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Abstract:

The stochastic model is one of the most efficient models in the stock price modeling. The martingales have the important
role in this the stochastic models.The martingale theory is used for calculating the probability of the bankruptcy in the
stochastic model of stock market and the stochastic model of insurance risk. In this here, we will provide an introduction to
the martingale from applied point of view in the stochastic differential equations.
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1. INTRODUCTION

Randomness is a basic type of object uncertainty and a random variable is a function of sample space to set real number.
A stochastic process is set of random variable. A differential equation that contains a random component is known as a
stochastic differential equation (SDE).The solution that is a random process.

Stochastic and deterministic differential equations are fundamentals for the modeling in science, engineering and
mathematical finance. As the computational power increases, it becomes feasible to use more accurate differential
equation models and solve more demanding problems. The model can be stochastic by two reasons: if calibration of data
implies this, as in financial mathematical, or, if fundamental microscopic laws generate stochastic behavior when coarse-
grained, as in molecular dynamics for chemistry, material science and biology.

Fluctuations in statistical mechanics are usually modeled by adding a stochastic term to the deterministic differential
equation. By doing this one obtains what is called a SDEs, and the term stochastic called noise [1]. Then, a SDE is a
differential equation in which one or more of the terms is a stochastic process, and resulting in a solution which is itself a
stochastic process. Every unwanted signal that add to the information called noise. Noise in dynamical system is usually
considered a nuisance. Noise have the most important role in the SDE [2].

Bachelier developed the first theory of Brownian motion and used it to model the price of a stock in time in 1900. After the
work of Bachelier, Black-Scholes and Merton in 1973, proved a pricing formula for call options, under accepted
assumptions[4].

The theory of martingales plays a very important and useful role in the study of stochastic processes, stochastic analysis
and mathematical finance. The basic martingale theory and many of its applications developed by Levy, Ville and Doob[5].

We consider some further applications of martingale pricing to the problems in financial engineering.

For attention, in the two next section, we describe the stochastic calculus, the martingale. In part 4, the paper ends with
some the application of the martingales in the stochastic models.

2. Stochastic calculus

In many physical applications one has to deal with random quantities that depend on a parameter. This phenomenon is
termed Brownian motion. Each coordinate of the Brownian particle is a random variable that depends on a parameter. A

stochastic process Xr[wj, is a family of random variables {Xt[m]: teT,wE ﬂ} depending upon the parameter t
and defined on the probability space (Q, £, P) (£, is a 0- algebra of subsets of Q and P is probability measure defined on
all elements of £)[1-3].

Stochastic calculus is a branch of mathematics that operates on stochastic processes. It allows a consistent theory of
integration to be defined for integrals of stochastic processes with respect to stochastic processes. The best-known
stochastic process to which stochastic calculus is applied the Wiener process.

The main part of stochastic calculus is the Ito calculus and Stratonovich. Ito calculus extends the methods of calculus to
stochastic processes such as Brownian motion. We go back to the definition of an integral:

T n
f f(tjdt=iﬂ2f(fjjttj+l _tj) (2.1)
0 =

where Tj is in the interval [Ej-, Ej+ 1]. More generally have Riemann-Stieltjes integral:

| rode=1m Y f(@Go-9@). @2
j=1

For a smooth measure g(t), limit converges to a unique value regardless where Tj, taken in interval [E}-, Ej+ 1l

The Ito and Stratonovich calculus follows the same rules as for the regular Riemann-Stieltjes calculus. If our choose is
Bigq +E5

lower end point, of the partition [E}-, Ej+ 1], we have the case Ito integral, but if we choose midpoint %, we got

Stratonovich case.

to,=0=<1, =t, = <, =T be a partition of the interval [0, T] and & = mElX(fj — i ) The Ito

T
integral fu h(f, th] d”{u is defined as the limit in the quadratic mean.
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T n
[ neexoaw, = im > hres X )W - W) @23)
n—0 i—1 i i—1
0 =
If the integrand h is jointly measurable and
T

f E(|n(s,x_|*) ds < oo, (2.4)

0
The stochastic integral in (2.1) is defined as the limit in probability. The Stratonovich integral is defined by

[2 h(t,X,)odw; = lim Z?zlh[ri_hﬁi::éﬁij(mi Wi ) @9

(where the symbol o, is employed).
In addition to the conditions on the existence of the Ito integral,it is required for the existence of the Stratonovich integral in
(2.3) that the h(t, th function be continuous in t and have continuous partial derivatives ( see [1-7]). Moreover

f h(t, X,)odW, =f h(r,Xt)dw;Jr;f g(t, Xt) (t X)dt  (2.6)

or, equivalently [1]

h(t,X.)odW, = h(t,X,)dW, + ;g(t Xt] (t X, )dt. (2.7)

Consider a SDE,

dX, = f(t, X, )dt + g(t,X,) dW, (2.8)

where T is an n-vector valued function, g is an 1 X P matrix valued function, M‘E is an p-dimennsional Brownian
motion process or Wiener process, and the solution Xt of the stochastic differential equation (2.6), is meant a process Xr

for all f, in some interval [0, T].

We also assume that the distribution of Xﬂ. is known and independent of M‘E There is an explicit several-dimensional
formula which experesses the Stratonovich interpretation of (2.6)

where:
f(t.X,) = flt,X) +232_ yr 22U
AL )= g S Lij=1&k=1 oux; Gk, (2.10)
(see Oksendal (2000)).
t
1
0 [ woaw, =5 we - wg - o (2.11)
0
while
£ 1
() [ W,odw, — 5wz — W] (2.12)
0

Ito integral and Stratonovich integral have applications in the SDEs. In this paper, we consider SDE of Ito kind. A SDE is
given by

X, = f(t,X)+ g(t,X.) e, Xy =x, ®o0, (2.13)
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where f is the deterministic part. fJ £ is the stochastic part, and £¢ denotes a generalized stochastic process [1-2].

An example of generalized stochastic processes is white noise. For a generalized stochastic process, derivatives of any

order can be defined. Suppose that m,rt is ageneralized version of a Wiener process which is used to model the motion of
stock prices.

A Wiener process is a time continuous process whit the property M‘E ~N(0, t), (0=t=T), usually it is differentiable almost

dw;
nowhere. White noise £¢ = 3 [1]

If we replace Etdf by dM‘E in equation (2.13), an Ito SDE can be rewritten

Where f and [ are drift and diffusion term, respectively, and Xt is a solution which we try to find based on the
integrating factor [2].

A martingale is the mathematical description of o fair game. The first time, in the 18" century, a martingale meant a
gambling strategy.

The most important model in the financial mathematic is the model black-Scholes (1973). The standard Black-Scholes
analysis does not allow for dividends payments.

3. Martingales

For a family {Xl,....an} of random variables, denote by O(XL”“,Xﬂj the smallest o- field containing the events of
the form {w, a<X;,: l:ﬁl') < b}, k=1,...,n for all a, b. O(XL”“,Xﬂj is called the o- field generated by Xl,....:Xn-
Random variables determined by O(XL”“,XH) are functions of Xl,....an-

A stochastic process X:{XR:HZ_}D} is called a martingale(MG) if E(IX,RD ::::oo, Tl:_:":] and E
Kper | Xo X, oy X,) =X, n=0.
So,

EE€Xnrs | Xo s X)) = E(X,).
This yields E(X,_,H_ 1) =E (an and we conclude that
E(Xn) = E{:XU) n=0 for any MG.

Now, let &, = 0(X; ..., X)) andZ, =X; + X, + ..+ X, n=12,...
ESe1 |G = E(S, + X,u1 | G)
- E(S,1G) + E(X,.q |G
=S, +E(X,.1)
Whit suppose, E(X; ) = 0 for alli, then S, (Sg = 0) is a martingale.

Any integrable stochastic process ( Xt) whit centered and independent is a martingale:

teR*
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E(X.|E)=EX,— X, + X, | E)
“E(X, — X.|F.) + E(X.|E)
=E(X, — X))+ X,
=X, o0ssst

In particular, the standard Brownian motion (B tth_q‘f is a martingale because it has centered, in dependent
increments.

The discounted asset price
at
—rlt+cBy——
Xt—Xg E:'{'u r)t+o By z

Is a martingale when f{ — T.

Indeed we have

at
e (X.IF) = EX, e” = |F)
ale
- X, e = ge’®|F)
g2t
Xﬂ ez E{:EO’{HE—HS}+JHS |F5)
izr+0'E|' L
Xpe = 7% E(e® P | E)
i | Zt
X, eT"'JESE(E-ﬁ{Hr—HS})
- = il
X, e%ﬂaﬂs e%rs}
alsz

X, e’Ps =

= X, 0ssst

This fact can also be recovered from proposition:

eX, |R)=EEF|F) ) =EFIE) =X 0=s<t
Since Xt satisfies the equation
dX, = o X, dB,
i.e. it can be written as the Brownian Stochastic integral
t
X, = X,:.+JJ’XH.:£B% t ER*.

o
4. Applications of the Martingale

4.1: The option-pricing theory of Black and Scholes(1973) is perhaps the most important development in the theory of
financial economics. Then the value S, of a portfolio is to form:
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2

dSt:(y+%—r)Stdt+aStdW, (3.1)

where, {\/Vt }tzo denotes the standardized Wiener process, ( and 0'2 denote respectively, the mean and variance of

{St } per unit time and S, is the price of a stock at timet, t> 0.

2
O
We suppose that the dividends are paid continuously at the rate & = 7 , and that all dividends are reinvested in the

stock.
. —rt . . . dQ 7WVT?%;/ZT .
Gerber and Shlu in [1] showed that € St is martingales under the measure Q defined by — =€ by this
H+0—T1
y=—"

(o3

4.2: Let a bevariate geometric Brownian motion of the form

dS, (t) = S, (t) {1, dt + o, AW, (t) + o, AW, (1) }

dS, (t) = S, (t) {1, dt + o, AW, (t) + 5, dW, (1) }

where W, (t) and W, (t) are independent Brownian motions, and 4 andoy;, i, j =1,2.

e"S,(t) and e " S, (t) are both martingales under measure Q defined by this

My — 1 | /& -
Oy Oy

Ve =
4 .3: A discrete time risk model for the surplus U , of aninsurance company at the end of year n, n=1, 2, ... is given by
n
U, =Up+cn-> X,
k=1

where, ¢ is the total annual premium, X ¢ is the total (aggregate) claim in year k.

The time of ruin T is the first time when the surplus becomes negative, T=min {n ZUn < 0}, with T=00 if Un >0 for all
n.

Assume that {Xk ,k=12,-- } are independent identity distribution (i.i.d) random variables, and there exists a constant
R > 0 such that

E(e Ry =1,
We knowthat M, =g "
ruin probability

P (T =< w)<e ™,

" is a martingale. So, foralln, P, (T <n) < e ™ where U, = X the initial funds, and the

5. Conclusion

The first, we defined the stochastic calculus and the martingale. Then we described some applications of martingales in
the financial engineering. We saw, as a result, how the problems of financial mathematical and martingales are very
closely related.

References:

1- Oksendal B (2000). Stochastic differential equations an introduction with applications. 5th

3150 |Page
February 19, 2015



g

ISSN 2347-1921

Edition, Springer, Berlin.

2-Kloeden PE, Platen E (1995). Numerical solution of stochastic differential equations.
Springer, Berlin.

3-Gard TC (1988). Introduction to stochastic differential equations. Marcel dekker, Inc, New
York and Basel.

4-Black, F, and Scholes, M(1973). The pricing of options and corporate liabilities. Journal of political economy 81, 637-
659.

5-Doob JL (1953). Stochastic processes, John Wiley and Sons. New York.
6-Farnoosh R, Rezaeyan R (2011). A stochastic perspective of RL electrical circuit using

Different noise terms.The International Journal for Computation and Mathematicsin Electricaland Electronic
Engineering, 30 (2): 812-822.

7-Rezaeyan R, Farnoosh R ( 2010). On the support of an Ito diffusion process in the SDEs. The 23th International
Conference of Jangjeon Mathematical Society.107-109.

3151 |Page
February 19, 2015



