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ABSTRACT

A mixed quadrature rule of higher precision for approximate evaluation of real definite integrals over a triangular domain
has been constructed. The relative efficiencies of the proposed mixed quadrature rules have been verified by using
suitable test integrals. In this paper,we present a mixed quadrature i.e. mixed quadrature of anti-Lobatto rule and Fejer’s

first rule in one variable. For real definite integral over the triangular surface: {(x, ¥} 0 <= x,v <1, x4+ v = 1}in
the Cartesian two-dimensional [x, }i’] space,mathematical transformation from [x, }i’j space to [tf', T,‘r:] space maps the
standard triangle in (x, ¥) space to a standard 2-square in (&, 1) space:{(&,n)|—1 <&, n < 1}
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1.INTRODUCTION

In science and engineering, we observe that some integral problems can’t be easily evaluated analytically but it is
possible to calculate in numerically.So that numerical techniques are very good tool for solving different integral problems.
This paper describes a method for the evaluation of integrals over a triangle using mixed quadrature rules . In particular,
they are used for problems involving calculation of mass shell, fluid and mass flows across a surface, electric charge
distribution over a surface, plate bending and heat conduction over a plate. The basic problem of integration of an arbitrary
function of two variables over the surface of a triangle was first introduced by Hammer et. al. [1,2,3] . In connection of
FEM, the triangular elements provide tremendous results. Cowper [4] provided a table of Gaussian quadrature formula for
symmetrically placed integration points. Lyness and Jespersen [5] made an elaborate study of symmetric quadrature rules
by formulating the problem in polar coordinates. Lannoy [6] discussed the numerical error in integration rule [4]. Laurie [7]
derived 7-point integration rule and discussed the numerical error in integrating some functions. Laursen and Gellert [8]
gave a detailed table of symmetric integration formulae and suggested some new higher-order formulae of precision up to
degree 10. Lether [9], Hillion[10] and Lague and Baldur [11] considered the product formulae derivable from one-
dimensional Gaussian quadrature rules. Reddy [12 ], and Reddy and Shippy [14]derived 3-, 4-, 6 and 7-point formulae
which give improved accuracy. The formulation of mixed quadrature rules was first coined by R. N. Das and G. Pradhan
[15]. D. P. Laurie [21] is first to coin the idea of anti-Gaussian quadrature formula. An anti-Gaussian quadrature formula is

(n+1) point formula of degree(z’ﬂ — 1) which integrates all polynomials of degree up to (2n + 1) with an error equal

in magnitude but opposite in sign to that of 1 —point Gaussian formula.Many authors [16,17,19] have produced different
mixed quadrature rules.

In this paper, we get motivation for successfully forming a mixed quadrature rule of anti-Lobatto rule and Fejer’s first rule
over a triangular domain. The mixed quadrature rule over a triangular domain so found has been tested and compared
with its constituent rules by computing numerically three test integrals.

2. FORMULATION OF INTEGRALS OVER A TRANGULAR AREA
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The numerical integration of an arbitrary function f over the triangle T is given by

1 1- 1 1—y
I= .Ur f(xj}"} dxdy = .J"c. dxfg If(xj}’}d}’ = fg d}’ju }f{l’; }’}dx- (2.1)
It is now required to find the value of the integral by a quadrature formula:
=X =1 Con f (s Vi) 2.2)

Where £, are the weights associated with specific points (xm J}-‘m} and IV is the number of pivotal points related to the
required precision.

The double integral over the triangle surface of equation (2.1) can be transformed to the standard square

{luv)|0=u=1 0=v=1} by substituon x=1u and y=(1-wv, we have
1l p1—x 1.1

I=[, [, fly)dydx= [ [, f(x(uwv), ¥(uv)) Jdudv. 2.3)

ox @y

_ [fu Bu| _
Where J{u,v) = ax  ay| = 1—u.

v av
From equation (2.3), we have [ = fﬁl _]"E,lf(u, (1 — w1l — w)dudy. (2.4)
The integral I of equation (2.4) can be transformed further into an integral over the standard 2-square:
(¢ n)l—1=2F=<1, -1 =7 =< 1} by substitution uu = 3£, 3y = 17 2.5)

L] b
& I

Then clearly the determinant of the Jacobian and the differential area are

Ol vl du dv  du dv 171 1
alE, n}_ﬁﬁ_ﬁa_f_?&)_ Xl
dlu, ) 1
dudy = 3L, n}dfdr} —;dfd'ﬁ' (2.6)

Now on using equations (2.5) and (2.6) in equation(2.4) we have

=50y "y dydx = [ [ flu, (1—wv) (1 —u) dudy

S (lf M) (%‘t) dEdn 27)

4

Equation(2.7) represents an integral over the surface of standard 2-square:

(& nil—1=¥F=1,-1=n =1} Efficiently quadrature coefficients are readily obtained from [20].
From equation(2.7), we can write:
1 -1 1-§
1= [0, 0, (e m), y(em) (=) agan .

I E?=1E_?=1(?) W:‘“’}'f{x{fi: "r]'_:l'}J }’{EEJ "'T_:l'} } . (2.8)
Where £&; »1; are Gaussian points in the £, 17 directions respectively, and W;, W; are the corresponding weights.
We can write equation(2.8) as:

]2 BEP R flag i) (2.9)

Where (. , X3,V are obtained from the relation
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1-£&;
Ce= (55 waw,
1+&;
Ko = (2.10)
':1—$[}I:1+:q-':|
Ye =74 -

Where k£ =1,2,...,n
i=12 ...n
i=12,..,n

The weighting coefficients {y, and sampling points 'l:xk, }-‘k} of various orders can now be easily computed by formulae
(2.9} and (2.1'5}. We have tabulated a sample of these weight coefficients and sampling points in Table-1.

3. MIXED QUADRATURE OF ANTI-LOBATTO RULE AND FEJER’S 1°" RULE IN ONE
VARIABLE

The mixed quadrature (Imixj of Anti-Lobatto rule (which has been framed by us in the light of anti-Gaussian rule ) and
Fejer ‘s first rule is given below:

Dz f_ 1f(x} dx

. 30 [z E 32[ . (V3 3 20
¥ [f(ﬂ'g)+f(—ﬂg”——[ff 0+ FOI+2[7 () + £F(-3)|+ 570, 31
. B B0 DR 3 B = 3= SR e
Where Wy =25, Wg =550 Wa = —55 Wa = — 50 Ws =55, We =50 Wr = o5

Applying the mixed rule(3.1) to double integral

nice = Iy 20 £ e ), (8 m) (52 )dfd
we have

Iz Eizlckf{xm }’z'j} = Eiil Cref (x3es Vi) (3.2)

1-£;
Ck = Ci_;l' = Tl:] lr"rrz'lr"r}'

Xy = X5 and Vi = Vi;

Where (3.3)

The weighting coefficients £ and sampling points (:xkJ }-‘k} of various orders can be easily computed using the equation
(2.10).

4. NUMERICAL VERIFICATIONS

Integrals Exact Value Approximate Values |Error|

L1y . 0.400000000 0.401243 0.001243

ff&+ﬂMmy

0o

L1-¥ . 0.666666667 0.641119 0.025547667
I: = J‘ J‘ {_r + J_.':]_Ed_rd}r

00

* 0.4284998849 0.429191 0.0006911151

e cas (xy)dxdy

Pl

Il
P
':H'___!-T

5. CONCLUSIONS
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From the numerical verification we conclude that the mixed quadrature rule used in this paper gives better result than
those obtained in the previous papers [13, 18, 19 ] on integration of real functions over triangles.
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