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ABSTRACT
As a consequence of Cohen’s structure Theorem for complete local rings that every finite commutative ring R of
characteristic P" contains a unique special primary subring R, satisfying R/J(R) = R,/pR,. Cohen called R,

the coefficient subring of R . In this paper we will study the case when the ring is a transcendental extension local
artinian duo ring R; we proved that even in this case R will has a commutative coefficient subring.
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1 Introduction

It is well known that Wedderburn-Mal'tsev Principal Theorem is essential to know the structure of a given ring, many
scientists tried to improve it. | .S. Cohen [7] proved that any commutative local notherian ring R that is J (R) —adic
complete have a subring R, such that R=R;+J(R),R, " J(R) =J(R,). On the contrary, Asumaya [5]

introduced the concept of an inertial sub algebra of algebra over a Hensel ring. The concept of an inertial sub algebra
is analogous to that of a coefficient subring Y. Alkhamees and S. Singh have generalized the result to the existence

of coefficient subring of a locally finite R —algebraA, where R is a commutative chain ring such
thatJ(R) = RMJ(A), A/JJ(A) countably generated separable algebraic field extension. A. Azarang [3]

discussed similar concept of coefficient subring which is maximal subring and he showed that the existence of
maximal subrings in some commutative noetherian ring. Also, A. Pavelescu [14] proved that maximal commutative
subgrings of Artinian semisimple rings are direct products of local rings. As we know that there are many important

rings that are not algebraic extension of its prime subring. Actually the existence and structure of Ro for finite
commutative local ring R was known to Krull as early as 1924 [11] , p.20 . For finite commutative local ring it turns

out that Ro is a Galois ring. Clark [6] proved that a coefficient subring of finite P — ring R is a direct sum of full

matrix rings over Galois rings. Finally Corbas [8] manages to characterize coefficient subring of a finite ring as a
direct sum of full matrix rings over Galois rings.Y. Alkhamees and S. Singh [1] have generalized the results on the

existence of coefficient subrings of finite local rings to locally finite R—algebra A, where R is commutative
chain ring such thatJ(R) = RN J(A), A/J(A) countably generated separable algebraic field extension. By
Cohen&€™s structure theorem, R is a complete domain as a finite integral extension of a complete local regular
domain Ro , and if R has the similar features as its field of residue, then Ro is a recognized series of power ring
over a field [7]. J. A—inert, J. Richter, and S.D. Silvestrov [13] proved that if R is a commutative domain of

characteristic zero. Then its Ore extension R[X;idg,d] is a simple ring if and only if R is O -simple and a

maximal commutative subring of R[X;i0y,J]. Moreover, In [13] they considered centralizers of single elements in

certain Ore extensions, with a non-invertible endomorphism, of the ring of polynomials in one variable over a field,
and showed that they are commutative and finitely generated as an algebra.

The researches above were focused on studying the case when the ring is finite or even algebraic extension over its
subring. Though, there are many important non-commutative rings that are not algebraic extension of its prime
subring. So in this research, the focus will be on the case when a ring is any transcendental extension of its prime

subring. Let R be an artinian local duo ring such that R is a field(algebraic and transcendental extension).Some
propositions have been given to reach our main theorem which asserts that R has a coefficient subring Ro , which

is either a field or a transcendental extension of a generalized Galois subring Ro which is a coefficient subring of the
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ring of all algebraic elements in R over the prime subring.
2 Preliminaries

All rings considered in the research have 1#0. Let R be any ring . Then the smallest subring P of R
containing the identity 17 O such that for any integer N , if Nl is a unitin R , then (I’]l)fl € P, is called the
prime subring of R .The prime subring of a field F s the prime subfield of F. J(R),C(R) denote the

Jacobson radical and center of R respectively. Let R be a commutative local ring and R=R/J (R). For any
f(x) e R[X], let f(X) denote its natural image in R[X]. R is called a Hensel ring , if it satisfies the following
condition : Let f(X) e R[X] be any monic polynomial . If f (X) = Jo(X)hy(X) for some relatively prime monic
polynomials g, (X), h,(X) € E[X] then there exist monic polynomials g(X), h(X) e R[X] such that
f(x) = g()h(x),g(x) = g,(X) ,h(x) = h,(X) . By Hensel lemma any complete local commutative ring is a

Hensel ring , in particular any commutative local artinian ring is a Hensel ring. A ring R is called chain ring, if it is a
local, both sided artinian, principal ideal ring. A commutative chain ring R is called a special primary ring. A finite
special ring S such that J(S) = pS , where p =char(S/J(S)) is a Galois ring .A ring R in which each one-

sided ideals is two sided is called a duo ring. Let R be a local ring , such that R/J(R) is a field . Then a monic
r
polynomial f (X) = Zaix' € R[X] is said to be partially irreducible [separable] polynomial over R, if f(X) is
i=0
— —_ ro_ . —_
ireducible [separable] modulo J (R), in the sense that for R = R/IJ(R), f(X) = Zaix' € R[X] is irreducible
i=0
[separable] over R. If f (X) partially irreducible polynomial over R, then it is easy to see that <f(X)>
+ J(R)[X] is a maximal ideal of R[X]. Let R be a commutative , local ring with J(R) nilpotent , and let P, be
its prime subring . Let f (X) € R[X] be a partially irreducible separable polynomial over R , such that for some
aeR ,f(X)=(x-a) g(x) (mod J(R)[X]).Then there exist & € R, g,(X) € R[X], suchthat &, =a
(mod J(R)),8,(x)=9g(x) (mod J(R)[x]),and f(X)=(x-a) g,(x).
Definition 1 Let R be aring .Then R is called a generalized Galois ring if R= U R, ,where all R, are
ieA

Galois rings of the same characteristic and for any &, S € A there exists I € A suchthat R, U Rﬂ cR.

Itis easy to see thatif R = U F\’i is a generalized Galois ring, then R is a local, artinian principle ideal ring.
ieA

Definition 2 Let R be a local ring such that R is a field and T a commutative local subring of R,
J(M)=J(R)NT. Then (I) An element & in R is said to be a lift algebraic element over T if there exists a
partially irreducible polynomial f(X) over T suchthat f(a)=0; f(X) is called a minimal polynomial of a over
T.if deg f(X)=r,then @ is said to be of degree I' over T. (ii) A lift algebraic element & in R over T is

said to be separable over T if its minimal polynomial over T is separable.

It is well known that for a commutative local ring T with J (T) nilpotent, and T alocal subring of T such that
JT)=T NI(),if aeT separable over T = (T' +J (T)y\] (T) and f(X) amonic polynomial over T'
such that f (X) the minimal polynomial of @, then there exist a unique element b € @ such that f (b) = 0. Let

R be a commutative artinian local ring with R an absolutely algebraic field, and let (T , 72') be a special primary
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subring of R . Suppose that @ is a separable element in R over T = (T +J (R))/J (R) and f(X) a partially
irreducible polynomial over T such that T({:—l) = 0. Then there exist a unique lift algebraic element a €R over
T suchthat f(2)=0 and @ =a. Then T[a] is determined by the field f[é] in the sense that it does not

depend up on the choice of 5

Let R be an artinian local ring such that R is an absolutely algebraic field. Suppose that fl(X), fz (X) € P[X] are
partially irreducible polynomials over P such that fl(X) = f2 (X).Let a€ R such that f2 (@)= fl(a) =0. Then @
has a lift algebraic element @, € R over P such that fl(ai) = 0. so a lifting subring P[ai] of P[a] is determined by

the polynomial fl(X) in the sense that it does not depend up on the choice of fi (X) S P[X] L= 1,2.

Let R be a commutative local ring such that R is an absolutely algebraic field, J (R) a nilpotent ideal.

(i) Ifchar R=0, T asubfieldof R and b € R alift algebraic element over P . Then T[b] is a subfield of R;

(II) If char R = p”, T a Galois subring of R and beR alift algebraic element over P . Then T[b] is a Galois subring
of R.

3 Coefficient subrings

In this section we will fucose on the ranscendental extensions of certain rings and tried to find a coefficient subring of
such rings.

Definition 3 Let T be a subring of aring R . Then

(i) a e R is said to be an algebraic element over T if it is satisfies a regular polynomial over T .

(ii) a € R isis said to be a transcendental element over T if it is not algebraic element over T .

It is easy to see that if R is an artinian local ring such that R is a field, @ € R is an algebraic element over P,
then there exists a monic polynomial f (X) € P[X] suchthat f(a)=0.

Lemma 4 Let R be a local ring with J(R) a nil ideal such that R is a field. Then @ € R is a transcendental
element over P C R if and only if @ is a transcendental element over P C R.

The lifting of an algebraic element over a residue field for a certain ring is a root of a lifting of the irreducible
polynomial of that element, the uniqueness of the lifting element in a Hensel ring is the key point to show the
existence of a coefficient subring, however a lifting of transcendental element is not a root for any polynomial, in the

following proposition we will use the fact that for a transcendental element &, a+< f (a)), f(a)eP[a] is an
algebraic element over P and hence we can use Hensel lemma.

Proposition 5 tet R be a local ring such that for some @ € R,6R = R@ is a minimal ideal of R, RIR isa
commutative ring of characteristic pn , J(R)= pR+ER and pPRNER =0.

let A € R\J(R) such that for some h = 0 in R, ah = ha. Then aEC(R).
Proof: Let S={ycfR|ay=ya}. Let ZzeS,reR. Then azr = zar = zar = zra. Hence S =R . Let
XxeJ(R).Then X=pr+65, ax= par+adés. At the same time ar—raceéR and pd=0 , therefore

par = pra. Hence ax = Xa. Let b € R be a unit. Then ab—ba =7 =6 forsome SeR, bab=a+&
for some teR. Hence a(bab)=a(a+@&)=(a+&)a. Thus T =P[a,b™ab]=P[a][1] . where
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Pla
A =@ . Observe that < p, f(a) > in P[a] is a maximal ideal, so _ Pla] is a field.
<p f@)>
Case 1. @ is lift algebraic element over P . Let f (X) be a minimal polynomial of & over P . This means
f () is monic, f(X) is irreducible modulo J(P) and f (@) =0 is a root. As b™ab is also a root of f (X) and

it equals @ modulo J(T), therefore @ =b"ab. Hence ab =ba.

case 2. @ is not lift algebraic. Suppose A #0. As P is special primary ring, g(a) #0 for any

0+ g(x) € P[X]. Thus we have natural mapping 7 : P[X][y] = T with 7(X) = a,z(y) = A with y* =0.Itis

monic on P[X]. _ T = P[a], which is a PID, pP[a]+AP[a]<T nJ(R) and __r is a
TNI(R) pP[a]+ AP[a]

natural image of P[a], which shows that pP[a]+AP[a]=T nJ(R). As ann, (1) =T NJ(T). Thus

Ta

TNnJI(R)

any monic irreducible polynomial irreducible modulo P . Then < p, f (X) > is a maximal ideal of P[X]. Now

Plxyl . FIx
<pfOY> <pf(0>

, which is not simple. Similarly, P[a]"NJ(R) =P[a]"T = pP[a]. Let f(X) e P[X] be

which is a field, hence < p, f(X),y> is a maximal ideal of P[X,y]. Under 7 its image is

< >
M=<p,f(@),i> as y°=0, _ Pyl is a chain ring of composition length 2, then <p. 1> is
<p f(x)> <f(x)>
< >
nilpotent. Hence M is a Hensel ring with maximal ideal M By using 7, we get
< f(x)> < f(x)>
— < >
T :L is a Hensel ring with maximal ideal M As a,b‘lab both are roots of same
< f(a)> < f(a)>

irreducible polynomial, so they are equal modulo < f(a)>. Hence A =a—b"ab= f(a)(g(a)+ih(a)).
Then f(a)g(a) e P[a]nJ(R) = pP[a],g(a) = pw(a) for some wW(a) € P[a] as f(a) is not a zero
divisor modulo pP[a], Then 1n(1— f (a)h(a)) = pf (a)w(a). if 1— f (a)h(a) € pP[a]. then f(a) is a unit
in P, which is a contradiction. Hence 1— f (a)g(a) is not a zero divisor in P[a]. Thus A(1— f (a)g(a)) #0.
As R is simple, A(1—f(a)g(a))R=6R. This shows that RN PR=0,R < pR. This gives a

contradiction. Hence A =0.

The following example shows that the above result will not be true if R pR .

Example 6 et S= sz, R"=S[X,y] such that Xy —YX = pP,Xy =YX+ P. Then as p2 =0, we have
mek = kam +mkpyk’lxm’1. Thus, if P divides M or K, then mek = kam, f(X,y) € pS[X, Y] is regular.
p(xy—yx) = p2 =0 , implies that PXy = PYX, and hence pfg = pgf , for any f,g eR'. Now pR’ being

. . . . r . .
isomorphic to S s noetherian. So R’ is noetherian.

PR

Let G be the set of all regular elements of R Let f, ge R’ with g #0.Then
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fg = of + pc forsome e R’.
suppose T € G, and  isalso regular. Then
fag = gfg + pcg = gfg + pgc, fu = gv,
where U= g* € R,V = fg + pC is regular. Suppose that § € PR’.Then g = pg’ forsome 9’ € G.
fgg’ = gfg’+ pcg’ = ofg’+ pg'c = gfg’+gc = g(fg'+c).

At the same time fgg' = pfg'2 # 0. Therefore g( fg’ +C) #0. Hence fg’ +C € G. This proves that R' satisfiesA...

Ore condition on the right. Hence we have R, the right localization of R" at G . Then (pR)2 =0 and any element of R

outside PR is invertible. Thus R is a local ring and PR is its minimal ideal. Here R is non-commutative, — is of
PR
characteristic P, PR = R(pl), R/PR is commutative and we can assume & = pl .

It is clear that if in the above proposition we assume that R/ER is a field then the proposition will be also true.

Proposition 7 Let R be a local ring such that for some 8 € R, €R =R@ is a minimal ideal of R,

R/ER a commutative ring of characteristic p" and J(R) = pR+6R, pPRNER =0. Suppose that
a,b e R\J(R). Then there exists h € €R such that

a(b+h)=(b+h)a.
Proof : Let a@=6@a" for some a' eR. Suppose such an h exist. Then
h=&,ab—ba=ha-ah=@4a-a& =Ga—-a't=h(a—a’). ifa—a’ is a unit, we can take
h=(ab—ba)(a—a"). Suppose a—a’ is a non-unit. Then

f(a—a')=0,6a=ad.
By Proposition 5, & € C(R), therefore, we may take h = 0.

Definition 8 A subring [subfield ] T of a ring R is called a coefficient subring [subfield] if
T=T+JR)I(R)=R ie, R=T+JI(R) and J(T)=TnJI(R)=qT, where q=char R.
Definition 9 Let R be a local ring with J(R) a nil ideal. Then R is called an absolutely algebraic ring if every

elementin R is algebraic over the prime subring P of R, otherwise R is called a transcendental extension.
Let R be alocal ring with J(R) a nil ideal such that R is afield. Let K be the set of all algebraic elements in R
over P. itis clear that a—b,ab € K for any algebraic elements a,b € R over P. Hence K is an absolutely

algebraic ring. As J(R) is a nil ideal, J(R) < K . Since K =K/J (R) is an absolutely algebraic subfield of R.
Then K is alocal ring with J(K) = J(R) a nil ideal.

Theorem 10 [2] Let R be an artinian local duo ring such that char R =0 or p" and R be an absolutely
algebraic field. Then R has a coefficient subring.

Moreover any coefficient subring of Ris a generalized Galois ring and any two coefficient subrings of R are
isomorphic.

Let R be an artinian local duo ring with d(R) = 2. Then we have the following proposition which we will need it
later.
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Proposition 11 Let R bealocal duo ring with d(R) =2 and S a commutative subring of R , let, D, X,y € R be
three units elements such that b, Xxes, Y & S such that Xy = VX, b(y+ h) = (y+ h)b forsome he R .ifh=0
then either X or b € C(R).

Proof : Here Xb=bx,xy =yx. As d(R) =2, clearly, J(R) = pR+6R, where p=Ch(%). Now

by —yb e @R, therefore by = yb+t,t €R. Thus by = y,b where y, =y+h" for some h'eR. Now
xy,b = xby =bxy =byx = y,bx = y,xb, hencexy, = y,X,h’x=xh". Thus, if h'#0, then x2C(R).
Suppose h" = 0. Then so by = yb,bh = hb . In this case b € C(R).

Remark 12 Let R be a local duo ring with J(R) a nilpotent ideal, and P its prime subring. Let @8,b € R be
algebraic elements over P . Then there exists a regular polynomial f(X) € P[X] such that f(a)=0, hence

f(a)=0. f(X) is a non-zero polynomial over the fiA...eld P . Thus we can fiA...nd a monic polynomial of
smallest degree of @ say {(X) over P such that g(a@)=0. Now a—b is algebraic over P . Let
h(x) € P[x] be a monic polynomial such that h(a—b) = 0. Then h(a—b) € J(R),h(a—b)s =0 for some

$>0. Hence a—b is algebraic over P . Similarly, ab is algebraic over P . Hence H the set of all those
elements of R that are algebraic over P is a subring of R. Now H"NJ(R) = J(H).Let ae H/J(H), then

a isaunitin R and *—1 is algebraic over P , which gives that @ * is algebraic over P . This proves that H is a
local ring with J(H) = H mJ(R). Let L be the set of all lift algebraic elements in R. Clearly L= H . Let

a,be L. Then P[a,b]=P[c] for some Ce P which is lift algebraic over P . Now P[C] is a A...field or a
Galois ring. As P[a] < P[C], so P[a]< P[c]. similarly P[b]< P[c]. Then K =P[L] is a fiA...eld or a
generalized Galois ring such that H = K +J(H), and K = U;P[ai], with P[a,]< P[a,,,]. Let ¢ €R be
a transcendental element over P . We want find for some zeJ(R),a+Z commutes with every q;, if
J(R) = pPR+ER, pPRNER =0, then by Proposition 6, there exists h, € J(R) such that

a(a+h)=(a+h)sy.

Suppose that h, #h . Then as P[a,]=Pla,,],a+h,,, commutes with a,. Then a,h=0, where
h= hn+l —h

K <= C(R), in this case we can choose h=0. Otherwise, there exists an N such that h =h_ for every

and hence a, € C(R). Thus, if for any N, there exists an M >N such that h_ #h then

n?’ m+1 "

m>n.Then h= hn . Thus we can take & such that & commutes with every @;. We get a commutative subring

K[a] . We can localize it at its regular elements and get Kl, as K is a union of an ascending chain of subrings
each of which is generated by an element over P . Suppose that we have a transcendental element ﬁ which is
algebraically independent from « over P . To get analogous commutative subring Kl[ﬁ], we aim to find an

element, say £ commuting with all &, .
Now, if J(R) = pR+ &R, pPR @R = O then by Proposition 7, there exists h € J(R) such that
a(f+h)=(f+h).

Let ' =(f+h). Then aff' = f'a and as in above remark there is h € J(R) such that '+h commutes
with every @;. Now, for d(R) =2 we can use Proposition 11 and get, if h# 0 then either & or & € C(R) for
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all i. Therefore K,[£'] is a commutative subring of R .

Theorem 13 Let R be a transcendental extension local duo ring with charR =0, d(R) =2 and R is a field.

Then R has a coefficient subfield.

Proof: Let K be the subring of all algebraic elements in R over its prime subring P . We can find a subfield

H = UP[a] of K with each @ an algebraic element over P = Q such that
i=1

K=H+J(R).
Suppose that @ € R is a transcendental element over P. Then there exists h € J(R) such that H[ar+h] is a
commutative subring of R . As & is transcendental over H, ¢r+h is also transcendental over H. So we can
find H[e,];, such that each @; is transcendental and R = H[¢; ], , so H[e;]; is an integral domain. Since R
is a local ring, R contains the inverses of all non-zero elements in H[e;];. So R contains the quotient field

H(a),

of H[e;];. Now
R=H(x) +J(R)
Thus H(e,); is a coefficient subfield of R .

Theorem 14 Let R be a transcendental extension artinian local duo ring with char R =0 and R is a field. Then
R has a coefficient subfield.

Proof : we will prove the result by induction on d(R) . Let d(R) = 2. Then by Theorem 13, R has a coefficient
subfield. Suppose that for d(R)<m—1, m>3, R has a coefficient subfield. Let d(R)=m, R =R/6R,

where &R is a minimal right ideal of R . Let K be the subring of all algebraic elements in R over P and suppose

that R = K(a,);, for some transcendental elements ¢; in R over P. As R is an artinian local duo ring, R’ is
an artinian local duo ring with d(R) =m—1.So R has a coefficient subfield, say T/6R , where T is a subring
of R containing some ¢; € ¢, . Since T/€R is afield, J(T) = 6R and hence

RIER =T/R+I(R/(R)

=TIR+JI(R)/R.
So

R=T+J(R).
Thus
R=0T,RO=TEO.

Therefore @7 =T is a minimal ideal of T and hence T is an artinian local duo ring such that J*(T)=0. So
d(T) = 2. By Proposition 13, T has a coefficient subfield, say F . Now

R=T+J(R)

=F+J(M)+J(R)
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=F+J(R).
Hence F is a coefficient subfield of R.

Proposition 15 Let R be a transcendental extension local duo ring with char R = p",d(R)=2 and R a

field. Then R has a coefficient subring.

Proof: Let K be the subring of all algebraic elements in R over P, we can find a generalized Galois ring

Ky = Y P[a;] such that K = K, + J(R). Suppose that R= K(¢;);., for some transcendental element ¢; in

R over P. So there exists an element h, € J(R) such that K,[e; +h]; is a commutative subring of R . Now
K0 is a special primary ring. Since R is an artinian local ring, the non-zero divisor elements in Ko[ai + hi]i are
units in R. R contains the total qoutient ring of K[y +h], say R, =(K,[e; +N])p, where
P = pK,le; +h];. Now J(R,) =R, nI(R) = pR, and R=R,+J(R). Thus R, is a coefficient subring
of R.

Theorem 16 (The main Theorem) Let R be a transcendental extension artinian local duo ring with char
R= p" and R isafield. Then R has a coefficient subring.

Proof: we will prove the result by induction on d(R). Let d(R)=2. Then by Proposition 13, R has a
coefficient subring. Suppose that for d(R) =m—1, m>3, R has a coefficient subring. Let d(R) =m. Let

R =R/N, where N is a minimal right ideal of R . Then N = éR for some @ € R. Let K be the subring of all

algebraic elements in R over P and suppose that R= K(ai)i, for some transcendental elements ¢; € R. Now
R is an artinian local duo ring with char R = pn', where N <n and d(R)=m-1. Hence R has a
coefficient subring, say T/N. Therefore R=T +J(R).As J(T/N) = p(T/N), Since R@ is a minimal ideal,
R =0T and RO=TH.s0 GT =T is a minimal ideal of TJ_' = Ris a field. Thus T is a local ring with
J(M) =T NJI(R) a nilpotent ideal. Let P= (P +J (T))/J (T) and consider an element a+J(T) eT\P
algebraic over P. Then there exists a lft algebraic element @ €a+J (T) in T over P suchthat P[a] is a
Galois subring of R . 1f b+ J(T) ef\l3[a+ J(T)] is an algebraic element over P, then there exist an element
b eb+J(T)inT suchthat L =P[a,b] isa Galois subring of T . As J(K) = J(R),

T =2K(a,),.

Since @ is a transcendental element over P, a; +J(T) is a transcendental element over P . As K is an
absolutely algebraic field,

7= P, + 30 @+ 27,

for each j,aj +J (T) is an algebraic element over P . Now P[ai] contains a lift algebraic element b1 such that
b, =a,. Suppose for some N, 1<n<oo, we found a lift algebraic elements b;,---,b,, b; €a; such that

P[b,1< P[b;,,] for 1< j<n-1. Put T, = P[b,]. Then P[a, +I(T)]=T, = (T, +J(T))A(T). Since

Pla, +J(T)] < Pla,., + I(T)],

j+l
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then as seen above there exists C,, €T such that P[b,,C..,] is a Galois subring of T,
c,.,+J(M)=a,,+I(). so P[b,,c,.,]=P[b,.,] for some lift algebraic element b, ,, €T over P. Put
T.., = P[b,.,]- Then

Pla,., +J(M]=T,.,

and T, =T, ;. Hence by induction, we get ascending chain {Tn }::1 of Galois subrings of T such that

T, = Pla, + J(T)],

for every N. Let T, = UT,. Then T, is a generalized Galois subring of T and there exists h, € T such that
n=1

T,[er, +h]; is a commutative subring of T. Thus T contains the ring of quotients R, of Ty[c; +h ] with
respect to P = pTy[e; +h]. Now R, =T,([er, +h.])p, I(R,) = PR, =R, N JI(T). T =R, +J(T).Now
R=R,+J(R),J(R,) =R, "J(R). Thus R, is a coefficient subring of R ..

Theorem 17 Let R be a transcendental extension artinian local duo ring with char R = p" and R is a field.

Then any coefficient subring of R is a transcendental extension of a generalized Galois subring. Moreover any two
coefficient subrings of R are isomorphic.

Proof: Let T be coefficient subring of R. Then R=T +J(R), J(T) =J(R)NT = pT andhence T =R
is a transcendental field extension of an absolutely algebraic field. So T has a finite composition length and all one
sided ideals are of the form p'T,O <i<n .Then T is an artinion duo ring and hence it has a coefficient subring

T0 which is a transcendental extension of a generalized Galois subring. We can easly see that T :To .a

transcendental extension of a generalized Galois subring in R.. Moreover, let us suppose that T = K([O{i]i )P and

T = K([al]l)P are two coefficient subrings of R, we can choose a; such that «; = ai' transcendental

elememts and K, K are generalized Galois subrings of R .. Then it is clear that R ~ K’ and from [2], we get
K=K Let 7: K = K’ be an isomorphism. So we get an isomorphism 77 : K[e, ], — K [ ]; that extends
n, such that 77 (ai)Z a;, forall i.Let P= pK[e,].. Then n(pK[ai]i)= PK [e;], =P and 7" extends to
the isomorphism 77 K([ai]i)P — K([O{I]I)P This proves the result.
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