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ABSTRACT :

In this paper , principally quasi injective system has been introduced and studied , which is a generalization of quasi
injective system . We obtain a characterizations of PQ-injective systems , conditions on which, subsystems inherit the
property of PQ-injectivity , and conditions have been considered to versus PQ-injective system with class of injectivity.
Finally , the relationship between maximal reversible subsystem of system and maximal left ideal of the endomorphism
monoid of the system has been studied .
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1- INTRODUCTION AND PRELIMINARIES:

It is well-known that the theory of monoids and systems is a generalization of the theory of rings and modules , which has
a number of direct applications in theoretic Computer science,Dynamicsystems,Theory of differential equations and
Functional analysis,...etc. Throughout this paper , let S be a monoid. A unitary right S-system M over S which denoted by
Ms is a non-empty set with a function f: M x S — M such that f(m,s)~ ms and the following properties hold : (1) me1=m .
(2) m(st) = (ms)t forallm e Mands,t € S. Anelement 8 € Ms is called fixed of Msif s =0 for all s € S . An S-system Ms
is centered if it has a fixed element 8 necessary unique such that 8s =6 foralls € Sandm 0 = 6 for all m € Mg, where 0
is the zero element of S and 6 is the zero of M . Asubsystem N of an S-system Ms , is a non-empty subset of M such that
xs€ N for all xeN and s € S which is denoted by N & M, . Let g be a function from an S-system As into an S-system Bs
then g will be called an S-homomorphism , if for any a € As and s € S, we have g(as) =g(a)s . An S-system Ags is called
injective if for each monomorphism a :Cs — Bs and each S-homomorphism :Cs —As ,there exists an S-homomorphism ¢
: Bs—As such that oa = B [2] . An S-system As is weakly injective if it is injective relative to all embeddings of right ideals
into Ss ([7],p.205) . An S-system is called principally weakly injective if for any S-homomorphism from principal right
ideal of Sg into Ms can be extended to S-homomorphism from Ss into Ms.In other words,anS-system Ms is called
right PW-injective system)([7],p200) . A subsystem N of Ms is called large (or essential) in Ms if and only if any
homomorphism f :Ms — Hs , where Hs is any S-system with restriction to N is one to one,then f is itself one to one [9].In
this case we say that Ms is essential extension of N .In [9], Berthiaume showed that every S-system has a maximal
essential extension which is injective and it is unique up to S-isomorphism over Ms . A non-zerosubsystem N of Ms is
intersection large if for all non-zero subsystem A of Ms, AN N # 6 ,and will denoted by N is N-large in Ms . In [4] , Feller
and Gantos proved that every large subsystem of Ms is N-large,but the converse is not true in general . An equivalence
relation p on a right S-system Ms is a congruence relation iff a p b implies that as p bs for all a,be Ms and s € S [1].The
congruence Wy is called singular on Ms and it is defined by a yw b if and only if ax = bx for all x in some N-large right
ideal of S [2] . A right annihilator of an S-system Ms is denoted by y,(T) where T is a subset of Ms and it is equal to the
set {(s!t) € S*S |as =atforalla€ T} and if Kis a subset of MM ,then y_(K) = { s € S| as = bs for all (a,b) € K } and aleft
annihilator of an S-system Ms is dented by £, (H) where H is a subset of S and it is equal to the set { (m,n) e MxM | mx
=nx for all x € H } but if J is a subset of SxS , then {y(J) ={a€ M| am = an for all (m,n) € ] }[6] . A non-zero S-system
Mover a monoid S is called reversible (N-reversible) iff every non-zero subsystem of Ms is lagre (N-large) , it is clear that
every nonzero reversible system is N-reversible system, but the converse is not true in general and they are coincide
when yu =i . An element s € S is called left (right) cancellable if sr = st (rs = ts) for r,te S implies r =t and cancellable if
s is left and right cancellable.The semigroup S is called cancellative if all elements of S are cancellable ([7],P.30).In [9] ,
Berthiaume showed that injective system implies weakly injective , but the converse is not true in general . Berthiaume's
counter example was a semilattice considered as an S-system over itself . In[3], Hinkle showed that when ym = iv , the
identity congruence on Ms ,then the notions of injective and weakly injective system are coincide and also the concepts of
large and N-large are the same . An S-system As is called quasi injective if for any S-subsystem B of As and any S-
homomorphism a :B —As , there exists S-homomorphism o : As — As such that o is an extension of a, thatiscoi =a
where i is the inclusion mapping of B into As [5] .quasi injective S-systems have been studied by Lopez and Luedeman [1]
. Itis clear that every injective system is quasi injective but the converse is not true in general see [1] . An S-system Ag is
called cyclic (or principal) system if it is generated by one element and is denoted by As=< u > where u € As ,then As= uS
([71,P.63) . A right S-system Bs is a retract of a right S-system As if and only if there exists a subsystem W of As and
epimorphism f : As — W such that Bs= W and f(x) = x for every xe W ([7],P.84).An S-monomorphism f :As—Bs is called a
retraction if f is a left invertible ([7] ,P.84).An S-system Ms is called 8-simple system if it contains no subsystems other
than Ms and one element subsystem and Ms is called simple if it contains no subsystems other than Ms itself (
[7],p50).AnS-system M;s is called completely reducible if it is a disjoint union of 8-simple subsystems ([7],P.74). In this
paper ,a generalization of quasi injective system namely principally quasi injective was introduced and characterization of
this new class of systems was investigated . Also, we give under which a condition for principally quasi injective to be
quasi injective system .In spite of there is no relation between PQ-injective system and PW-injective , but they are coincide
on the system Ss . A relationship between a maximal reversible subsystem of an S-system Ms and maximal left ideal of the
endomorphism monoid of Ms was studied .

2- PRINCIPALLY QUASI INJECTIVE SYSTEMS:

(2-1) Definition : An S-system M; is called principally quasi injective if every S-homomorphism from a principal
subsystem of Ms to Ms extends to an S-endomorphism of Ms(If this is the case,we write Ms is PQ-injectivesystem).

(2-2) Remarks and examples :
1- Every quasi injective ( and hence injective) S-system is PQ-injective .

2-The converse of (1) is not true in general , for example , let S be amonoidsuch that S = {a,b,c,e} ,with a,b be left zero of
S and ca = cb = cc = a and e be the identity element .Then consider S as an S-system over itself .It is clear that every
subset of S is subsystem of Ss . Since every homomorphism from right principal subsystem (aS = {a} orbS = {b} or cS =
{a,c}) can be trivially extended to S-endomorphism of Ss , so Ss is PQ-injective system, but when we take N = {a,b} be
subsystem of Ss and f be S-homomorphism defined by : f(x) = {2 :;;(i E} ,then this S-homomorphism cannot be
extended to S-homomorphism g : Ss — Ss . If not, that is there exists S-homomorphism g:Ss—Ss such that g(x) = f(x)
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vx € N, which is just the trivial S-homomorphism since other extension is not S-homomorphism . Then , b =f(a) =g(a) = a
which implies that b = a, and this is a contradiction .

3- Recall that a subsystem N of an S-system Ms is direct summand iff there exists a subsystem W of Ms such that
M = W®N thatis M =W UNand WNN = 0 . Now, let N be subsystem of an S-system Ms .Then N is a retract iff N is a
direct summand .

Proof :=) Let N be a retract of Ms ,s0 there exists a subsystem W of Ms and epimorphism f:Ms —W such that f(x) = xfor
each x belong to W and there is an S-isomorphism g:W —N ,then h(=gof):Ms—N is epimorphism ,so hoiy = Iy and N is a
direct summand .

<) Let N be a direct summand of Ms , so there exists a subsystem W of Ms with NUW =M and NNnW = 6 . Now, we
claim that a(= m,0j;) : N - W be S-isomorphism, where 1, is the projection map of Ms into W and j; is the injection map
of N into Ms. For n € N, we have , m,0j;(n) = 0, itis clear that a is S-isomorphism . Then , N is a retract of Ms . Also,

W=0and Ms=N.

4- If every principal subsystem of an S-system M;s is a retract [ that is for each x € Ms , there is a subsystem Ks of Ms with
xSU Ks = Ms , this equality in fact is equivalently to xSU Ks = Ms and xSn Ks = 8 ] .Then Ms is PQ-injective. In particular let
S ={1,z} with z? = 1. Consider S be an S-system over itself , then since every subsystem of Ss is a retractofSs ,so Ssis PQ-
injective.

The property of principal quasi-injectivity on systems is not closed under subsystems ,for example :let S={a,b,c,e} be a
monoid with ca =cb=cc=a and a,b be left zero of S and e be the identity element.Consider S be S-system over itself .Then
,since any S-homomorphism from right principal subsystem of Ss (which is equal to aS or bS or cS)can be trivially
extended to S-endomorphism of Ss,50Ssis PQ injective system , but the subsystem N={a,b,c} of Ssis not PO-injective
system . If not , so for a right principal subsystem aS of N and f beS-homomorphism fromaSintoSs defined by f(x)=b
,where xeaS , can be extendedto S-homomorphism g:Ss—Ss such that f(X)=g(x),vx(¥0)e aS . Then,b=f (a) =g (@) = a.
So b=a which is a contradiction .

Now, we give a condition for an S-subsystem N of PQ-injective system Ms to be PQ-injective . First ,we need the following
concept :

A subsystem N of a right S-system M;s is called fully invariant if f(N) € N for every endomorphism f of Ms and M;s is called
duo if every subsystem of M;s is fully invariant [10],for example , let S = (Z,* ) , then consider S as an S-system over itself ,
then Ss duo system [10] .This concept is generalization of right duo semigroup[10] ,such that a semigroup for which
every right ideal is two sided ideal is called duo semigroup . If Ms = MU M, (means Ms = MiU M, and Min M = By) , then
for every i € I={1,2} , M is fully invariant subsystem of MsiffHom(M1,Mz) =0 for all distinct i € 1={1,2} .

(2-3) Lemma:

1- Every fully invariant subsystem of PQ-injective system is PQ-injective.
2- Retract of PQ-injective system is PQ-injective .

Proof :1-Itis clear from the definition .

2-Let Nbe a retract of a PQ-injective system Ms. By (2-2)(3) , N is direct summand . Consider the diagram(1) ,where A be
principal subsystem of N ,and iy,i> be the inclusion maps of Ainto N and N into Ms respectively . Let f be S-homomorphism
of Ainto N, and ¢ , 1T be the injection and projection map respectively . Since Ms is PQ-injective system , so there exists S-
homomorphism g : Ms—Ms such that gizix = ¢f . Define an S-homomorphism h : N—N by h = Trogois .

A 14 /N 12 Ms
f 40

54 //’
N P

///g

m ///

54
Ms

Diagram (1)

Thus hoi; = TT0goi»0i; this implies hoi;= 1Togoi»0i; = TTodof = Iyof = f. Thus hoi1=f, and N be PQ-injective system .
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It is clear that there is no relation between PQ-injective systems and PW- injective in general for example, let S be the
monoid{as,b1,c1,1} and A={1,a,b} is a set with a,b are left zero and a? = a,b? = b,c? = ¢ and aici=cib1=c1, bic1 = by,
ciai=biai= aibi= a1, then As is an S-system (such that As={a,b,a1,b1,c1,1}) ,s0 As is PQ-injective system whence any S-
homomorphism from principal subsystem (aS ={a} ,bS = {b} ,a1S= ci1S={ai,c1} or biS={ai,bi}) of As can be trivially
extended to S-endomorphism of As , but As is not PW-injective system . If not , so for the principal ideal a1S = {a1,cq} of S
a; ifx=a
bl ifx = C1
homomorphism from S into As where the only extension of f is trivially extension g :S — As , this means f(x) = g(x) ,
vx € aS this implies that b, = f(c1) # g(c1) = c1 which is a contradiction . But, the concepts of PQ-injective and PW-injective
are equivalent on monoid .

and the S-homomorphism f which is defined by f= { } , then this S-homomorphism can be extended to S-

The following lemma is a generalization of lemma (1-1) in [13] :

(2-4)Lemma :Given an S-system Ms with T= Ends(Ms),the endomorphism monoid of Ms . The following statements
are equivalent :

1- Ms is PQ-injective ,
2- #M(ys(m)) =Tm , Vme M.
3-If ys(m) € ys(n) , then Tn € Tm, ¥ m,n € Ms,

4- If S-homomorphisms a, :mS—Ms are given with B is monomorphism , there exists o€ T such that cof = a .

Proof :(1-2) Let am € Tm .For each s,te S with ms = mt ,we have a(ms)=a(mt) , so am € £y, (ys(m)) . Thus Tm €
M (vs(m)). Conversely, if n € £y (ys(m)) , then define 0 :mS—Ms by o(ms) = ns, for s€ S . If ms = mt ,for s,t € S, then
(s,t) € ys(m) € y,(n) , hence ns = nt ,so this shows that ¢ is well-defined, it is an easy matter to see that o is an S-
homomorphism . By (1) ,0 can extended to 6 €T. So n = o(m) = 6(m) € Tm . Thus £y (ys;(m)) € Tm and hence

£y (ys(m)) = Tm.
(2—3) If ys(m) € ys(n) , thenn € Tn = £y (vs(n)) € ¢y (ys(m)) = Tm, so n € Tm and hence Tn € Tm .

(3—4) Let (s,t) € y,(B(m)) for s,t € S. Then B(ms) = B(mt) . Since B is monomorphism , then ms = mt and a(m)s = a(m)t,
hence (s,t) € ys(a(m)) . Then y,(B(m)) € y;(a(m)) . By(3) , ame TR(m) . So there is o€ T such that a(m) = of(m) and
hence a = of3 .

(4—1) Take B : mS—M:s to be the inclusion homomorphism in (4) .

(2-5) Corollary :The following statements are equivalent for a monoid S :

1- Siis PQ(PW)-injective ,

2-¢,(vs@)=Sm, Va€es.

3-Ify,(@) €ys(b) ,thenSbhcSa ,vabes,

4- If S-homomorphisms a,3 :aS—Ss are given with 8 is monomorphism , there exists c€ T such thatcop =a.
Next , we give a generalization of lemm(1.2) in [13] :

(2-6) Lemma:LetM; be a PQ-injective with T= Ends(Ms) . If a€T and meMs , then :# (ker(a) N (mS X mS)) =
Ta U £1(mS X mS) .

Proof :Let B € ¢;[ker(a) N (mS x mS)] . We claim that y,(am) = y,(Bm) , for each st € S, if (s,t) € y,(am), then ams =
amt , this implies that (ms,mt) € ker(a)n (MSxmS) , so Pms = Pmt and hence (s,t) € y,(Bm). By lemma(2-4) , we have
TBm € Tam ,in particular fm € Tam ,say Pm = oam for some o€ T . Thus B € Ta U #;(mS x mS).This shows that
£1(ker(@) N (mS X mS)) € Ta U £ (mS X mS) . Conversely, let 8 € Ta U £ (mS x mS) , then  =ca for some o € T or B(ms)
= B(mt) for all s, t € S and m € Ms. For each (ms,mt) € ker(a)n (mSxmS) , if § =oa , then a(ms) = a(mt) and hence ca(ms)
= ga(mt) , so B(ms) = B(mt) . Thus B € £r[ker(a) N (mS x mS)] . If B(ms) = B(mt) , then B € £:(mS x mS) and hencef €
7 (ker(a) N (mS X mS)) .ThusTa U £ (mS X mS) € ¢ (ker(a) N (mS X mS)).

If Ms=~ S¢= T ([7],P.65) , then the condition in lemma(2-6) gives , when S is a PW-injective .
(2-7) Corollary:if sis aright PQ(PW)-injective , then each s, t € S , we have £, (y,(s) N (tS X tS)) = Ss U £ (tS X tS)
In [13], define principally self-generator module which motivate us to define principally self-generator system as follows :

(2-8) Definition:An s-system M is principally self-generator if every x € Ms , there is an S-homomorphism

f: Ms — xS such that x = f(x1) for x1€ Ms .
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In the following proposition we discuss the converse of lemma (2-6) :

(2-9)Proposition:LetM;s be a principal and principally self-generator and T=Ends(Ms) .Then the following statements
are equivalent :

1- Ms is PQ-injective .

2- #T(ker(a) N (mS x mS)) =TaUZr(mSXxmS) ,VMEMs,a€eT.
3- #r(ker(a)) = Ta , VaeT.

4- kerif) € kerif) impliesthat € Ta ,Va,BEeT.

Proof :(1-2) This follows from (2-6) .

(2—3) If Ms = mgoS , and take m =mg in (2) , we have :

¢r(ker(a) N (Mg X My)) = Ta U 3 (Mg X M) , so #r(ker(a)) = Ta .
(3—4) By (3) we have TB = £ (ker(B)) € #r(ker(a)) =Ta, soB € Ta.

(4—1) Let 0 : mS — Ms be an S-homomorphism where m € Ms . Since Ms is principal self-generator,there is a € T such
that m=a(mo) , again there is BET such that a(m) = B(mo) . We claim that keri{ix) € ker{fs) . For if (k,h)€ keri€) , write k
=moS , h=met ,s,te S. Then,if B(k) = B(mos) = a(m)s = o[a(mo)s] = ofa(mo)t ] = a(m)t = B(met) = B(h) . Thus(k,h) € ker(B)
.By (4), thereis A € T, such that B = Aa, and A(m) = A(a(mo)) = B(mo) = o(m) . This implies that A is an extension of o and
hence Ms is PQ-injective .

In the following proposition we state a characterization of PQ-injective system which give a corresponding between
principal subsystems of Ms and principal subsystems of tM , where T = Ends(Ms). But first ,we need the following concept :

(2-10) Definition([7],P.218) :An S-system Mdis called torsion free if as = bs implies a=b ,v a,b € Ms where s is
a right cancellable element of S .

(2-11) Proposition :Let Ms be a PQ-injective system , and torsion free system over right cancellativemonoid with
T= Ends(Ms) and m,ne Ms ,then :

1- If nS is an image of mS , then Tn embeds in Tm .

2- If mS embeds in nS , then Tm is an image of Tn .

3-1fmS=nS, then Tn= Tm .

Proof :

(1) Let f: mS — nS be S-epimorphism , so f(m) € nS , so there exists s € S such that f(m) = ns . Define a :Th— M;s by
a(gn) = (gn)s = g(ns) = g(f(m)) , v g € T . Consider the diagram (2), where iy , i be the inclusion maps of mS , nS
respectively . Since Ms is PQ-injective system , so there exists S-homomorphism f : Ms — Ms extends f (i.,efoii =i, 0f),
then :

mS i M
—i > M
f /

N
n

0N~

P
.
AT

Ms

Diagram (2)

a(gn)=gn=g(f(m))=g(f(m))eTm,soa:Tn—Tm.NowV B, g € T, gneT, then we have a(B(gn))=p(gn)s =p(g(ns))=
B(g(f(m)))= B(a(gn))= Ba(gn) . Thus a is T-homomorphism . Let gin = g2n where g1 , g2€ T then gins; = gz2ns: , such that
S1€ S . This implies (g1,02) € ys(ns;) and(g;,g,) € ys(f(m)).Thus,g; (F(m)) = g, (f(m)) and a(gin)=a(gzn),so a is well-
defined.Since f isepimorphism ,so there exists b € S such that n =f (mb) , let (gin,gz2n ) € ker a .Thena(gin)=a(gzn) which
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implies gin = g2n , then gi(f(mb))= go(f(mb)),since gi(f(mb))eMs(where i =1,2) and M;s is torsion free over right
cancellativemonoid , so from gi[f(m)]b = gJ[f(m)]b , we obtain gif(m) = g.f(m) . Since f extends f, so g;f(m) = g,f(m)
which implies gin = g2n . Thus a is T-monomorphism .

(2) Let f : mS — nS be S-monomrphism . Consider the same diagram above , since Ms is PQ-injective system , so there
exists S-homomorphismf : Ms — Ms such that f 0 i1 =i o f. Define a : Tn — Tm by a(gn) = g(fm) = g (fm) , such that g,
f € T. ais well-defined and T-homomorphism as in (1) . We claim that y,(fm) € y,(m), let (s, t) € y,(fm) which implies f
(ms) =f (mt) . Since fis S-monomorphism , so ms =mt, then (s,t) € y;(m) , so by lemma (2-4) Tm < Tfm. For Bm € Tm,
so there exists g € T such that Bm = gf(m) =g f (m) = a (gn) . Then ,Bm = a (gn) , thus a is T-epimorphism .

(3)By (1) and (2) , if f : mS — nS be S-isomorphism , then a : Tn — Tm is T-isomorphism .
(2-12)Lemma:Let S be amonoid and Ms be an S-system .Then an S-system Mis simple iffMs = xS for each x € M.

Proof :=) Let x(#0) € Ms, so xS subsystem of Ms and on the other hand Msis simple , hence Ms generated by x and
X =X+ 1€ xS which implies Ms is subsystem of xS . Thus , Ms= xS.
&) Let N be a non-zero subsystem of Ms and n(#0) € N, then nS = Ms , but nS subsystem of N, hence Ms = N.

Let N be simple subsystem of an S-system Ms , then Socn(Ms) represent homogeneous component of Soc(Ms)

containing N . Thus , we denote  Socy (M) :=U {X S M; |Xz N} . Next we characterize PQ-injective system which
represent a generalization of proposition (1.3) in [13] :

(2-13) Proposition :Let Ms be a PQ-injective system with T=Ends(Ms) , then :

1- If N is a simple subsystem of Ms , then Socn(Ms) = TN .

2-If nS is a simple S-system , n eMs , then Tn is a simple T-system .

3- Soc (Ms) € Soc(+M) .

Proof :

(1) Let Ny € Socy (M), and f: N — N3 be an S-isomorphism , where N1S€ Ms . If N =nS, theny,(n) = y,(f(n)), so

Tn = Tf(n) [ by lemma(2-4)] . Thus f(n) € Tn € TN . Hence, if a is an extension of f to T ,we have N; = f(nS) = a (nS) S
TN . Thus Socy (M) € TN . The other inclusion always holds [that iSTN S Socy (M) ,since for a € TN ,we havea : N — N
be identity map and since N = N and N be subsystem of Ms , so a(N) =N S Socy (M) , then TN € Socy (M) ] . Therefore
Socy (Ms) =TN..

(2) Let O#an € Tn. Then a: nS — a(nS) is an S-isomorphism by hypothesis , so let ¢ :a (nS) — nS be the inverse . If ¢ €
T extends g, then g(a(n)) = o(a(n)) =n € Tan .

(3) This implies by (2) .

In[14], Zhang define (m,1)-quasi injective module which motivate us to formulate this concept for an S-system such that
we need in the next proposition :

(2-14) Definition :An S-system M; is called (m,1)-quasi injective if for each S-homomorphism from an principal
subsystem of M* to Ms can be extended to an S-homomorphism from M7* to Ms where m is a fixed positive integer . Note
that ,Ms is (m,1)-quasi injective iffMs is (n,1)-quasi injectivefor alln < m .

(2-15)Proposition:LetMs be (m,1)-quasi system with W = Hom (M!", M) and letm; , m; , ..., m, denote elements of
Ms . Then :

1-IfWm; ®@Wm, @ ... ®Wm,, is direct ,then any S-homomorphism a:m;SUm;SU ..Um,S - M, has an extension in W .
2-1fm;S® m,S® ..®d m,Sis direct, then W(m,;, m,,...,m;) = Wm; U Wm, U ...U Wm,,.

Proof : (1) Let a; and B denote the restriction of a to m;S and (m1,ma,...,m,)S respectively that is c(i(:cx| mis) : MiS — Ms
and B : (M1, my, ...mp)S — Ms . Let @ and pbe an extension of a; and B respectively to M™ (since Msis (m,1)-quasi
injective system) . For eachx € m;S Um,S U..Um,S , there exists unique j €1={1,2,...,n} such that x = m;s; ,p(x) =
B(m;s;) = B(m;)s; = a (m;s;) = a (x) .This shows that B is an extension of a .

(2) Let x € Wmy UWm, U ..U Wm, , so x = o(m;) [where oi(=a|ms) : mS — Ms ,a€T] .Define an S-homomorphism
B:(m1,my,....my)S — Ms by B((m1,m2,...,mp)s) = ai(m;)s = m;s ,such that s € S . Now , let (m1,ma,...,mp)s = (M,Mz,...,My)t ,
such that st € S ,this implies (mis,mss,,....,mys) = (Mit ,mat,....mpt) ,then mis = mitand ai(m))s = ailmi)t .Thus
Bl(m1,my,...,mp)S] =B[(mM1,My,....my)t] , and B is well-defined . Since Ms is (m,1)-quasi-injective system , so there exists an
S-homomorphism o: M - M, extends B . Thus , for m Ms such that j €1={1,2,...,n},this implies m;= B;j(m;)=
B(mz,mz,....m;) € W(my, my,...,m,). Hence \Wm; UWm, U ...U Wm, € W(m;,m,,...,m,) . The reverse inclusion always
holds .
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From above proposition when m = 1 [that isMs is PQ-injective system ], we have the following corollary :

(2-16)Corollary:LetMs be a PQ-injective system with T= Ends(Ms) , and ms,ms,...,m, denote elements of Ms ,then:
1- If Tm;@®Tm, & ... ®Tm,, is direct, then any S-homomorphism a: m;S U m;SU ..U m,S — M, has an extensionin T .
2- 1f m;S®m,S @ ...0m,S is direct ,then T(m;,m,, ..., m,)=Tm; U Tm, U ...U Tm,,.

Recall that an S-system M;s is finitely generatedweakly injective if for any S-homomorphism from finitely generated right
ideal of Ss into Ms can be extended to S-homomorphism from Ss into Ms [ If this is the case, we write FGW-injective
system]([7],P.204) .Then , its is clear that there is no relation between PQ-injective system and FGW-injective , but they
are equivalent on monoid S, so corollary (2-16) will be in the following form :

(2-17)Corollary:Let S be a FGW-injective system and let as,as,...,an denote elements of S .Then:
1- If Sa; ®Sa, & ... HSa, is direct , then any S-homomorphism o : a;SUa;SU...Ua,S - S, has an extensionin S.
2-If a;S® a,S D ...MHa, S is direct ,then S(a;,ay,...,a,) = Sa; USa, U ...USa,, .

(2-18)Proposition:LetMs be (m,1)-quasi injective system withW = Hom(M™, M;) ,and let A,B1,B; , ..., By be an S-
subsystems of Ms . If @ B; is direct , thenAn (&_;B;) = &_,(ANB;) .

Proof :Letx € @™ ,(ANB,) , then there exists j € | = { 1,2,...,n} , such that x € AN Bjwhich implies x € A and x € B; for
somej€El,sox €An(BL,B;). Then®_;(ANB;) S An (BL;B;). Conversely, let a € An (B, B;)which implies that a
€ A and a € @®;_,B; .so there exists j € | such that a € B;.Let m;: ©{_;b;S — b;Sbe the projection ,then take

a(=m; |bj5):b,-S — b;S . Consider the diagram(3) ,where iy,i> be the inclusion maps of biS and b;S respectively . Since Ms
is (m,1)-quasi injective system , so by (1) of proposition (2-15), a can be extended to S-homomorphism g: M — M,
[that is there exists B € W ], so B extends ;.

i b;S i1 > M>
V4
Tl']- /,
/
Vv 30
bjS // B
. 7/
I2 //
\ /54

Ms
Diagram (3)
Thus for a € bS , we have : b=m;(a) =B(a) =a(a) . Thus,a € @L;(ANB;) and An (B_;B;) € G, (ANB;).
From above proposition when m = 1,[ that isMs is PQ-injective system ], we have the following corollary :

(2-19) Corollary : Let Ms be PQ-injective system with T= Ends(Ms) ,and let A,B1,Bz , ... , B, be an S-subsystems of
Ms . If ., B; is direct , then An (G].;B;) = G-, (ANB;) .

Now we give equivalent condition for PQ-injective system to be quasi injective, before this we need the following concept
.In [8] , define a fully stable module which modified in [10] for an S-system as follows :

(2-20) Definition[10]:A subsystem N of an S-system Ms is called stable if f(N) € N for each S-homomorphism
f:N —M;s .An S-system M;s is called fully stable if each subsystem of M; is stable .

(2-21) Example :

(1) Every simple system is fully stable .

(2) Let the semigroup S is equal to the set of all integers with multiplication . Now, consider Z as an S-system over itself .
Then Z is not fully stable , for define a :2Z, —Z, by a(2n) = 3n, Vv ne Z. ltis clear that a is S-homomorphism , but
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a(2Z) ¢ 27

(3) Consider the set SxS and let S be system on (SxS) on the right by the componentwise multiplication, that is (x ,y)s = (xs
,ys) for x .y ,s € S . Then SxS with this action is a right S-system . Let N = {(s,0) € SxS | s € S} be a subsystem of Ms
[=(S*S)s] . Define a : N —Ms by a [(s,0)] = (0,s) V(s,0) € N, where s # 0. It is clear that a is S-homomorphism ,but since
a[(s,0)]=(0,s) & N [ in particular a [(1,0)] = (0,1) € N]. Hence a (N)< N . This implies that N is not stable .But Ms[=(S*S)s]
,is PQ-injective system whence any S-homomorphism from principal subsystem ((a,0)S or (a,b)S or (0,b)S) of Ms can be
trivially extended to S-endomorphism of Ms .

(4) An S-system Ms over commutative monoidis fully stable iff each principal subsystem of Ms is stable , that is for each
principal subsystem N of Ms and S-homomorphism a: N — Ms , there exists an element s €S, such that a(n) = ns for all
n € N .For each s € S, define As: Ms—Ms by As(m) =ms , m € Ms . Thus in the above case a(n) = ns = As * n for each n N
. From all above , it is clear that every fully stable system is PQ-injective , but the converse is not true in general see
example (2-21)(3). Hence , we need the following concept to be the converse is true :

An S-system Ms is multiplication if each subsystem of Mg is of the form MI , for some right ideal | of S . This is equivalent
to saying that every principal subsystem is of this form [11] . For example , Z, is multiplication system . Every multiplication
S-system is duo .

The following proposition is a special case of theorem (1.18) in [11] :

(2-22) Proposition:Let S be commutative monoidandMs be a multiplication S-system . Then Ms is fully stable iffMs
is PQ-injective .
Proof :=)itis clear .

&) Let a: mS — Ms be S-homomorphism , where me Ms . Then , since Ms is PQ-injective system , so a extends to S-
homomorphism B : Ms — Ms . Now, there exists an ideal | of S , such that mS = Ml . Hence a(mS) = 3(Ml) = (M)l € MI

=mS.
Now, since every cyclic(principal) system is multiplication [ For ,if N is a subsystem of a cyclic S-system Ms =mS and

x €N then,xe Ms so x = ms where s belong to ideal of S and m belong to Ms. Hence , N = MI ] .Then we have the following
corollary :

(2-23) Corollary :A cyclic(principal) S-system M is fully stable iffMs is PQ-injective .

Now, we give a sufficient conditions for the PQ-injective system to be quasi injective .First ,the following lemma will be
useful to give a complete answer when PQ-injective is quasi injective :

(2-24) Lemma([11] :0ver a monoid S , the following statement hold , a right S-system Ms is duo iff for each
endomorphism f of Ms and for each element a of Ms ,f(a) = as for some s € S. In particular , if S is commutative and Ms is
duo right S-system , then End(Ms) is a commutative monoid .

The following proposition give an important result about PQ-injective to be quasi injective :
(2-25) Proposition:LetMs be a multiplication S-system . If Ms is PQ-injective , then Ms is quasi injective system .

Proof :Assume that Ms is PQ-injective and muiltiplicationsystem . Let N be S-subsystem of Ms and f be S-
homomorphism from N into Ms .Since Ms is multiplication system, so N=MlIfor some right ideal | of S . Since, every
multiplication is duo, so by lemma (2-24) and since Ms is PQ-injective , so for each endomorphism g of Ms and each
element a of Ms , g(a) = as for some s € S. Now , for each ne N and seS ,we have nseN (since N=MI), thus

ns = f(n) = g(n) which means that g is extension of f and Ms is quasi injective .
3- REVERSIBLE SUBSYSTEMS:

In this section, It is shown that in duo and PQ-injective system there is a one to one corresponding between maximal left
ideal of the endomorphism monoid of Ms and maximal N- reversible subsystem of Ms .

Recall that a proper subsystem N of an S-system M; is called maximal if for each subsystem K of Ms with

N € K € M, implies either K = N or K = Ms . At the same time ,a non-zero subsystem N of centered S-system Ms over
semigroup with zero is called intersection largeifvm (#6) € Ms , there exists s € S, such ms(#8) € N ,that ismS N N #0
for anym (#6) € Ms. Asubsystem N of an S-system M;s is called closed if it has no proper N-large in Ms that is the only
solutionof N &M [ _o M, isSN=L.

(3-1)Remark:LetMs be an S-system with T=Ends(Ms) . Let Nbe a non-zero subsystem of Ms ,and let P,Q be a
subsystems of Ms. If N N-large subsystem of P and Q respectively , then N is N-large subsystem of PuUQ .

(3-2)Lemma: Every non-zero subsystem N of centered S-system Msoversemigroup with zero has maximal intersection
large in Ms called closure of Nin Ms .
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Proof :Let ¢ = { B is proper subsystem of Ms | BN N=6}, we ordered ¢ by inclusion , it is clear that ¢ # ¢. Let § = { Bq
|a € 1} be any chain of ¢ . Then clH =U B, is an upper bound of ¢ in ¢ . According to Zorn's lemma , ¢ has maximal
element W(say) . Unigness of W implies by its maximality of W . Thus, € has unique maximal element Wsay, which is
called closure of Nin Ms.

(3-3)LemmaZLetMS be an S-system and suppose a non-zero subsystem N of Ms has closure P in Ms . Then P
contains every N-large extension of N and so P is the unique closure of N in Ms.

Proof :Assume that N is N-large subsystem of QinMs .Since N is N-large subsystem of P inMs , so by remark(3-1) N is
N-large subsystem of PUQ . Since N € P, so it follows that P is N-large subsystem of PUQ . Since P is closed , so
P=PuUuQ .HenceQCcP.

(3-4)Lemma: Every non-zero N-reversible subsystemNof centered S-system Ms has maximal N-reversible extension
in Ms .

Proof :Let ¢ = { B be subsystem of Ms [N € B, B is reversible } we ordered ¢ by inclusion . It is clear that ¢ # @ . Let

¢ ={Dqla€l}beanychainin ¢.Now, we claim D =uU,D, is N-reversible subsystem of Ms . Let Whea non-zero
subsystem in D , so for some a € | , we have Wsubsystem of Dy and since Dy N-reversible , hence W is N-large
subsystem of Dgand so WN Dqis N-large subsystem of Dq .It is enough to prove WN Dy # 6,if not that is WNDq= 6 and
since W is N-large subsystem of D4, S0,Dq=6 and this is a contradiction .Thus ,W is N-large in D .Therefore D is N-
reversible and D € C . So, by Zorn's lemma € has maximal element A (say) which is a maximal reversible extension of
Nin Ms .

(3-5) Corollary :Every N-reversible closed subsystem N of an S-system Ms is maximal N-reversiblesubsystem of Ms
[and hence maximal N-reversible extensions of each of its non-zero subsystem ] .

Let Ms be an S-system. Let N be N-reversible subsystemofMs ,then define:An={a eEnds(Ms)|keraN(N*N)#in} .An element x
€ Ms is called reversible if xS is a non-zero N-reversible subsystem of Ms .In the following ,we list properties of Ay .

(3-6)Properties of An:Let N and nS be N- reversible subsystems of an S-system Ms. Then Ay has the following
propertieswithym = iv :

1- An = Ans ,Vn(¢0)eN.
2- Avis aleftideal of T .
3- r(nSxnS) € 4,5 # T,V reversible elements n € Ms .

4- An= Ap , where P is any maximal N-reversible system containing N.

Proof :Since Wwm = im , SO N-reversible subsystem of M; is reversible subsystem , then :

1- Let a € Ay .This implies thata € T and ker a N (N x N ) # iy . Since a|y is not one-to-one ,s0 alns iS Not one-to-one

.Thus,kera N (nS *x nS) # ins and a € Axs . Hence Ay € A,s ...(1) . Conversely , let a € Ans .This implies that a € T and
kera N (nS x nS) # ins. Since n € N and nS large (essential ) in N, so a|n is not one-to-one ,thenker a N (N x N) # iy which
implies thata € Ay . So, A € Ay ...(2) .From (1) and (2) ,we have Ay =Ans,V n(#0)EN.

2- Letae Ay andB e T. Forae€ Ay , we have ker a N (N xN) # iy, s03 (X,y) € ker a N(N x N) .This implies that x,ye N
and a(x) = a(y) with x #y . Since B is well-defined ,so B(a(x)) = B(a(y)) . Then ,(Ba)(x) =(Ba)(y) with x #y .So

kerBa N (N xN) # in. Thus Ba € Ayand TAN S Ay which implies that Ay is a left ideal of T .

3- Let a €£r(nSx nS) . Let s1,52 € S with ns;# ns, ,then a(ns;) = a(nsz) with ns1# nsy, soalss is not (1-1) which implies
thatkera N (nS x nS) # ins and a€Ans .Therefore £1(nS X nS) € A5 .

4- Let ae Ay .This implies that a € T and ker a N (N xN) # iy . Since N is essential subsystem of P, then ale is not (1-1) ,
sokera N (PxP)#ipand a € Ap . Thus Ay € Ap  ...(1). Conversely ,leta € Ap,soa € T and ker a N (P xP) # ip, then
ale is not one-to-onewhich implies that aly is not one-to-one andker a N (N xN) # in.Then a € Ay . Hence

Ap € Ay ...(2).From (1) and (2), we have Ay = Ap .

(3-7)Proposition :Let Ms be a PQ-injective S-system. If n is a reversible element of Ms . Then As is the unique
maximal left ideal of T containing;(nS X nS) .

Proof :Aus is a left ideal of T by ((3-6)(2)) .By ((3-6)(3)) Anscontaining®;(nS x nS). Let X be a left ideal of T which
contains £t (nS x nS) and X #T. If a € X and o € A5 , then kera N (NS *xnS) =ixs , so by lemma (2-6) gives : T = £1(i,s) =
fr[keran (nS x nS)] = Ta U £¢(nS x nS) € X , Which implies a contradiction ,soX € A gsand thenX = A,s .Thus , Ans is
maximal left ideal of T . Let W be another left ideal of T (#T) which contains #1(nS X nS) and As ,that iSAns is subsystem
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of W ,where W is a proper left ideal of T . By maximality of Ans, we have Ans =W . Therefore , Ans is the unique maximal
left ideal of T containing #1(nS X nS) .

The following proposition aimed at discovering first part of the one to one corresponding between maximal left ideal of the
endomorphism monoid of Ms and maximal reversible subsystem of Ms :

(3-8)Proposition :Let Ms be a PQ-injective system and let P and N be fully invariant maximal N-reversible
subsystems of Ms . Then Ap= Aniff P=N.

Proof :&<)The necessary condition follows from ((3-6)(4)) .

=) Assume that Ap = Ay. If P NN # 8, then by lemma(3-2) , since P N N be a non-zero subsystem of S-system Ms , there
exists maximal intersection large in Ms [ called closure of P N N in Ms] . So, P and N be maximal N-reversible (closure) of
P N N in Ms. By lemma(3-3), the closure must be unique ,soP =N .If PN N=0 .Then ,take p (#0) e Pand n (#0) e N,

and consider f: nS U pS — M,defined by ¥x € nS U pS, f(x) = {I(l)’ if)(()ewps

fully invariant . So by corollary(2-16)(1) , f extends to f in Ms .Then we have f(p)= p andf(n) =0 .Thus ,f|ris one-to-one
which implies that kerf N (P x P) = ipand thenf & Ap = Ay ,sof € An . On the other hand f|n is not one-to-one ,so

kerf N (N xN) = NxN #iy.Thus,f € Ay and this is a contradiction .

} . Since Tp @ Tn is direct whence N and P is

(*) An S-systemM; satisfies condition (*) if vy (A X A) # 6for each maximal left ideal A of T.

The following theorem give a complete answer under which there is a one to one corresponding between maximal left
ideal of endomorphism monoid of Ms and maximal reversible subsystem of Ms :

(3-9)Theorem :Let M, be a PQ-injective and duo system such that Ms is satisfy condition (*), with wu = ivand every
non-zero subsystem contains a reversible subsystem. Then , the map ¥ : H — Lis bijective , where H ={ N; | i € I} denote
the set of distinct maximalreversible subsystems of Ms and L ={ A | A is maximal left ideal of T and £7(nS x nS) € A for
each reversible element nin Ms }, (that isy : N; +— Ay; is bijective ) .

Proof : Assume that Ay = Anj where i # j . By proposition(3-8) ,we have Ni=N; and then y is one-to-one .Now,assume
that A is maximal left ideal of T . Since M is satisfy condition (*) , so yy (A X A) # 6. Since wm=iu , SO reversible subsystem
equivalent to N-reversible subsystem of Ms . By assumption ,there exists a non-zero reversible subsystem N of Ms such
that N € yy(A X A) . Thus, n (#0) € N is a reversible element of Ms .Then , by proposition(3-7) , A is the unique maximal
left ideal of T containing ¢ (nS % nS) . By ((3-6)(1)) ,An = Ans , Where nS be a non-zero reversible subsystem of Ms. By
lemma (3-4), there exists unique maximal reversible subsystem K of Ms which containing nS (and hence N) .By ((3-6)(4))
,we have Aps = Ax , where K is maximal reversible subsystem of Ms containing nS ( and hence N) .Since the map y is
one-to-one by the first part of the proof , so nS = K [that is N=K ] which implies that nS (=N ) is maximal reversible
subsystem of Ms .Then ,w(nS) = Ans (that is w(N) = An) . Let A be maximal left ideal of T. It is clear that AC Ars . Let a €

Answhich implies that a €T andkera N(nS xnS) # ins . LetV =kera N (nSxnS) # ins . By lemma (2-6) , we have :
£+ (V) = Ta U £+ (nS X nS) which implies that a € #:(V).Thena € Aand AnC A.Then A=A,.
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