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ABSTRACT 

The problem of MHD dynamic boundary layer fluid sliding flow over a plane plaque is investigated.  The von Karman’s 
integral method is applied to integrating the governing system of partial differential equations over the boundary layer 
thickness. Quantities of physical interest such as the boundary layer thickness, local or wall shear stress, friction drag force 
and coefficient of friction drag is derived. Comparisons with available literature give excellent agreements. The applicability 
of large or small magnetic fields in many industrial and electrical devices leads to the derivation of asymptotic results for the 
slip velocity. Pictorial representation made to the boundary layer thickness indicates that increasing magnetic parameter 
increases it as a result of the retarding force. The coefficient of friction drag is analyzed for various values of MHD and 
velocity slip parameters. It was observed that both the MHD and velocity slip or fluid slide parameters have retarding effect 
on the coefficient of friction drag, with the MHD playing a much more dominant role. 

Keywords: 

Boundary layer; Integral method; MHD; Fluid sliding 

Academic Discipline and Sub-Disciplines 

Applied Mathematics, Fluid Mechanics, Hydromagnetics 

SUBJECT  CLASSIFICATION 

76D10, 76W05, 34E10 

TYPE (METHOD/APPROACH) 

Research Paper 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Council for Innovative Research 

Peer Review Research Publishing System 

Journal: JOURNAL OF ADVANCES IN MATHEMATICS 
Vol .9, No.4                                                                                                                  
www.cirjam.com , editorjam@gmail.com 

http://cirworld.com/
http://www.cirjam.com/


ISSN 2347-1921                                                           

2898 | P a g e                                                     O c t o b e r  1 4 ,  2 0 1 4  

1. Introduction 

Magnetohydrodynamics (MHD) (magneto fluid dynamics or hydromagnetics), the study of the dynamics of electrically 
conducting fluids, such as plasmas, liquid metals, and salt water or electrolytes, has many fundamental applications. MHD 
applications are very broad and bound in geophysics, where the Coriolis effect  resulting geomagnetic dynamo is 
considered; astrophysics and cosmology since over 99% of baryonic matter content of the universe is made up of plasma;  
engineering, where MHD is related to engineering problems such as plasma confinement, liquid-metal cooling of nuclear 
reactors, electromagnetic casting, MHD generators and pumps; medicine, where magnetic drug targeting is an important 
task in cancer research, and the boundary layer control in the field of aerodynamics [1 - 3]. Sharma and Chaudhary [4] 
classified magnetic fields according to their various applications, namely, terrestrial magnetic field, which is maintained by 
fluid motion in the earth’s core, the solar magnetic field which generates sunspots and solar flares, and the galactic field 
which influences the formation of stars. Qian and Bau [5] gave valuable and extensive review of recent advances and 
applications of MHD - based microfluidic devices.  

It is important to state that there are applications of a fluid in contact with a plaque that slides on its surface, otherwise known 
as velocity slip condition. In boundary layer analyses, it is observed that the no-slip condition is not consistent with all 
physical characteristics [6]. Therefore, it becomes imperative and necessary to replace the no-slip boundary condition by the 
slip boundary condition. We must note here that when fluid flows in micro-fluidic devices such as micro-electromechanical 
system (MEMS), the no-slip condition at the solid-fluid interface becomes inapplicable. It is natural that a fluid slides on the 
surface of a dynamic or static solid embedded in a particulate fluid such as emulsions, suspensions, foams, polymer 
solutions, and hence the slip condition. To this end, the slip flow model describes more accurately the non-equilibrium region 
near the interface.   There are many related literatures that make use of the velocity slip condition under different flow 
scenarios. Anderson [7] worked on slip flow past a stretching surface, while Fang and Lee [8] looked at a moving –wall 
boundary layer flow of a slightly rarefied gas free stream over a moving flat plate. Fang et al. [9] gave a solution to slip MHD 
viscous flow over a stretching sheet. Hydrodynamic and thermal slip flow boundary layers over a flat plate with constant heat 
flux boundary condition was considered by Aziz [10]. 

In this work, Von Karman boundary layer integral method is used to tackle the problem of MHD dynamic boundary layer slip 
flow over a plane plaque. The Von Karman boundary layer integral method is frequently termed as an approximate analysis 
of the boundary layer. It should be emphasized, however, that the integral equations themselves are exact within the 
boundary layer assumptions [11]. The solutions of these equations are approximate only to the extent that the profiles for the 
flow distributions (that is, velocity and temperature) chosen are not exact. The integral technique in many cases provides 
satisfactory results, which are used to validate similarity conditions [12]. It is, therefore, the objective of this work to examine 
the influence a magnetic field may have on dynamic boundary slip flow via the technique of Von Karman integral method. 
The treatment here is cursory; the application of the integral method is only intended to give insights to the basic physical 
mechanism of the processes involved in the problem. 

2. Mathematical Formulation 

Consider a semi-finite plane plague situated on the Ox axis, having the edge at O, attached under a null angle. The flow is a 
plane steady two-dimensional laminar flow of a viscous incompressible and electrically conducting fluid of density  , near 

the leading edge of a flat plate, where Oxy is the plane of the flow such that (x, y) is the Cartesian coordinates of any point in 
the domain of the flow, where x – axis is along the plate and y – axis is normal to the plate. Figure 1 gives a description of 
the flow configuration of the hydromagnetic boundary layer flow with slip velocity over a plane plaque.   The slip flow is 

possible at lower gas pressures, when the free mean path of the gas molecules, say  approximates the characteristic 

dimension 1L  of the surface, where the fluid slides upon. That is, when 1L , the flow seems to “slip” along the surface 

and .thatsuch0at0 1
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 This situation is appropriately called slip flow. 
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It is assumed that u and v are the respective velocity component in the x and y directions, and a constant magnetic field 0B  

is applied normally to the plate. Within the boundary layer approximations, the continuity and momentum equations are 
written in the usual notations: 
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with the associated boundary conditions: 
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where   is the kinematic viscosity,  is the electrical conductivity of the fluid,  )(xB is the magnetic field intensity and   is 

the fluid density. 

The first boundary condition at 0y signifies the fact that the fluid in contact with the plaque, slides on its surface. As usual 

with boundary layer analysis with the application of integral boundary layer method, additional conditions at 0y and as 

y
 
are defined in accordance to equations (2.1 – 2.3), and these are the compatibility conditions: 
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It is pertinent to note here that in the absence of the magnetic field intensity (i.e. the case 0)( xB ), an approximation 

solution to the equations (2.1 – 2.3) is obtained in literature [13, 14], while Blasius [15] deduced exact numerical solution. 

 

 

  

                                                                                                                                 

         
  yuu as

  

y
            

            

          

                     
x

 

                                                                                                                   
0at,0 1 




 y

y

u
Luu

          

                                             
)(xB

   

Figure 1: Flow Configuration of Hydromagnetic Boundary Layer                  
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3. Integral Boundary Layer Method 

From equation (2.1) we obtain 
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Putting equation (3.1) into equation (2.2) and by integration with respect to y from )(0 xyy   , we obtain the 

equation: 
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 . The equation (3.2) is known as the MHD integral boundary layer 

equation within the boundary, and where )(x  is the boundary layer thickness. Also, equation (3.2) provides a quantitative 

connection between the shear stress on the plaque and the velocity profile in the boundary layer. In other words, the shear 
stress applied by the plaque on the boundary layer can be calculated directly as long as the velocity profile is known. 

In the development of boundary layer analysis over a flat plate, the velocity profile has been shown to be well approximated 
by a non-dimensional similarity profile. Therefore, to use the integral boundary layer relationship, the applied velocity profile 
shape within the boundary layer is of the type: 
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The application of the conditions (3.4) in the proposed non-dimensional velocity profile shape (3.3) gives the result: 
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where 
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0B
M   is the magnetic parameter, and the magnetic field intensity is now defined as 
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)(1 xLL                                                                                                                                                                  (3.7) 

is the velocity slip factor.  

The local tension between two neighbour layers 
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The local stress on the plaque has the expression: 
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Putting equations (3.5) and (3.9) into the boundary layer equation (3.2), and solving for the boundary layer thickness )(x
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Therefore, the local stress w  is uniquely determined by substituting the solution (3.10) in equation (3.9), and it becomes: 
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where



xu

xRe , is the local Reynolds number. 

Another important parameter is the friction drag force applied on the plane plaque, obtained by integrating equation (3.11) 

over the entire length pL of the plaque: 

,
422241332240120240

423713189

6
21

Re2

469.2

22322

222

2

0

MLMMLMMMLLL

MLLMLLML

M
L

Lu

dxF

p

L

L

wDf

p

p




























                                           (3.12)                   



ISSN 2347-1921                                                           

2902 | P a g e                                                     O c t o b e r  1 4 ,  2 0 1 4  

where 
pLRe is defined similar to xRe , but with pL in place of x . In addition, the coefficient of friction drag for the plaque is 

defined by  
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It is important to note that where the fluid slips or slides over the entire length of the plaque, then pLL  . The results (3.12, 

3.13) are consistent with those obtained in Rubin and Atkinson [16] for 0M  and respectively 0L .  

 

Without loss of generality, also, for 0M  and respectively 0L , equation (3.10) reduces to  
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Consequently, the local stress on the plaque for negligible magnetic and fluid sliding factor has the expression:   
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It is of interest to compare these results (3.14, 3.15) with previous estimates. For a boundary layer flow of a Newtonian fluid 

over a flat plate (i.e. the Blasius problem), Helmy et al. [17] obtained  
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whereas the result obtained by Blasius as an exact solution for the local stress is 
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Thus, the results (3.14, 3.15) have excellent agreements with the results of Helmy et al. [17], equation (3.16) and the Blasius 

exact solution (3.17), provided the problem is scaled appropriately. 

Bhattacharyya et al. [6] defined respectively, velocity slip factor and velocity slip parameter as  
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Consequently, by the definition of the velocity slip factor (3.7), we estimate that 
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Hence, the slip velocity parameter, L  is related to L  by the estimate 

LL 836.5 .                                                                                                                                                           (3.20) 

This implies that the constant coefficient 836.5 defines approximately the ratio of the ambient velocity to the kinematic 

viscosity.  

4. Analyses of Results 

The integral method of Von Karman type is adapted to the problem of MHD dynamic boundary layer flow on a plane 

plaque. The results are analyzed herein. For graphical representations, where necessary, properties of water at C040  with 

143 10556.6,04.992   kgsmkgm  with 
15.0 

  msu are used in the computations. As for the magnetic 

parameter, M and L , typical values are used and are so indicated. 

 

Figure 2: Approximate Velocity Profile versus similarity variable for A) 01.0L , B) 2.0L  

Figure 2 depicts the approximate velocity profile, equation (3.5) at various values of magnetic parameter.  It is observed that 
increase in magnetic parameter tends to reduce the similarity variable boundary layer   with the slip velocity or fluid sliding 

parameter enhancing the reduction. Consequently, increase in magnetic parameter increases the boundary layer 

thickness )(x .  

Another important feature of the equation (3.5) is that it satisfies the conditions (3.4). In particular, the slip velocity or fluid 
sliding condition from equation (3.5) is simply the result: 
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For applications of varying degree of magnetic field, such as an electromagnet in which the magnetic field is produced by 
electric current, the strength of the magnetic field whether large or small is directly proportional to the applied electric current. 
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To this end, the magnetic field disappears when the current is turned off. This implies that it is important to evaluate 

asymptotic results valid for large or small M via the equation (4.1). Therefore, for large M , we obtain 
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Figure 3: Plots of Sliding Velocity versus M for Asymptotic result of large M : (a) 01.0L , (b) 2.0L  

Figure 3 depicts plots of the sliding velocity of the asymptotic result (4.2) for large M ; the abscissa is a logarithmic axis for 

M to give due emphasis to very large values of M in order to demonstrate the accuracy of the asymptotic result. It is 
observed that the slip factor plays an enhancing role for the slip velocity. 
 

On the other hand, for small M , we obtain 
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Figure 4: Plots of Sliding Velocity versus M for Asymptotic result of small M : (a) 01.0L , (b) 2.0L . 

Figure 4 portrays the asymptotic result (4.3) of small M for the slip velocity. It is seen that respectively 017.0)0( U for 

01.0L and 255.0)0( U for 2.0L as 0M , with the slip factor playing its enhancing role on the slip velocity.  

It is important to state at this point that in order to doubly check the accuracy and credibility of the asymptotic results (4.2, 
4.3), numerical computations should have been advanced. For the purpose of brevity, numerical computations are not 
considered in this work. 
The functional relationship of the magnetic-slip factor depended boundary layer thickness given in equation (3.10) is plotted 
in Figure 5. It is observed that the effect of an increased magnetic parameter is to increase the boundary layer thickness as 
a result of the increased retarding force. This effect is analogous to flow against a positive pressure gradient.  
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Figure 5: Boundary Layer Thickness,  versus x  for 2.0L at various values of magnetic parameter 

Tables 1 and 2 contain values of the coefficient of the friction drag for various values of the magnetic parameter M and L , 

respectively. For 0M , Table 1 indicates that increase in L from 01.0L to 2.0L decreases 
DfL CRe  from 

1.3644 to 1.1768. It is observed generally that increase in the magnetic parameter has a retarding effect on the coefficient of 

the friction drag, while for 2.0M , increase in L from 01.0L to 2.0L enhance the coefficient of the friction drag of 

the fluid on the plaque.  
 

Table 1: Values of DfL CRe for  06.001.0  LL   and  17.12.0  LL  at various values of M  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

M  

01.0L  2.0L  

 

DfL CRe

 

DfL CRe  

0.0 1.3644 1.1768 

0.2 0.4640 0.9354 

0.4 0.3295 0.7927 

0.6 0.2648 0.6953 

0.8 0.2246 0.6230 

1.0 0.1964 0.5666 
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Table 2: Values of DfL CRe for 01.0M  and 2.0M at various values of L  

 

 

 

 

 

 

 

 

 

 

Table 2 is pertaining to the effect of the increase of L for 01.0M and 2.0M , respectively. For 0L , Table 2 

indicates that 01.0M and 2.0M , makes no contribution to
DfL CRe . It is, however, seen that for 2.0L , the 

DfL CRe  decreases, with the magnetic parameter, M playing a de-enhancing role, clearly manifesting in the columns 

respectively for 01.0M and 20.0M  in the table. According to the estimate (3.20), the values of the slip factor 

L used for Table 2 due to the values of L are .84.5and67.4,50.3,33.2,17.1,00.0  

5. Concluding Remarks 

The problem of MHD dynamic boundary layer sliding flow over a plane plaque is studied using von Karman integral 
boundary layer analysis method. Physical characteristics of the problem are derived which have excellent agreements to 
existing literatures. The integral boundary layer analysis is a key to validating similarity variables for numerical or analytical 
computations. Possible further study of the problem is the application of similarity variables to advance its solution via 
numerical or analytical results. 

ACKNOWLEDGMENTS 

The reviewers are sincerely appreciated for their valuable comments that improved the quality of the paper. 

REFERENCES 

[1] Collins, C. B. 1972. Qualitative Magnetic Cosmology, Communications in Mathematical Physics, 27, 1, 37 – 43. 

[2] Kohli, I. G. and Haslam, M. C. 2013. Dynamical systems approach to a Bianchi type I viscous magnetohydrodynamic 
model, Phys. Rev. D 88, 063518. 

[3] Sutton, G. W. and Sherman, A. 1965. Engineering Magnetohydrodynamics, McGraw-Hill Book Company, New York. 

[4] Sharma, P. K. and Chaudhary, R. C. 2004. Magnetohydrodynamics effect on three-dimensional viscous incompressible 
flow between two horizontal parallel porous plates and heat transfer with periodic injection/suction, International Journal 
of Mathematics and Mathematical Sciences, 62, 3357 - 3368. 

[5] Qian, S. and Bau, H. H. 2009. S. Magneto-hydrodynamics based microfluidics, Mechanics Research Communications, 
36,1,10 - 21. 

[6] Battacharyya, K., Mukhopadhyay, S. and Layek, G. C. 2013. Similarity solution of mixed convective boundary layer slip 
flow over a vertical plate, Ain Shams Engineering Journal, 4, 299 – 305. 

[7] Anderson, H. I. 2002. Slip flow past a stretching surface, Acta Mechanica, 158, 121 – 125. 

[8] Fang, T. and Lee, C. F. 2005. A moving-wall boundary layer flow of a slightly rarefied gas free stream over a moving flat 
plate, Applied Mathematics Letters, 18, 487 – 495. 

[9] Fang, T., Zhang, J. and Yao, S. 2009. Slip MHD viscous flow over a stretching sheet – an exact solution, Commun 
Nonlinear Sci Numer Simulat, 14, 3731 – 3737.  

[10] Aziz, A. 2010. Hydrodynamic and thermal slip flow boundary layers over a flat plate with constant heat flux boundary 
condition, Commun Nonlinear Sci Numer Simulat, 15, 573 – 380. 

L  

 

01.0M
 

2.0M  

 

DfL CRe

 

DfL CRe  

0.0 0.0000 0.0000 

0.2 1.1605 0.9354 

0.4 0.9811 0.8417 

0.6 0.8406 0.7390 

0.8 0.7325 0.6527 

1.0 0.6480 0.5824 



ISSN 2347-1921                                                           

2908 | P a g e                                                     O c t o b e r  1 4 ,  2 0 1 4  

[11] Ghoshdastidar, P. S. 2004. Heat Transfer, Oxford University Press. 

[12] Kay, A., Kuiken, H. K. and Merkin, J. K. 1995. Boundary-layer analysis of the thermal bar, J. Fluid Mech., 303, 253 – 
278. 

[13] Bird, R. B., Stewart, W. E. and Lightfoot E. N. 1960. Transport Phenomena, John Wiley & Sons, Inc., New York. 

[14] Petrila, T. and Trif, D. 2005. Basics of Fluid Mechanics and Introduction to Computational Fluid Dynamics, Springer. 

[15]  Blasius, H. (1908). The Boundary Layers in Fluids with little friction,  Z. Math. Phys. 56: 1- 37. (English translation). 

[16] Rubin, H. and Atkinson, J. 2001. Environmental Fluid Mechanics, Marcel Dekker, New York, NY, USA. 

[17] Helmy, K. A., Idriss, H. F. and Kassem, S. A. 2001. An integral method for the solution of the boundary layer equation 
for power-law MHD fluid, Indian J. pure appl. Math., 32, 6, 859 – 870. 


