological processes ensuring the existence and uniqueness of solutions. It is widely considered as
the source of metric fixed point theory. Also, its significance lies in its vast applicability in a number of branches of
mathematics. Generalization of the above principle has been done by various mathematicians see [1,3,7,8,20-26].
Existence of a fixed point for contraction type mappings in partially ordered metric space and applications have been
considered by many authors.There already exists an extensive literature on this topic, but keeping in view the relevance of
this paper, we merely refer to [3-6,10-13,15,18,19,25-26].

Bhaskar and Lakshmikantham [25] introduced the notions of mixed monotone property and coupled fixed point for the
contractive mapping F : X xX—X, where X is a partially ordered metric space and proved some coupled fixed point
theorems for a mixed monotone operator. As an application of the coupled fixed point theorems, they determined the
existence and uniqueness of the solution of a periodic boundary value problems. It is very natural to extend the definition
of 2-dimensional fixed point (coupled fixed point), 3-dimensional fixed point (tripled fixed point), 4-dimensional fixed point
(quadrupled fixed point) and so on to multidimensional fixed point (n-tuple fixed point) ,(see also [4,5,9,16, 17,19]). The
last remarkable result of this trend was given by M.Imdad et al. [13] by introducing the notion of multidimensional fixed
points.(see also[1,4,12,15,18,24]).

The purpose of this paper is to establish some n-tupled coincidence and fixed point results for compatible maps in
complete partially ordered metric spaces. Our results generalize and improve the results of [4,7,8,12,13,15,19,25,26].

2. Prilimaries:

As usual, this section is devoted to preliminaries which include some basic definitions and results related to coupled fixed
point and n-tupled fixed point in partially ordered metric spaces.

Definition 2.1 [26] Let ( X, <) be a partially ordered set equipped with a metric d such that

(X, d) is a metric space. Further, equip the product space X x X with the following partial ordering:

For (x,y), (u,v) € X X X, define (u,v) < (x,y) ©x = u,y < v.

Definition 2.2 [26] Let (X, <) be a partially ordered set and F: X —X then F enjoys the mixed monotone property if F(x, y)
is monotonically non-decreasing in x and monotonically non-increasing in y, that is, for any x, y €X,

X1,%2 € X, %1 < X2 > F (%1, y)= F(x2,y) and yy, y,€X,y1 X ¥, = F(x,y1)= F(x,¥5).

Definition 2.3 [26] Let (X, <) be a partially ordered set and F: X x X — X, then (x, y) € X X X is called a coupled fixed
point of the mapping F if F(x,y) = x and F(y,x) = y.

Definition 2.4 [26] Let (X, <) be a partially ordered set and F:X xX - X and g: X - X then F enjoys the mixed g-
monotone property if F(x,y) is monotonically g-non-decreasing in x and monotonically g-non-increasing in y, that is ,for
any x,y € X,

x1,%2 €X,g(x1) < g(xy) > F(x,y)< F(xp,y),forany y € X,

Y1,¥2 €X,9(1) = g(02) = F(x,y1)= F(x,y,), forany x € X.

Definition 2.5 [26] Let (X,<) be a partially ordered setand F: X XX - X and g: X —» X , then (x,y) € X X X is called
a coupled coincidence point of the maps F and g if F(x,y) = gx and F(y,x) = gy.

Definition 2.6 [26] Let (X,<) be a partially ordered set, then (x,y) € X X X is called a coupled fixed point of the maps
F:XxX »> X and g: X->X ifgx=F(x,y)=x and gy =F(y,x) = y.

M. Imdad et.al [13] propounded the idea of n-tupled coincidence points and n-tupled fixed points by taking r as even
natural number as follows:

Definition 2.7[13] Let ( X, <) be a partially ordered set and F:[]/_, X! - X then F is said to have the mixed monotone

property if F is non-decreasing in its odd position arguments and non-increasing in its even positions arguments , that is,
if,

0] Forall x},x} € X,x} < x} = F(x},x?,x53, ..., x") < F(x},x%,x3,...,x7),
(i) Forall x?,x% € X,x? < x% = F(x!,x%,x3, ..x") = F(x',x2,x3, ...,x"),
(i) Forallx3,x3 € X,x3 < x3 = F(x!,x%,x3,x%, ..., x") < F(x', x%, %3, x%, ..., x7),

Forall x,x5 € X,x] < x} = F(x',x%,x3, ..., x]) = F(x!,x%,x53, ...,x%).
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Definition 2.8[13] Let ( X, <) be a partially ordered set and F:[]/_; X’ - X and g: X—X be two maps. Then F is said to
have the mixed g-monotone property if F is g-non-decreasing in its odd position arguments and g-non-increasing in its
even positions arguments , that is, if ,

0] For all x},x3 € X, gx} < gxd = F(x},x?, %3, ...,x") < F(x},x%,x3, ..., x7),
(i) For all x?,x% € X, gx? < gx? = F(,x', x},x3,...,x") = F(x', x%,x3, ..., x7),
(iii) Forall x3,x3 € X, gx} < gx3 = F(x', x%,x3, ..,x") < F(x,x%,x3, ..., x"),
For all x], x5 € X, gx] < gx5 = F(x', x%,x3, ...,x]) = F(x',x2,...,x5).
Definition 2.9[13] Let X be a nonempty set. An element (x1,x ,x3,... v xT) €[, X' is called an r-tupled fixed point
pty i=1 p p

of the mapping F:[T/_; X! - X if

L= F(xx%, %3, ...,x7),
x% =F(x%,x3,...,x",x1),

x3 =F(@3, ..., x",x1,x2),

=F(x",xl,x2, ..., x" 7).

Definition 2.10[13] Let X be a nonempty set. An element (x!,x2,x3,...,x") € [[/_; X' is called an r-tupled coincidence
point of the maps F:[['_; X! > X and g: X > Xif

gx! = F(x',x?,x3, ..., x7),
gx? = F(x%,x3, ..., x",x1),
gx3 = F(x3, ..., x",x%, x?),

gx" =F(x7,x%,x3,...,x"71).

Definition 2.11[13] Let X be a nonempty set. An element (x!,x2,x3, ........,x") € [T'—; X' is called an r-tupled fixed point
of the maps F:[[/_; X! > X and g: X > Xif

xl=gx! = F(x1,x%,x3,...,x7),

x% = gx? =F(x%x3, ..., x7,xb)

x" =gx" = F(x",x},x2, ..., x""1).
Imdad et al. [13], assuming r as even natural number proved the following theorem:
Theorem 3.1 Let ( X, <) be a partially ordered set equipped with a metric d such that (X, d) is a complete metric space.
Assume that there is a function (pI[0,00) - [0,00) with (p(t) <t and lim, .+ () < tfor each t> 0. Further let

F:[Tl_; X! > X and g: X—X be two maps such that F has the mixed g-monotone property satisfying the following
conditions:

0) F(ITi=1 X9 < g (),

(i) g is continuous and monotonically increasing ,

(iii) the pair (g, F) is commuting,

) d(FG, 22,23, 0,2, FL Y2, 5%, y7) < 0 (3 Znct d(g (), grm))
forall x%,x2,x3,...,x", v,y y3, ...,y € X, with gx! < gy!, gx? = gy?,
gx3 = gy3,...,gx" = gy". Also, suppose that either

(a) F is continuous or

1734 |Page May 30, 2014



ILLJJM ISSN 2347-1921

X has the following properties:
(@) If a non-decreasing sequence {x,,} - x then x,, < x foralln = 0.
(i) If a non-inecreasing sequence {y,} - y then y <y, foralln > 0.
If there exist x3, x3,x3, ..., x§ € X such that
(iv) gx§ < F(xd, x¢,x3, ..., %),
gxg = F(x3,x8, ..., x5, x}),

3 3 1.2
gxg S F(XG, o, xb, x5, x5),

gxy = F(xd, x§,x¢, %3, .., x5 1L).
Then F and g have a r-tupled coincidence point, i. e there exist x!,x?,x3, ..., x™ € X such that
v) gxl = F(xl,x%,x3, ..., x7),
gx? =F(x%,x3, .., x7,x),

gx® = F(x3, ..., x", x1,x2),

gx" = F(x",x', x%,x53, ..., x""1).
Main Results:
Remark 3.1 Regarding the definitions (2.9) and (2.10), we notice that, in the case n = 3,
gx' = F(x', x?,x3),
gx? = F(x?%, x3,xY),
gx3 = F(x3,xt,x?),

do not extend the notion of tripled coincidence point by Brinde and Borcut [2]. Therefore their results are not extensions of
well known results in tripled case and hence we can say that the odd case is not well posed.

Remark 3.2 Also, we see that the system of equations defined in (2.7) is not suitable to work with the classical mixed
monotone property when r is odd . For example, if r =5 and F is monotone non-decreasing in its odd arguments and
monotone non-increasing in its even arguments, then the equations

x' = F(x!, 22, x3,x% x°) (x! and x° are placed in non-decreasing arguments of F) and
x? = F(x%,x3,x* x% x1) (x* and x®are placed in arguments of different monotone type of F)
Do not let us to show the existence of fixed points using the classical mixed monotone property.

To make the paper free from these flaws, we recall here the concept of multidimensional fixed point/ coincidence point
introduced by Roldan et. al [1], which is an extension of Berzig and Samet’s notion given in [18].

Henceforth, X will denote a non-empty set and X" will denote the product space X X X x ....x X and r as a general natural
number. Also, fix a partion {4, B} of A, ={1,2,...,n}, thatis A4, = AuB and AnB =@ where A and B are non-empty
sets. We will denote:

QA’B ={0:4, > A,:0(4) € Aand o(B) € B } and
QQ’B ={0:4, > A,:0(A) S Banda(B) S A}.
If (X,=) is a partially ordered space, X,Y € X and i € 4,,, we will use the following notation:

x 2 y,if iEA,}
<.
x —ly‘:’{xzy,if i €B.

Consider on the product space X7, the following partial order:

x=04Lx% .1, y=04Ly% .Y EXT, xSye x %, v, forall i.
We say that two points x and y are comparable if x € y or y € x.

Definition3.1 Let (X, <) be a partially ordered space with the maps F: X" - X and g:X —» X. We say that F has the
mixed g-monotone property (w.r.t {A,B}) if F is monotone g- nondecreasing in arguments of A and monotone g-non
increasing in arguments of B, i.e, for all x{,x;,...,x,,y,z € X for all i,

gy =gz = F(xL,x?, .. x 7Ly, x™*, x") = F(yhy? o, yihz,y L y7).
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Henceforth, let oy, 05, ..., 0,: A,, = A,, be n mappings from A4,, into itself and let y be the n-tupple (o1, g5, ..., g,,). The main
aim of this paper is to study the following class of multidimensional fixed points.

Definition 3.2 A point (x!,x2,...,x™) € X" is called a y-fixed point of the mapping F if
F(xoi®,x0@,  x9®)) = x! for all i.

Example 1 Let (R, d) be a partial ordered metric space under natural setting and let F:[]'_; X - X be mapping defined by

F(xl,x2,x3, ..., x7) = sinffix! - x2 - x3 - ... x7), forany x1,x2,x3,..,x" € X, then (0,0,0,...,0) is an r-tupled fixed point of F.

Definition 3.3 A point (x1,x?,...,x") € X" is called a y-coincidence point of the mappings F: X" - X and g:X - X if
F(xo W, x0@,  x9@)) = gx forall i.

Example 2 Let (R, d) be a partial ordered metric space under natural setting and let F:I[/'_; X' > X and g: X - X be
maps defined by

1 2 3 4

- cosx* -+ .- sinx™1

F(xY, x%,x3,...,x") = sinx! - cosx? - sinx - cosx”,
g(x) = sinx,

forany x!,x2,x3,..,x" € X, then {(x',x2,x%,..,x"),x! =mm,m € N,1 < i <r}is an r-tupled coincidence point of F and
g.

Definition 3.4 A point (x!,x%,..,x") € X" is called a y-fixed point of the mappings F:X" > X and g:X — X if
F(xo®), 0@, x0) = gx' = x! for all i.

Definition 3.5 An ordered metric space {X,d} is said to have the sequential g-monotone property if it saitisfies:
d
0] If {x,,}is a non-decreasing sequence and {x,,} - x, then gx,, =< gx for all m.

d
(i) If {x,,}is a non-increasing sequence and {x,,} - x, then gx,, = gx for all m.
If g is the identity mapping, then X is said to have sequential monotone property.
Now, we define the concept of compatible maps for r-tupled maps.

Definition 3.6 [24] Let ( X, <) be a partially ordered set, then the maps F:X" - X and g: X - X are called
compatible if

lim,, . g (F (x,f‘(l),x,fi(z), ...,xzi(r)),F (gxﬁi(l),gx,[{i(z), ...,gxzi(r))) =0, for all i,
whenever,{x1}, {x2}, {x3}, .., {x}} are sequences in X such that
limF (xﬁ‘(l),x,f‘(z),x:i(s), ...,xzi(r)) = limg(x}) = x', for all i, for some x!,x2,x3, ..., x" € X.
n—e n-e

Remark 3 If one represent a mapping o : A, — 4, throughout its order image, that is, o = (a(1),0(2), ...,a(r)), then

0] G-Bhaskar and Lakshmikantham’s electionin n =2 iso; =t = (1,2) and g, = (2,1)
(i) Berinde and Borcut’s electionin n =3 isg; =1 =(1,2,3), 0, = (2,1,2) and g3 = (3,2,1)
(iii) Karapinar's electionin n =4 iso; =7 =(1,2,3,4) ,0, = (2,3,41), 03 = (34,1,2) and g4 = (4,1,2,3)

These cases consider A as the odd numbers in {1,2,...,n} and B as its even numbers. However, for Berzig and Samet
[18],use A ={12,..,m},B ={m+1,..,n}and arbitrary mappings.

For our main result, we state the following lemma:

Lemma 1 [4] If {x,,}men IS @ sequence in a metric space (X,d) that is not Cauchy, then there exists ¢y > 0 and two
subsequences {xy )}, ., @nd {xn ()}, ., SUch that, for all k € N,

k< m(k) < n(k) < m(k + 1),d(xm(k),xn(k)) = &0 and d(xm(k),xn(k)_l) < &.
Now, we prove our main result as follows:

Theorem 3.1 Let ( X, <) be a complete ordered metric space. Let y = {0y,0y,...,0,,} be n-tuple of mappings from
{1,2,..,n} into itself verifying o;,€Q,, if i€A and o; EQQB if i€ B. Assume that there is a function

Q: [0,00) —)[0,00) with (p(t) <t and lim,_.+ () < tfor each t> 0. Further let F: X" - X and g: X — X be two
maps such that F has the mixed g-monotone property satisfying the following conditions:

(81 F(X") c g(X),

(3.2) gis continuous,

(3.3) the pair (g, F) is compatible,
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(3.4) d(Fx',x% %%, ., x7), FL, 2,93, y) < o(max{ d(g(x™), g(y™)}) ,
for all x ,xz,x3,...,xr,y ,v2, 9%, L yT€EX,n=12,..,r and gx' <; gy', foralli.
Also, suppose that either
(c) Fis continuous or
(d) X has the sequential g-monotone property.
If there exist x§, xZ, x5, ..., x§ € X such that
gxb < F( oil) o (2), ...,ng<”) for all i, then F and g have atleast one y - coincidence point.
Proof. Starting with x4, x3,x3, ..., x5 € X , we define the sequences {x}}, {x2}, {x3}, .., {1} in X as follows:
(3.5) gxipy = F (270,67 @, xf, ...,x;{f(”), forall n and all i.
Now, by induction we can prove that
(3.6) gxi <; gxi,q forall n,

As gx} <; F (ng“),ng(”, ...,ng<”) = gxi, for all i, (where i take all the values in A or B at the same time). Suppose that
(3.6)holds for n and we are going to prove it for n+1. The induction hypothesis is

gxh S gxj 1,1 € A}

3.7 xh < gxl o 4 "
( ) 9Xn i 9Xn+1 {gx,‘lng,ﬁH,iEB

Now, we want to prove that gx} ., <; gx.,, for all i,i.e gxi,, < gxi,,i€A and gxi,, = gxi,, i€ B. Therefore, we
have to distinguish between whether i € A or i € B. Suppose that i € A and F is g-monotone non-decreasing in A-
arguments with the first inequality of (3.7) and deduce that, for all a,,ay, ...,a, € X:

g%, < gx . = F(ay,ap, .., a5_1,%}, as11, o, @) < Fay,az, ..., @51, X} 1, @541, -, @), if j, s € A, and F is g-monotone non-
increasing in B-arguments with the second inequality of (3.7)

J > gy J j £
g%, = gx) . = F(ay,ag, .., a5_1,%), as11, o, @) < F(a1,az, ., @5_1,X) 1, Q541, v, ), i j, 5 € B.
This means that, if j,s € {1,2, ...,n} verify j,s € A or j,s € B. Then
F(ay, az, ., a5_1,%,,a am) < F(ay, az, o, a5_1,%. ,1,a an), forallaj,ay, ...,a, € X. Asg; € Q
1 A2y wees Os—1, Xy Qs -on) A ) S F (@1, A2, 0y @51, Xy 4, A1, ) Qo ), 1,02, -, 0, EX.ASG; EQ, 5

gx3y = F (27 @67 @, x5 ) < (1,0,(1) €A or 1,5,(1) € B)

n

IA

n+1 0 Xn

IA

F (xa‘(l) 52 U‘(r)) < (2,0;(2) €Aor2,0;(2) €EB)

F (g 27D, . %7 P) < (2,0,(2) € Aor 2,0,(2) € B)

.. 0i(1)  0:(2) o)) _ .0
= F(xn+1 X1 s Xn g1 | = GXnoo-

IA

Hence gx,.; < gx,., when j or g;(j) € A and (3.7) is true if i € A. Now suppose that j € B (so g;(j) € B. In this case, we
apply that F is g-monotone non-increasing in B-argument with the second inequality of (3.7) and deduce that, for all
a, a, ..., a, € X, that,ifj,s €{1,2,..,n} verify je Aors e Borj € B ors € A. Then

F(ay,ap, o, Qs_1, %, Gg41, o0 @ ) = Fay, @y, e, 51, X 11, o1, oo Wi )-
Since g; € Qf‘ - Therefore,
gxTi, = F( o) @) ...,x,‘{i(”) >(1edo(l)eBorleB,a(l)ed)

> F (x5 @, 27 P) 2 2 € A,6,(2) e Bor2 € B,oy(2) € A)

\%

F (i 272, x7) 2 BeA0(3) e Bor3eB,ai(3) €4)

(D) 0i(2) 1 o)) _ .0
Z 2 F(xn+1 »Xnp1 o Xna o Xngr | = GXyyp-

Hence gx’° gxn+2 when j € B and hence (3.7) is true.

n+1

Define

@8) 1= mariora {4 (() (k) = mariaya {4 ((00). e (29}
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Firstly, suppose that there exist ny € N such thaty,,, = 0. Then

gxh, = gxi 41 =F (x;{g(”,xgg(”, ...,xflg(r)) for all i, so (xi,,xZ,, .., x4,) is a y-coincidence point of F and g and we are

nothing to prove. Therefore, we may reduce to the case in which y,, > 0 for all n that is

V n,3 j such that gx,i * ng Using (3.4) and (3.5)

n+1-

@9 a(e()(x)
=d<F (Xai(i) X0® Xai(q)) F(xg"(l) X2@ xgm))
D xitl ), x@
P ( max {d (g (Xgi(é)) g (Xgi(i)»})

0 ( max {d (g(xﬁ_l),g(xi))}), for all n and for all ;.

Taking maximum on j, we deduce that

(310) ¥, =max {d (g(XL)'g(XLH))}

< ¢ (max{d (g(x)-1). 9(1))}) = 0 (rar).

Since ¢(t) <t for all t > 0, therefore, y, < y,_q for all n so that {y,} is a non-increasing sequence. Since it is bounded
below, there is some y = 0 such that

IN

(3.11) lim, ¥, = +V.

We shall show that y = 0. Suppose, if possible y > 0. Taking limit as n - « of both sides of (3.10) and keeping in mind
our supposition that lim, .+ ¢(r) < t for all t> 0, we have

(3.12) y=limy ¥ < 9(¥m-1) = 9(¥) <y,
this contradiction gives y = 0 and hence
(3.13)  lim [max {d (g(x{[),g(xflﬂ))}] =0, forallj.

Next we show that all the sequences {g(x})},{g(x2)},{g(x3)} ... ... .. ,and {g(x],)} are Cauchy sequences. If possible,
suppose that {gxf;}, {gx,lé},,{gx,lfl} (s=1) are not Cauchy sequenes and {gxffl“}, {gx,i,i”}, ,{gx,l;} are Cauchy
being {iy, iy, ..., i, } = {1,2,...,7}. By lemma [1], for all t € {1,2, ...,s}, there exists ¢ > 0 and subsequences {gxfflt(k)} and
{gxfl‘t(k)},k € N such that

k < m, (k) < n,(k),
(314)  d(gxl 4y 978 o)) = & and d (g1t o GX o)) <& VK EN

Now, let & = max(eq, &, ..., &) > 0 and g5/ = min(eq, &3, ..., &) > 0. Since {gx,ifl“}, {gx,ifl”}, ,{gx,l;} are Cauchy, there
exist ny € N such that if n,m = ny. Then

. . /
d(gxl,, gx)) < % forallj € {igyq, ., in}

Let ky € N such that ny < min{m, (ky), m,(ky), ..., ms(kg)} and m(1) = min{m, (ky), my(ko), ..., ms(ko)}. As m(1) = m, (ko)
for some t € {1,2,...,s}, there exist n;(ky) such that d(gx,‘,gt(ko),gx;f[(ko)) > ¢ = ¢&. Thus, we can consider the
numbers m(1) + 1,m(1) + 2, .., until finding the positive integer n(1) > m(1) verifying

(3.15) maxd (gxrl,‘l(l),gx;t(l)) >¢g = 82—0,
d (gx;(l),gx;’(l)_l) < 82—0 vje{1.2,..,s}
Now, let k; € N such that n(1) < min{m, (k1), my(k1), ..., ms(k1)} and m(2) = min{m, (k1), m,(kq), ..., ms(k1)}. Since
m(2) € {my(ky), my(ky), ..., mg(k1)}, we can consider the numbers m(2) + 1,m(2) + 2, ..., until finding the positive integer
n(2) > m(2) verifying
it it £
(3.16) maxd (gx;n(z),gx;l(z)) > >,

d (gx;fl(z),gx:l"(z)_l) < 52—0 vjef{12,..,s}.
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Repeating this process, we can find sequences such that, for all k > 1,
ng < m(k) <n(k) <m(k +1),

i¢ i¢ €
(3.17) maxd (gxrln(k),gx;(k)) > >,
d (gx:i(k),gx:lj(k)_l) < %0 vjef{12,..,s}

Since ny < m(k) < n(k), we know that d (gxin(k),gxi(k)) ,d (gxin(k),gxi(k)_l) ,d (gxin(k)_l,gxfl(k)_l) < % for all
J € {is41, -, in}. Therefore, forall k,

(3.18) max g4 d (gxfn(k),gxfl(k)) = max;g<d (gx;r‘!(k),gx;f(k)) > g,
max;<j < d (gx{n(k),gxfl(k)_l) < g/
Note that for k > kq,
J Jj Jj J J J &
319) d (gxm(k)—l'gxn(k)—l) <d (gxm(k)—l’gxm(k)) +d (gxm(k)‘gxn(k)—l) <3
Then for all j and all k > kq,
Jj Jj — a;(1) a;(r) o;(1) a;(r)
(3.20) d (gxm(k),gxn(k)) =d <F (xm(k)_l, ...,xm(k)_l),F (xm(k)_l, ...,xm(k)_l))
o;(1) a;(1)
<o (max {d (gxm(k)_l, gxn(k)_l)})
i i & &
= p(max{d(gx,,)-1, 9% )-1)}) < @ (70) < ;0

this contradict (3.17) since max d (gx;;(k),gx;t(k)) > 2. This contradiction shows that {g(x})}, for all i, is Cauchy. Since
the metric space (X, d) is complete, so there exist x!, x2, .....,x" € X such that

(3.21) limyow g(xh,) = x4, for all i.
As g is continuous, so from (3.21), we have

(3.22) lim#(g(xh)) = g(x'), for all i. By the compatibility of g and F, we have

(3.23) limy_.d <g (F (x;f(l),xz{(z), ...,xz{(r))) F (g (xz{(l)) . g (x,‘:{(z)), wrd (xz{(r)») =0, forall i.

Now, we show that F and g have an r-tupled coincidence point. To accomplish this, suppose (a) holds, i. e F is continuous.
In this case {g (x,‘;‘(’))} - x%0) = xI then using (3.23) and (3.5), we see that

d (g(xi), F(xo®, 0@, ,x"i(r)))
= lim, . d <g (g (x,‘fli’f))F (g (=N g (), .. (ng(r)))>

= lim, . d (g (F (x,‘:{(l),xz{z, ...,x,‘:{(r))) ,F (g (x,‘;"(l)), g (x,‘:{(z)), wrd (x,ff”))) =0,

which gives g(x!) = F(xoW,x7@), | x7) forall i, that is (x!,x?,...,x™) is ay - coincidence point of F and g.

If (b) holds, thatis (X,d) has sequential g-monotone property and by (3.6), we have gx} <; gx.,, for all nandi. This
means that the sequence {gx},} is monotone. As x’ = limgx/,, we deduce that gxi <; gx‘, for allnand i. This condition
n—o

implies that , for all n and j,
(3.24) either g (g (x;fi@'))) < g(x@®), for all i
or g(x7) < g (g (ng°>)), for all i

(the first case occurs when j € A and second one when j € B. Fix j € {1,2, ...,r} and since {ggx,il} - gxt.

Also F is g-compatible and g is continuous, by (3.23) and (3.5), we have

rlli_)rr_}cggx,il = gx' = lim,_ g (F(x"i W x5 @, ...,x"i(r))) = lim, .« (F(gx"i(l),gx"f(”, ...,gx“l(r)))
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)

(3.25)

<d(gx1,ggxn+1)+d< gg9x

g ()
=d (gxf ggx, +;

d(gxf 9gx,’, ’()

g(xf) F(xo®, x5 @,

ISSN 2347-1921

L x% (r)))

]+(1)'F(xa’(1) X0 ®, xa,(r)))
g,(l) 0](2) x”’(r))),

yy Ay

F(xaj(l) x5 @ xa,-(r))
6, (1) I (2)‘ ,gx::j(r))),
F(x"f(l) 5@, .., xo)

<d (gxf, ggx?ﬁ)) + ¢ (max {d (ggxa’ (l),gxzj (i))}), for all j

- 0asn - .

Therefore, g(x/) = F(x%®,x%®, . x

O'j(i)).

Now, we furnish our theorem by an example.

Example 3. Let X =0,

=) be complete metric space under metric d(x,y) = min{x,y}and natural ordering < of real

numbers. Define the maps F:[]/_; X! - X and g: X—X as follows

0, 0<x<1
x—1, x=>1

900 ={

Also set p(t) = t.

}and F(x1, x?%, x3

Xt <xi, iis odd}
otherwise,

= (b

Then g is continuous and F enjoys the mixed g-monotone property. Also F is g-compatible in X and the contractive

condition is also satisfied and (0,0, ...,

0) is the unique fixed point of the maps F and g.

The following corollary is a generalization of corollary 1[10] and theorem 2.1[9]
Corollary 3.1 Thesis of Theorem 3.1 also holds if one replaces the contractivity condition (3.4) by the following ( for which

gx' <; gy")
0] @(F(xt,x?, ., x"), F(yL, 2, ...,
(ii) (@(F(x!,x2,

where aq,ay, ..., a,

y) < k(max{d(g(x™),g»™)}n=12,..,r

), F 2, y)) < T ad(g(x™), g(v™) n=1.2, ..,
€[0,1) suchthatay + ar + -+ a, < 1.

and k € [0,1).Then F and g have a r-tupled coincidence point.

Proof: If we put ¢(t) = k.t with k € [0,1) in theorem 3.2, we get the corollary.

Corollary 3.2 Thesis of Theorem 3.1 also holds if one replaces the contractivity condition (3.4) by the following ( for which

gx' <; gy")

0] d(F(xt,x?,
where a4, @y, ...,a, €
Proof:

d(F(xt,x?,

D), FOLY? o y)) < Y ad(g(x™), g™) , n=12, ..,
[0,1) suchthat a; + @y + -+ a, < 1.
fk=a;+a; ++a <1,then

LX), FOL 2, y7) < B ad(g(ea™), gom))

< Y amax{d(g(x™), gy™)}
= k(max{d(g(x™), gy™M)})

Uniqueness of r-tupled fixed point

For the uniqueness of a fixed point, we need the following notion. Consider on the product space X" the following partial

order: for
For all (x!,x?,...,x7), (', y2, ...
We say that (x1, x2,

(x1, %%, ..,x7) < (YL, 9%, ..

(x1, %2,

,x") and (Y1, y%, ...
,y7) or (x1,x?,

Y EXT,

'xr) =< (y1:y2: ---:yr) = xi Si yi,V i
,y") are comparable if

X)) = (L yh L yT)

Theorem 3.2 In addition to the hypothesis of theorem 3.1, suppose that for every
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(L x%, 2™, L e, L yT) € XT

There exist (z!,z2,..,2") € X" such that F(zo®, 29, z9) is comparable to F(x%®,x%®, | xoM) and
(yor®,yoi@, ..,y forall i. Then F and g have a unique y -coincidence point, which is a fixed point of g: X - X and
F: X" - X. That is there exists a unique (u',u?, ...,u") € X" such that

(3.31) ul=g(u')=Fui®,um®, %) forallie{12,..,r}

Proof. By theorem 3.1, the set of y -coincidence points is non-empty. Now, suppose that (x!,x?,...,x™) and (y%,y?, ...,y")
are two y -coincidence points of F and g, that is

g(x") = F(xo®,x@,  x5®) forall i and

g(¥") = F(yo@,y7®, ,yoi®) for all i.

We will show that

(3:32) g(x') =g(y'), foralli.

By assumption, there exists (z!, 22, ...,z") € X" such that

F(z0:®,20:®, ., z°:™) is comparable to F(x% M, x%D), . x%D) and F(y®),yo@, .., yoi@) forall i.
Letzi =z foralli € {1,2,...,r}. Since F(X") € g(X), we can choose zi € X such that

g(#)=F (zgi(l),zgi(z), ...,zg"(r)) for all i. By a similar reason, we can inductively define sequences {g(z)},n € N for all
i €{1,2,..,7r} such that

9(zh) =F (Z,f"(l),z,‘f"(z), ...,z,f"(r)) for all i.

In addition, let x§ = x’ and yj = y* for all i and in the same way, define the sequences {g(x})} and {g(y)}, n € N for all
i. Since

g(x") = F(x®,x7@, . x9®) and g(z') = F(z5®, 29, .., z°{) for all i, are comparable, then
g(xi) < g(zh) or g(xi) =; g(z) foralli.

Define B, = max; < d(gx’, gz}) for all n. Following the reasoning in theorem 3.1, we can deduce that { d(gx’, gz.)} - 0
for all i, that is,

(3.34) lim,_ .gz. = gx'.

Similarly, one can prove that

(3.35)  limy.d(g(y') g(zis1)) = 0 forall i

Using (3.34), (3.35) and triangle inequality we get

d (g(xi),g(yi)) <d (g(xi),g(zrilﬂ)) +d (g(z,ilﬂ),g(yi)) - 0, for all i.

As n - . Hence, g(x') = g(y').

Since g(x') = F(x% W, x%®, ..., x°) for all i, hence, we have

(3.36) limiy (g(x‘)) = limfy (F(x"i(l),x"i(z), ...,x"i(r))) = limi@F (gx i, gx*?), ..., gxoi™))
Denote gx! =u' for all i. From (3.36), we have

(3.37) g(u) = g(gxt) = F(u'®,u®@, ., u%®) for all i.

Hence (ul,..,u""1,u")is ay-coincidence point of F and g.

It follows y' = u! and so g(¥') = g(u') for all i.

This means that g(u) = u’ for all i.

Now, from (3.37), we have

ul = gt = F(usi®,uo®@, . uo®) for all i.

Hence, (ul,u?, ..,u") is ay -fixed point of F and a fixed point of g.

To prove the uniqueness of the fixed point, assume that (v!,v?, ...,v") is another y -fixed point. Then, we have
ul =gt = vl =g for alli.

Thus, (u!,u?,..,u") = (WL, v?, ...,v"). This completes the proof.

1741 | Page May 30, 2014



L&@A\ ISSN 2347-1921

In the following theorem, we replace the continuity of g, the compatibility of F and g and the completeness of X by
assuming that g(X) is a complete subspace of X.

Theorem 3.3 Let ( X, X) be a partially ordered set equipped with a metric d such that (X, d) is a complete metric space.
Assume that there is a function (02[0,00) - [0,00) with (p(t) <t and lim,,,+ ¢(r) < tfor each t> 0. Further let

F:[T'; X! - X and g: X — X be two maps such that F has the mixed g-monotone property and satisfying (3.1), (3.4) and
the following conditions:

(3.38) g(X) is a complete subspace of X,

Also, suppose that either X has the following properties:

(i) Ifa non-decreasing sequence {x,} - x then x,, < x foralln > 0.

(ii) If a non-inecreasing sequence {y,} » ytheny <y, foralln = 0.

If there exist x3, x3,x3, ... ..., x5 € X such that (3.5) holds. Then F and g have a r-tupled coincidence point.

Proof: We construct the sequences {x1},{x2},{x3},..,{x7} as in Theorem 3.2. As in the proof of Theorem 3.2, the
sequences {g(xI)},{g(x2)},{g(x3)}, .........,and {g(x],)} are Cauchy sequences. Since g(X) is complete, there exist
x1, %2, .....,x" € X such that

(8.39) lim,, . g(x}h) = gxtlimy, e g(x3) = gx%, e, limy, o g(x7) = gx™.

Since g(x,) is non-decreasing or non-increasing as i is odd or even and g(x%) - x' as m - «, we have g(x}) < x/,
when i is odd while g(xi,) > x!, when i is even. Since g is monotonically increasing, therefore

(340)  g(g(x)) < g(x") wheniiis odd,

g (g(x}n)) > g(x') when i is even.
341)  d(g(x) F(xm®,x7®, . x7®))

< d(g(x), g(xhs1)) + d (9 (har), F (27D, 27D, .., x9i0))
F(EPR®, .. 3.

F(xa'i(l)' xo_i(z)’ o xo_i(r))

d (g(xi),g(x,"nﬂ)) +¢ ( max {d (g (xf:lt(r))’g(xa,-(r)))})

> 0asn—> .

<d (g(xi),g(xfnﬂ)) +d (

Therefore, g(x') = F(x%M,x@), | x9(™). Similarly we can prove. Thus the theorem follows.

Conclusion : our work sets analogues, unifies, generalizes, extends and improves several well known results
existing in literature, in particular the recent results of [1-4,7-10,12,13,15,19,21,25,26] etc. in the frame work of ordered
metric spaces as the notion of compatible maps is more general than commuting and weakly commuting maps. Our
theorems 3.1 and 3.2 have been proved by assuming much weaker condition than in analogous results and our corollary
3.1 is a generalization of corollary 1[10] and theorem 2.1 [9]. Also, our theorem 3.3 does not need completeness of space
and continuity of maps involved therein. The results concerning commuting and weakly commuting maps being
extendable in the spirit of our theorems, can be extended verbatim by simply using wider class of compatibly in place of
commuting and weakly commuting maps.
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