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ABSTRACT

Lipchitz class of function had been introduced by McFadden[5}.Recently dealing with degree of approximation of Fourier
series of a function of Lipchitz class Nigam[12] and Misra et al.[13] have established certain theorems. Extending their

results in this paper a theorem on degree of approximation of a function f € Lip (f(t), r) by product summability

(E, S)( N, P,.d, ) has been established.
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1. INTRODUCTION:

2. Let Zan be a given infinite series with sequence of partial sums {Sn}. Let{pn} and {qn}be sequences of

positive real numbers such that

(1) P=>p and Q=>gq,.
v=0 v=0
Let
1
(1.2) tn = _Z pn—uqusu ,
rn v=0

where Ty = Py + Pollya +---+ PyGo(#0) p,=q,=r,=0
Then {tn} is called the sequence of (N, P, qn) mean of the sequence {Sn } If
(1.3) t, >SS ,as Nn—>wo,

then the series Zan is said to be (N, pn,qn) summable to S .

The necessary and sufficient conditions for regularity of (N » P qn) method are [3]:

(1.4) 0] Po8y — 0 foreachinteger v >0 as N —>ooand
n
n
(1.5) (i) Z| pP...0q,< H|rn| where H is a positive number independent of n .
v=0

The sequence —to-sequence transformation [5],

1 (N

T, = s
(1.6) n (1+q)n; o q s, |,

defines the sequence {Tn} of the(E, q) mean of the sequence {Sn} f
(6] T,—>s,as n—oo,
then the series Zan is said to be (E,q) summable to S .Clearly (E,q) method is regular[5].

Further, the (E,q) transform of the (N, pn,qn) transform of {Sn} is defined by
1 (N n-k
T,= ——— q 't
(1+0) gikj k
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(L8) =ﬁ§( j { : Z; Py Uqusu}

(1.9 T.—>S ,as N—ooo,

then Zan is said to be (E,Q)(N, pn,qn)-summableto S.

Let f(t) be a periodic function with period 2 , L-integrable over (-,xt), The Fourier series associated with ~ f

at any point X is defined by

0

(1.10) f(x) ~ a—2°+2(an cosnx + b, sin nx)ziAn(x)_
n=0

n=1

Let S, (f ; X) be the n-th partial sum of (1.10). The L_ -norm of a function f : R — R is defined by
1.11) If]. = supﬂ f(x):xeR }

and the L, -norm is defined by

(1.12) ‘fH _”f X)‘ >

The degree of approximation of a function f : R — R by a trigonometric polynomial Pn (X) of degree n under norm

|- | is defined by [14]

(1.13) [P, — £, =sup{|R,(x) - f(X)|:xeR |
and the degree of approximation E_(f) ofafunction f €L, is given by[12]
(1.14) Eﬂn:qﬂa—wf

This method of approximation is called Trigonometric Fourier approximation.

Afunction f eLipa if[7]

(1.15) [f(x+1)— T (9 =0lt]") 0< e <1.

and f eLip(a,r), for 0< x<27, if [7]
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2 T
(1.16) [j|f(x+t)— OO dx] = o(|t|“) ,0<a<lr=1,t>0.
0

For a positive increasing function f(t) and an integer P >1, we define[13], f eLip (é"(t), r) if

1
2z T
1.17) U [f(x+t)— f (x| de =0(&(t)).
0
We use the following notation throughout this paper:
(1.18) o) = fF(x+t)+ f(x—t)—-2f(x),
and

. 1
sinfo+— |t
1 &(n) |1 ( 2)
(119 Kn(t)=—2(kjs 2370 T

272'(1+ S)n k=0 Iy v=0 sin—
2

Further, the method (E, Q)( N, P, qn) is assumed to be regular and this case is supposed throughout the paper.
3. KNOWN THEOREMS:

Bernestein[2], Alexits[1], Sahney and Goel[10], Chandra[4] and several others have determined the degree of
approximation of the Fourier series of the function f eLipa by (C,l), (C,5), (N, pn) and (l\_l, pn)means.
Subsequently, working on the same direction Sahney and Rao[12], and Khan[6] have established results on the degree of
approximation of the function belonging to the class Lipa and Lip(a,l’)by (N, pn) and (N, pn,qn)means

respectively. However, dealing with product summability Nigam et al [10] proved the following theorem on the degree of

approximation by the product (E, q) (C ,1)-mean of Fourier series.

Theorem 2.1:

If afunction f 1S27 - periodic and of class Lipa, then its degree of approximation by (E,q) (C,l) summability
1

— 10<05<1,Where EIC?t
(n+1)* nen

= gl _
mean on its Fourier series th(t) is given by HE” Cn - fHOO =0
n=0

represents the (E, q) transform of (C ,1) transform of S, (f ; X).
Subsequently Misra et al [8] have established the following theorem on degree of approximation by the product

mean (E, q)(N, pn) of the Fourier series:

2478 |Page October 02, 2014



ISSN 2347-1921

Theorem 2.2;

If f isa 27— Periodic function of class Lip(a, r), then degree of approximation by the product (E, Q)(N, pn)

summability means on its Fourier series (defined above) is given by
1
”Tn — f ”OO =0 — O0<a<lr2l, where 7, as defined in (1.8) .
a—t
(n+1)"r

Recently Misra et al [9] have established the following theorem on degree of approximation by the product mean

(E,S)(N, pn,qn) of the Fourier series:
Theorem 2.3:

If f is a 27— Periodic function of the class Lip(a,l), then degree of approximation by the product

( E, S)( N, p,.q, ) summability means on its  Fourier series  (1.10) is given by
1
lz.— f|. =O| ———= | \0<a<LI=1. wnerer, is as defined in (L8).
(n+1)"

3. MAIN THEOREM:

In this paper, we have studied a theorem on degree of approximation by the product mean (E, S)( N, P, ,qn) of the

Fourier series of a function of class Lip(é‘(t), r) . We prove:

Theorem -3.1:

For a positive increasing function f(t) and an integer I>1,if f isa 27— Periodic function of the class

Lip(f(t),l), then degree of approximation by the product (E,S)(N, pn,qn) summability means on its Fourier
B 1

series (1.10) is given by ”Tn —f ”oo =0| ——— | .O<a<l], I>1. where 7, is as defined in (1.8).
ot
(n+1)"1

4. REQUIRED LEMMAS:

We require the following Lemma for the proof the theorem.

Lemma -4.1:

K, (®)]=0(n) ,ostsi.
n+1
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Proof of Lemma-4.1:

1 . .
For 0<t<—— wehave Ssinnt<nsint then

n+1

[0 E—

- B
27[(1+ S)n

IA

(2n+1)

27(1+s)’

=0(n).

This proves the lemma.

K, ()= ( j

Proof of Lemma-4.2:

Lemma-4.2:

For

n+1

Then

1

K (1) =
‘ " (t)‘ 27 (1+ S)n
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27 (1+s)"

kz;@ (2K +1){ zk; }

rkL)O

sin —
2

.t
20+1 —
(u+)sm2

Zpkuu

fic v=0 sin—
2

Hle

1
for —<t<r.
n+

([t t y
<t < x ,we have by Jordan's Iemma,Sln[—] >— ,sinnt <1.

T

i v=0 sin—
2

October 02,

| ( 1\J |
sinfo+= |t

2
_Z PO, —

sin|f v+ = |t
2
_Zpk g, ———

J
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n k
< 1 : Lnj gk {lz” pkuqu}
27[(1+ S) o\ K I v=0 t
1 nn - 1 k
= . ST T2 Pt
2(1+5)"t k_o(k) {rk Z) k }
_ 1 n 0 (nj ek
2(1+s) tlio\K

This proves the lemma.

5. Proof of Theorem 3.1:

ISSN 2347-1921

Using Riemann —Lebesgue theorem, for the n-th partial sum S, (f;X) of the Fourier series (1.10) of f(X) and

following Titchmarch [15], we have
sin(n + ;jt
-t
oot
Sin| —
2
Using (1.2), the (N, pn,qn) transform of S, (f ; X) is given by
1 sin (n +;j t
———2dt.

=00 =[P,
27 I’n 0 k=0 - L
mn(zj

s2(1:0)- 109 === [ 400

Denoting the (E,C])(N, p,(]) transform of S, (f;X) by 7, , we have

1 . " (n 1 & sin(u+2jt
= —— | ot s =3 p 0, ———— 4 tdt
e, - T ey !w()é(k] 2P t

sin —

~ [0 K, mat
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S [f + }¢(t) K. (t) dt

"—"'—.N

[LEN

n+

(5.1) =1,+1,, say
Now
%+l K Siﬂ(l)%—jt
1 nin n—k 1 2
= n §D(t) ( ]S — P 0, ——— dt
n 27 (1+s) '([ kzz(; k rk; “ gin b
2
n+l
< jgo(t)Kn(t)dt
0
1 1
T (L m
n+l n+1
=[,([ Z:L:; } [_{[‘é(t)Kn (t)‘mJ , where %+%=1,using Holder’s inequality
1
m

2482 |Page October 02, 2014



52) 20[5((ni1)j(n+1)q

Next

3|k

3|

=0 1) ]lz. {@] dt ,using Lemma 4.2

(5.3) = 0(1) _[ 1 dy
1 =
{ y

b
TN

;

<
y

Since f(t) is a positive increasing function, so is . Using second mean value theorem we get

1

n+l
:O[(n+1 ( D[J‘% j for some 1§5§n+1
n+1 Sy V4

o)

Then from (5.2) and (5.3) , we have

(x)| =O[(n+1)11§(iD, forl>1 .

n+1

Hence

(| = sup |, — ¢ (x)|:o[(n+1)7§(LD sl

—T<X<TT n+1

This completes the proof of the theorem.
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