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Abstract:

In this paper, we have solved the singular initial value problems of fractional Emden-Fowler type equations
by using the homotopy analysis method. The approximate analytical solution of this type equations are
obtained.
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1.Introduction

Consider the following fractional Emden-Fowler type equations:

D2”y+£D“y+af(X)g(y):0,X>0,0<a£1, 1)
X
subject to the conditions

y(0)=A y'(0)=0, (2)

where A and @ are constants, f(X)and g(y) are given functions, and the symbol D* (A >0) denote the

fractional derivative of order A in Caputo sense.

The Eqg.(1) was used to model many phenomena in mathematical physics, such as the thermal behavior of a spherical
cloud of gas, isothermal gas sphere and theory of thermionic currents etc. Because of the singularity behavior at the origin,
the solution of the Eq.(1) is numerically challenging[1-12].

For the case o =1, several researchers have obtained the approximate analytical solution to this equation by using

Adomian decomposition method and homotopy perturbation method[1,2,11,12].

The purpose of the present work is to use the homotopy analysis method(HAM) [3,4]to obtain the approximate
analytical solutions of the Emden-Fowler type equations. The HAM is an analytical approach to get the series solution of
linear or nonlinear fractional differential equations. The method provides great freedom to choose base function to
approximate the linear and nonlinear problems. Main advantage of the method is that one can construct a continuous
mapping of an initial guess approximation to the exact solution of the given problem through an auxiliary linear operator and
to ensure the convergence of the series solution an auxiliary parameter is used. Recently Liao [3,4] has claimed that the
difference from the other analytical methods is that one can ensure the convergence of series solution by means of choosing
a proper value of convergence-control parameter.
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The paper has been organized as follows. In section 2 the Homotopy Analysis Method is described. In section 3

HAM is applied for the fractional Emden-Fowler type equations. Conclusion is presented in Section 4.

2.Homotopy Analysis Method (HAM)

Let us consider the following differential equation
N(u(r,t)) =0, 3)
where N is a linear or nonlinear operator, r and t are independent variables, u(r, t) is an unknown function, respectively. For

simplicity, here we ignore all boundary or initial conditions, which can be treated in the similar way. By means of generalizing

the traditional homotopy method, Liao [4] constructs the so called zero order deformation equation
(1_ p) L[¢(r1t1 p) _uO (X’t)] = th (r’t) N [¢(r1tv p)]! 4)
where P €[0,1] is the embedding parameter, his a nonzero auxiliary parameter, H (r,t) is non zero auxiliary function,

L isan auxiliary linear operator, Uy (r,t) isaninitial guess of U(r,t), #(r,t; p)is a unknown function, respectively. It

is important, that one has great freedom to choose auxiliary things in HAM. Obviously, when p =0 and p =1, it holds

$(r,1,0) = Uy (r, 1), #(r, 1) = u(r, 1),

respectively. Thus, as p increases from 0 to 1, the solution ¢@(I,t; p) varies from the initial guesses U, (r,t) to the solution

u(r,t).expanding @(r,t; p)in Taylor series with respect to p, we have

(r,t; p) = U, (r, 1) + D u, (r,t) p", (5)
k=1
where
1 3“g(r.t; p)
rt)=——"_0r
Uk( ) Kl apk o

If the auxiliary linear operator, the initial guess, the auxiliary parameter h, and the auxiliary function are so properly
chosen, the series (5) converges at p = 1, then we have

u(r,t) :uo(r,t)+§uk(r,t). (6)

Define the vector

Uy = (1, 1), Uy (r, ), U, (1, )}
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Differentiating equation (4) K times with respect to the embedding parameter p and then setting p= Oand finally

dividing them by K!, we obtain the Kth order deformation equation

L[uk (r,t) _Zkuk—l(xit)] =hH(r, )R, (G, r,1), (7)
where
_ 1 0“'N|g(r.t;
R (G pr = L NIt p)]
(k-1!  op -
and
_[oks1,
AL ks
Applying L™ on both side of equation (7), we get
u,(r,t)=u,_, +hL*[H(r,H)R (@,,r,1)] @®)

In this way, it is easily to obtain U, for k >1, at Mth order, we have

u(r,t):iuk(r,t).

When M —> o0, we get an accurate approximation of the original equation (3). For the convergence of the above

method we refer the reader to Liao [4]. If equation (3) admits unique solution, then this method will produce the unique
solution. If equation (3) does not possess unique solution, the HAM will give a solution among many other (possible)

solutions.

3.The solutions of Eq. (1)

To solve the problem (1) and (2) by HAM, we choose the initial approximation

yo(x) =A,

and the linear operator
L[#(x; p)]=xD?4(x; p). ©
Furthermore, we construct the zeroth-order deformation equation
(L PIL[(X; p) U, (x:0)] = ph[xD?¢+ 2D“¢+axt ()g(y) ) (10)
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Obviously, when Pp=0 and p=1, we have

$(x;0) = ¥, (x), (1) = y(x).

Expanding ¢(X; ) in Taylor series with respectto ] ,we have:

A3 P) = 150+ 3 Y0P, )

where Y, (X) (K=1,2,---) will be determined later.
Note that the above series contains the convergence control parameter h . If it is chosen so property that

the above series is convergentat P = 1, then

y(X) = i Y, (X). (12)

Substituting (11) into the zeroth-order deformation Eq.(11), equating the coefficients of the like powers of P, we

have Kth deformation equation:

L[Yk () — x¢ yk—l(X)]: hR, (V) k=1, 13)

subject to initial condition

Y. (0)=0, y,(0) =0,

where
R (Vi) = xD* Yiq +2D%,, +af (X)G,

and

1 akfl 0 .
G ,=— p' .
k-1 (k—l)' 6pk_1 |:g(§ y| p ):|p=0
The solution of the Kth deformation equation (13) for K >1 can be obtained

Y () = 2V () + LR ()]

Finally, we have

Y(X) = Yo (X) + Y, (X) + Y, (X) +---.

Forexample, if A=1, and f(X)=x",g(y)=Y", then
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yo(X):l’
ahr(m+1) m+2a
X)=——X )
%) C(l+m+2a)
ah(l+h)IC'A+m) .00
yz(x): ( ) ( )X 2

I'd+m+2a)

. 2ah’T(m+DI'(m+ ) miaL
I'm+1+a)'(m+3a)

na’h’I"(m+1)'(2m+2a +1) 2mda
C(M+1+2a)C(2m+4a +1) '

Preceding in this way the rest of the components Y, k >3 can be completely obtained, and the series solutions
are thus entirely determined.

By the above solutions, we can obtain the following exact solutions:
1 5
Y =A-cac, (f()=g(y)=La=1)

a m+2 I _ _
Y(X)ZA—WX (FO)=x"9(y)=La=1)

which is agreement with the result obtained in [1].

4.Conclusion

We have solved the singular initial value problems of fractional Emden-Fowler type equations based on the HAM. Our
purpose has been achieved by formally deriving analytical approximations with a high degree of accuracy. We think that the
method has great potential and can be applied to other strong nonlinear fractional differential equation.

References

[1] Chowdhury,M.S.H,and |.Hashim, Solutions of Emden—Fowler equations by homotopy perturbation method,Nonlinear
Analysis Real World Applications ,10(2009),1, pp.104-115.

[2] Wazwaz, Abdul Majid, A new algorithm for solving differential equations of Lane—Emden type, Applied Mathematics &
Computation, 118(2001), 2-3,pp.287-310.

[3] Liao, Shijun, A new analytic algorithm of Lane-Emden type equations, Applied Mathematics &
Computation ,142(2003),1, pp.1-16.

[4] Liao, Shijun, Homotopy analysis method: a new analytical technique for nonlinear problems, Communications in
Nonlinear Science and Numerical Simulation, 2 (1997),2, pp.95-100.

7046 |Page
January 2018, https://cirworld.com/



ISSN 2347-1921
Volume 13 Number 4
- Journal of Advance in Mathematics

[5] Wong, James SW, On the generalized Emden—Fowler equation, Siam Review, 17(1975),2, pp.339-360.

[6] Shang, Xufeng, Peng Wu, and Xingping Shao, An efficient method for solving Emden—Fowler equations, Journal of the
Franklin Institute, 346(2009), 2, pp. 889-897.

[7] Baleanu, Dumitru, Octavian G. Mustafa, and Ravi P. Agarwal, An existence result for a superlinear fractional differential
equation, Applied Mathematics Letters, 23 (2010),9, pp.1129-1132.

[8] Dehghan, Mehdi, and Fatemeh Shakeri, Solution of an integro-differential equation arising in oscillating magnetic fields

using He's homotopy perturbation method, Progress in Electromagnetics Research ,78 (2008), 1, pp.361-376.

[9] Khan, Junaid Ali, Muhammad Asif Zahoor Raja, and ljaz Mansoor Qureshi, Numerical treatment of nonlinear
Emden—Fowler  equation using  stochastic  technique, Annals  of  Mathematics and  Artificial
Intelligence ,63(2011),2,pp.185-207.

[10] Chowdhury, Md., A comparison between the modified homotopy perturbation method and adomian decomposition
method for solving nonlinear heat transfer equations, Journal of Applied Sciences, 11 (2011),7, pp.1416-1420.

[11] Wazwaz, Abdul-Majid, et al., Solving the Lane—-Emden—Fowler type equations of higher orders by the Adomian
decomposition method, Comput. Model. Eng. Sci.(CMES) 100(2014),6,pp. 507-529.

[12] Kaur, Harpreet, R. C. Mittal, and Vinod Mishra, Haar wavelet approximate solutions for the generalized Lane—Emden
equations arising in astrophysics, Computer Physics Communications , 184(2013),9, pp.2169-2177.

7047|Page

January 2018, https://cirworld.com/



