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ABSTRACT

In this paper, we present some new oscillation criteria for second order neutral type difference equation of the
form

A(an(Azn)“)+ q,f(x,)=e,, n=n,>0,

where Z, = X, — p,X,_, and « is ratio of odd positive integers. Examples are provided to illustrate the results.
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INTRODUCTION

In this paper, we study the oscillatory behavior of second order neutral type difference equation of the form
A(an (Azn)“)+ q,f(x,)=e,, n=n >0, 1)
where Z =X, — p, X, and o > 0 is a ratio of odd positive integers, lisa positive integer.
Subject to the following hypothesis:

H) {p,}. {9,} and {e,} are sequences of real numbers with 0< p, < p<1,q,>0, ¢, >0 and {a,} is a

n
positive real sequence with Z g > as N —o00.

s:no S

f(u) > M for
uﬁ'

(H2) f:R—R suchthat uf (U) >0 forall U0 and there exists a positive constant M such that
alu=0 , Where ﬂ is a positive constant.

By a solution of equation (1), we mean a real sequence {Xn} defined for all N = N, and satisfying equation (1).

A solution {Xn} of equation (1) is said to be oscillatory if it is neither eventually positive nor eventually negative, otherwise
it is said to be non-oscillatory.
Recently there has been an increasing interest in the study of the oscillation and non-oscillation of the second

order neutral difference equations, see for example [6, 7, 10-14] and the references cited there in. In [14], we see that the
oscillation criteria for second order non-positive neutral term of the form

A(an (Azn)“)+ 9,f(x,.,)=0, nx=n,>0, @)
where Z, =X, — 0, X, with Z%_)OO as N —> 00 and Lf)z M.
5 a; u
0

In [6] the authors studied oscillation criteria for second order neutral difference equation of the form
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A(rn (Axn + Xn—k)y )+ anr?+1 = en : (3)

In section 2, we present some oscillation criteria for equation (1) and in section 3, we provide some examples to
illustrate the main results.

Definition 1.1 A solution {Xn} of equation (1) is said to be almost oscillatory if either {Xn} is oscillatory or AXn is

oscillatory or X, =0 as N — 0.

We provide two lemmas which are useful in proving the main results.
a—y b . . ..
Lemma 1.1 Set F(X) = ax +— for X> 0.11a>0,b>0 and >y >1, then F(X) attains its minimum
X

aa’ b7
min T dar . o " (4)
Y (a—y) "

Lemma 1.2 Forall X=>Y >0 and  >1, we have the following inequality

X' =y’ = (x-y). )

2. ALMOST OSCILLATION RESULTS

In this section, we establish new almost oscillation criteria for equation (1).

Theorem 2.1 Assume that there exists a sequence {Pn} such that

] n-1 . (AP )a+l(P )1/aa
limsu PQ, ——3 sl S = op, 6
n%wpszznz) SQS (a+1)a+l Psa ( )
and
n-1 s-1 1
ZZ(Mbﬂquieu)a:w) @
s=ngu=ny
where

_ Mg, e (14 p)°
- aa/ﬂ (ﬁ _ a)lfa/ﬂ !

Q

Q; =min{Q,, d”“(1+ p,)Mq, —d “e, }, ®)
M >0 and d > 0. Then every solution of equation (1) is almost oscillatory.

Proof. Suppose that sequence {Xn} is not almost oscillatory solution of equation (1). There exists a positive solution

{X,} of a equation (1) such that X, ; >0 and X, >0 forall N >N, >N, . Then by definition of almost oscillatory there
are two possible cases arise.

Case I: Assume that AX, >0 forall N> n,. Thus Az, >0 for all N>, . From the definition of Z,, we have

Z, =X, — PyX,y and X, = 1+ pn)Zn . Then from equation (1) and (Hz) , we have

A(a,(Az,)*)+Ma, A+ p,) 2} <e,.
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A(a,(Az,)) + Mg, L+ p,) 2! <e,. ©
From the above inequality, we conclude that
a,(Az,))* >a, ,(Az,.,)". (10)
Let us denote the sequence {Wn} by the following

W, = Pnan (fzn) .
z

n

n>n,. 1)

nw, = PAE(2))

n

P
+ an+1 (Azml)a A[_:,j !
z

n n

= PA@AZ)T) o (a7 e {A(%) P+t APH} ,
Zn n n+1

— PnA(an (Azn)a) + AI:)na‘n+1(AZn+1)0t _ Pnan+l(AZn+l)aA(Zr?)

z; z, 2],
By mean value theorem, there exists /;: € (Zn, Zn+1) such that
AZY) = a& Az,
we have
AW, = PnA(anZ aAzn)“) +Ap, Wy —op, §“lan+;£AzZ,21)“Azn .
n n+l n+1%n

In the view of (9), (10) and (11), we obtain

AWn S—Pn{qu(l-l‘pn)ﬂZfa _e_z}_,_Apn Wit _ Olpnf an+1a(AZan+1) AZn ’
Zn pn+l ‘fznﬂzn
and
e W, aP wHye
Aw, <P, {qu (1+p,) 27 ——Z}LAPn ol ol (12)
Zn Pn+1 Pn+1 a'n
Set
Fu)=Mg (1+p )fule -5
(u)=Mgq,(1+p,)"u U (13)
since U is increased, there is a constant d >0 suchthat U>d >0 and
Fu>d” @1+ p,)" Mg, —d “e,.
By using the inequality
aa Ba+l
Bu — AUl+1/a < T o ! A> O, (14)
(+1)*" A
we have
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+1 1/
AF)n W _ o 1+l < (Apn)a Pn+(lxan (15)
1T T e e 1 = :
Pn+l n+ piillla ai/a n+ (a + 1) a+l Pna
From inequalities (12), (13) and (14), we have
* (Apn)gHl Pnlizan
n
Summing the inequality (16) from N, to N —1, we obtain
n-1 . AP a+l Pl/aa
> | P.Q; _(&R) —2—=<w, —w, <w,, forall n,
=y (a+1)“'P” 1 1
which is contradiction to (6).
Next, we assume that X, <0 forall N >N, . We use the transformation Y, = —X,, , then we have {Y,} is an
eventually positive solution of equation
A(an (Az,)” )+ q,f(y,)=—=¢,, (17)
where Z, =Y, — pP,Y, > 0. Define
Pa (Az,)”
n:M1 nan_ (18)
o
ZI"I
Thus W, >0 and satisfies
e w aPwHYe
_ B op-a . *n n+l nVn+1
Aw, <P, {qu L+p,) 277" + r }+APn 5 DT (19)
n n+1 n+1 n
Set
e
— BB n
F(u)=Mq,(1+p,)"u +—.
Using Lemma 1.1, we see that
a/ﬂM ap 1+ ael—afﬁ

alp 1-alf
a” (f-a)
and also (14) holds. Then the rest of the proof is similar to that of the above and hence is omitted.

Case II: Assume that AX, <0 forall N=N,, then Az, <0 forall N=N,. From X, >0 and AX, <0, we
obtain

lim X, =b>0. (21)

nN—oo

Hence there exists N, > N, such that Xnﬂ >b? for N> N,. Therefore we have
A(an (Azn)“)s ~Mgq,b” +e,. 22)

Summing the last inequality from N, to N—1, we obtain

7349 |Page DOI : 10.24297/jam.v%Vi%i.6290
Octuber 2017 www.cirworld.com



;‘k ISSN 2347-1921
\ Volume 13 Number 4
- Journal of Advance in Mathematics

n-1
a a a . B _
a,(Az,)" <a,(Az,)" ~a, (Az, )" <-| > Mb"q, —e,

s=n2

and
la
n-1
Az, <—| > Mb’q —e | a" (23)
s:n2
Again summing the above inequality from N, to N —1, we obtain
e
n-1| s-1 p y
-l/a
z,<z, —| 2| 2 Mb’q, —e, | a"| (24)

s:n2 u:n2

Letting N —> 00, from condition (7) implies that Z is negative for all N > N, , a contradiction.

Finally, we assume that {Xn} is an eventually negative sequence. It means that there exists N; € N such that

X, < 0 forall N> N;. We use the transformation Y, = —X, in equation (1). Then Y is an eventually positive solution

of the equation
(25)

Ala,(Az,)*)+a, f(y,) = -,

where Z, =Y, — 0,Y,_ - The rest of the proof is similar to the above and hence omitted. The proof is now complete.

Corollary 2.1. Assume that all the conditions of Theorem 2.1 hold except the condition (6) is replaced by

limsup > P.Q; =0, (26)

n—oo =
S no

and

n (AP )(Z+l

limsup E ag — (27)

n—oo _ ® Pa
s=ng S

Pslff <0
Then every solution of equation (1) is almost oscillatory.

Theorem 2.2. Assume that condition (7) holds. Furthermore, assume that there exist a positive sequence {pn} and a

double sequence {H, :m>=n>0} such that H =0 for m>0, H >0 for m>n>0 and

A2Hm,n:Hm,n+1_H <0form=>n=0.1if

m,n —

a+l ]
AP, ]

s+1 s

LZ HmsPsQ:_ 1
Hon ’ (@ +1)“"H7 R’

(28)

s+1

P"“a (AZHm,s +H,,

Then every solution of equation (1) is almost oscillatory.

Proof. Proceeding as in Theorem 2.1, we have two cases to consider.
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Case I: Assume that AX, > 0 forall N >N, . Define W, by (11), then W, >0 and satisfies

. APw aPwHe
n"'n+l n"'n+l
Aw. <-PQ, + b pagla’ (29)
n+l n+l n

Multiply both side by H mn and summing from N, to N —1, we have

n-1 n-1 n-1 W n-1 P \Nl+1/a
* s+l s'Vs+1
ZHm,sAWs < _ZHm,sPst + ZHm,sAPs P : _aZHm,S F)1+l/oz+ 1/
s=n s=n s=ny s+1 s=n s+1 a‘s
n-1 n-1 n-1 n-1 +lla
. W, Pw.
> H,PQ <—>H_ Aw +>H,_ AP —PS+ —aY H,, —P; S (30)
s=n s=n s=ny s+1 s=n s+1 as
Using summation by parts, we obtain
n-1 n-1 AP P\N1+l/a
* 1
D HuPQ <H W, +> {Asz,s +H,, == }Wﬁl —aH,,, —Pls”’? — . (31)
s=ny s=n s+1 s+1 as
_ AP, aH, R
Setting B=A2Hm,s + Hm,sP_S’ A=P1Taa1/a and u =W,
s+l s+1 S
From inequalities (31) and (14), we obtain
B AP a+l ]
1+
n-1i F)s+1a (AZHm,s + Hm,s : J as
H,.PQ. - — <H, W, ,
;1 m,s' s s (a+1)a+lHrlr):,s Psa mn=ny
B AP a+l W
1+
1 n_1i Ps+1a (AZHm,s + Hm,s : j as
H PQ* _ S+1 <WwW ’ (32)
Hm,n s=m e (a+l)a+lHrZ,sPsa E

which contradicts the assumption (28).
Next we consider the case when X, <0 for all N >N,. We use the transformation Y, = —X_ then Y, is a

positive solution of equation

A(a,(Az,)*)+q, f(x,) =—€, (33)

when Z, =Y, —0,Y,_ - Define W, by (18) and (20) hold. The remaing of the proof is similar to that of first case of
Theorem 2.1 and hence omitted. The proof of the case Il is similar to that of second case of Theorem 2.1. The proof is
now complete.

Corollary 2.2. Assume that all the conditions of Theorem 2.2 hold except the condition (28) is replace by

n-1
IimsupL ZHm'SPSQ: =0,

nN—o0 m,n szno

and
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s+1

a+l
Psl;rla[AZHms-i_HmsAPSJ as
n-1 ' ' P
<

limsup 1 >

a a
n—e m,n $=ng Hm,s Ps

00,

Then every solution of equation (1) is almost oscillatory.

Examples
In this section, we provide three examples.

Example 3.1. Let us consider the second order neutral difference equation of the form

A 2—(_1) A(xn—lxnlj +xr3]:i—13(—1)”, nx2. (34)
n 2 n(n+1)
Here an=2—ﬂ, o =1, a=1, 1=1, q,=1, f(u)=u3anden=L—13(—l)”. All the
n 2 n(n+1)

conditions of Theorem 2.1 are satisfied. Hence every solution of the equation (34) is almost oscillatory. In

n+1

fact one such solution is (—1)"". Here {X,} is oscillatory.

Example 3.2. Let us consider the second order neutral difference equation of the form
A(Z +(=1)" (A(xn —~ % xnl)D +x3=14+25(-1)", n>2, (35)

1

Here a, =2+(-1)", p, = X a=1,1=1,q,=1, f(u)= u® and e, =14+25(-1)". All the conditions

of Theorem 2.1 are satisfied. Hence every solution of the equation (35) is almost oscillatory. In fact one such

solutionis X ,=2—(=1)"". Here {X,} is nonoscillatory but AX, is oscillatory.

Example 3.3. Let us consider the second order neutral difference equation of the form

A(i A(x, — 2xn_1)j +Nn°x; = (-D+)(n+2)=3 ", 5 (36)
n+3 (n=1)n(n+1)(n+2)

Here an:i, p,=2, =1, 1=1, qn=n2, f(u):u3 and en:(n—l)(n+1)(n+2)—3
n+3 (n=Dn(n+1)(n+2)

conditions of Theorem 2.1 are satisfied. Hence every solution of the equation (36) is almost oscillatory. In

. All the

1
fact one such solution is X, = —. Here {X,} tends to zero as N — co.
n
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