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ABSTRACT

Pal and Bhattacharyya (1996)introduced the notion of pre- @ -open sets.In this paper, we consider the class of pre- @ -open
sets in topological spaces and investigate some of their properties. Also,we present and study some weak separation
axioms by involving the notion of pre- & -open sets.
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1. INTRODUCTION

Generalized open sets play a very important role in General Topology and they are now the research topics of many
topologists worldwide. Indeed a significant theme in General Topology and Real Analysis concerns the variously modified
forms of continuity, separation axioms, compactness, etc by utilizing generalized open sets. One of the most well-known
notions and also an inspiration source is the notion of preopen set introduced by Mashhour et al. [7] in 1982. Pal and
Bhattacharyya [9] used this notion and the preclosure [7] of a set to introduce the pre- 8 -open sets by using the notion of the
pre- @ -closure of a set. We also study some weak separation axioms defined by using the notion of pre- 8 -open sets.

2. PRELIMINARIES

In this paper, spaces (X,7) and (Y,o) (or simply X and Y ) always assumed to be topological spaces on which no

separation axioms are assumed unless explicitly stated, For a subset A of X, the closure, interior and complement of A
in X are denoted by cl(A),int(A) and X \ A, respectively.

Definition 2.1 Let A be a subset of topological space (X,7).Thenthe set A is
1. preopen [7],if Acint(cl(A)).
2. preclosed [7], if X \ A is preopen or equivalently, if cl(int(A) < A.

The intersection of all preclosed sets containing A is called the preclosure [4] of A and is denoted by pcl(A). The
preinterior [4] of A is the union of all preopen sets contained in A and is denoted by pint(A). A subset A is called
preregular [3] if it is both preopen and preclosed. The family of all preopen sets (resp. preregular sets) of (X,z) is denoted
by PO(X,7) (resp. PR(X,7) .

Apoint X in X iscalled a € -adherent [10] (resp. pre- € -cluster [8]) point of a subset A of X if cl(U)N A= ¢(resp.
pcl(U)N A= ¢) for every open set (resp. preopen set) U containing X . The pre- @ -closure of A [9], denoted by
pclg(A) , is defined to be the setof all Xxe X suchthat pcl(G)(NA=¢ forevery GePO(X,r) with XeG. A subset
A is called pre- & -closed [9] if A= pclg(A). The complement of a pre- 6 -closed set is called pre- 8 -open. The family of
all pre- € -open subset of X is denoted by PAO(X,7).

Lemma 2.2 [2] Let A be asubset of a topological space (X,7).
1. If AePO(X,7),then pcl(A) is preregularand pcl(A)= pclg(A).
2. A ispreregular if and only if A is pre- @ -closed and pre- @ -open.
3. A ispreregularif and only if A= pint(pcl(A)).

Lemma 2.3[2] Asubset A of aspace X is pre- 8 -open if and only if for each X € A, there exists a preopen set W
with xeW such that xeW < pcl(W) c A.

Lemma 2.4 Let A be a subset of a topological space (X,z). Then:

5862 |Page council for Innovative Research
April 2016
www.cirworld.com



& ISSN 2347-1921
Volume 12 Number 1
) Journal of Advances in Mathematics

1. pclp(X\A) = X \(pinty(A)) .

2. X\(pcly(A)) = pintg(X \ A).
Lemma 2.5 For any subset A of a topological space (X,z), pcly(A) is pre- 6 -closed for every Ac X .
Lemma 2.6 For any subset A of a topological space (X,7), pcl(A)< pclg(A).

3. PRE-9-OPEN SETS

Definition 3.1 Aset A of a topological space (X,z) is said to be @-complement preopen (in short & -c-preopen)
provided there exists a subset G of X for which X\ A= pcly(G) . We call a set & -complement preclosed (in short &
-c-preclosed) if its complement is & -c-preopen.

Remark 3.2 It should be mentioned that by Lemma 2.5, X \ A= pcl,(G) is pre-0-closed and A is pre- @ -open.
Therefore, the equivalence of € -c-preopen and pre- @ -open is obvious from the definition.

Lemma 3.3 Let A be a subset of a topological space (X,z).Then A is pre-8 -closed if and only if there is a subset
B of X suchthat A= pcly(B).

Theorem 3.4 1f A is preopen, then pint(pcl(A)) is pre-& -open.

Proof. Since pint(pcl(A))) = (X \{pcl (X \ pcl(A)}), X\ pcl(A) (=B, say) is preopen, pcl(B)= pcly(B) (Lemma
2.2). Therefore there exists a subset B = X\ pcl(A) for which X\ pint(pcl(A))) = pcly(B) . Hence pint(pcl(A)) is
pre- 6 -open.

Corollary 3.51f A is preregular, then A is pre- 8 -open.

Proof. It suffices to observe that, A is preregular if and only if A= pint(pcl(A)) (Lemma 2.2).
Theorem 3.6 Preregular is equivalent to pre- @ -open if and only if pcly(A) is preregular for every set A.

Proof. Let X be a topological space. Assume preregular is equivalent to pre- & -open and let Ac X . Then by Lemma
2.5, X\ pcly(A) is pre- @ -open which implies that pcly (A) is preregular. Assume pcly(G) is preregular for every set
G . Suppose U is pre-@-open and let Ac X such that X \U = pcly(A) i,e U=X\pclyg(A). Then, pcly(A) is
preregular and U is preregular. Therefor, preregular is equivalent to pre- € -open.

Theorem 3.7 If A is pre-6-open, then A is union of preregular sets.

Proof. Let A be pre-0-open, xe A.Since A is pre-6-open, there exists, aset G < X suchthat A= X\ pcly(G) .
Because X ¢ pclg(G) , there exists a preopen set W for which xeW and pcl(W)nG=¢ . Hence
x € pint(pcl(W)) = X \ pcly(G) , where

pint(pcl (W)))(= Vsay) e PR(X,7) i.e A=AV :V cW,V e PR(X,7)}.

Corollary 3.8 If A is pre- 8 -closed, there A is the intersection of preregular sets.
4. PRE-0-D; TOPOLOGICAL SPACES

now, we introduce new classes of topological spaces in terms of the concept of pre- 8 -open sets.

Definition 4.1 Asubset A of a topological spaces X is called pre- @ -D-set if there two U,V e pdO(X,7) such that
U =X and V =4¢. ltis true that every pre- 8 -open set U different from X is apre-0-D-setif A=U and V =¢.

Definition 4.2 A topological space (X,7) is called pre- 8- Dy if for any distinct pair of points X and y of X there
exists a pre- @ -D-set of X containing X butnot y orapre-8d-D-setof X containing y butnot X.

Definition 4.3 A topological space (X,7) is called pre-@ - D if for any distinct pair of points x and y of X there
exists a pre- @ -D-set of X containing X butnot y and a pre-&-D-setof X containing y butnot X.

Definition 4.4 A topological space (X,7) is called pre-8- D, if for any distinct pair of points x and y of X there
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exists a disjoint pre- 0 -D-sets G and H of X containing x and y, respectively.

Definition 4.5 A topological space (X,7) is called pre-6-T, if for any distinct pair of points X and y of X there
exists a pre- 6 -open set containing one of the points but not the other.

Definition 4.6 A topological space (X,7) is called pre-@-T; if for any distinct pair of points x and y of X there
exists a pre-@-openset U in X containing x butnot y andapre-8-openset V in X containing y butnot X.

Definition 4.7 A topological space (X,7) is called pre-6-T, if for any distinct pair of points x and y of X there
exists a pre-#-openset U and V in X containing x and Y, respectively, such that U NV =¢.

Remark 4.8
1. If (X,7) ispre-@-T; then pre-9-T(i,1),i =1,2.
2. Obviously, if (X,7) ispre-0-Tj,then (X,7) ispre-0-D;,i=0,1,2.
3. If (X,7) ispre-6-Dj,thenitis pre-6-T_1),i1=1,2.
Theorem 4.9 For a topological (X,7) the following statement are true:
1. (X,7) ispre-0-Dy ifand only ifitis pre-0-Tg .
2. (X,7) ispre-6-D; ifandonlyifitis pre-6-D5.
Proof. (1)sufficiency: The sufficiency is stated in Remark 4.8(2).

necessity: To prove necessity, let (X,7) be pre- 68— Dy . then for each distinct pair X,y € X , at least one of X,y , say
X, belongtoapre-6—D set G but y¢G.Let G=U;\U, where Uy =X and U;,U, e PEO(X,7). Then xeUy,
and for y¢G we have two cases:

(@) y¢Uy,

(b) yeU; and yeU,.

Incase (@), XeU; but y¢Uq ;

In case (b), yeU, but x¢U,.Hence X ispre-6-Tj.

(2)sufficiency: The sufficiency is stated in Remark 4.8(3).

necessity: Suppose X is pre-0-D; . Then for each distinct pair x,y e X , we have pre-0 -D-sets G;,G, such that
XeG,Y¢G and yeGy,x¢Gy. Let G =Uj\U,, Gy, =U3\U, . From XeG,, it follows that either X¢Us or
xeUz and xeU,.We discuss the two cases separately.

(i) x¢U3.By yeG; we have two subcases.

(@ y¢Uq. From xe(Up\Uy), it follows that xeU; \ (U, UUg) and by yeU3\U, we have yeU3\(U;uUy).
Therefore, (U3 \ (U, UU3)) N (U3z\U30Uy)) =46.

(b) yeU; and yeU,.Wehave xeU;\U,,yeU,, (U \Uy)NU, =¢.
(i) xeUsz and xeU,.Wehave yeU3z\Uy,xeUy,(U3z\Uy)NU, =@ . Therefore, X ispre-6—D,.
Corollary 4.10 If (X,7) ispre-0- Dy, thenitis pre-0-T.

Theorem 4.11 A topological space (X,7) is pre-6-Tg if and only if for each pair of distinct points X,y of X,
pclo({x}) = pelo({y}) -

Proof. Sufficiency: Suppose that x,ye X, x=y and pcly({x}) = pcly({y}). Let z be a point of X such that

ze pclg{x}) but z ¢ pcly{y}) . We claim that x ¢ pclg({y}). if xe pclpg({y}) then pcly({x}) < pclp({y}). This
contradicts the fact that z ¢ pcly({y}) . Consequently X belongs to the pre- 8 -open set X\ pcly({y}) to which y
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does not belong.

Necessity: Let (X,7) beapre-0-T, spaceand X,y be any two distinct points of X . There exists a pre- @ -open set
G containing X or y,say X butnot y.Then X\G isapre-6-closed set which does not contain X but contains y

. Since pcly({y}) is the smallest pre- @ -closed set containing Yy , pcla({y}) € X \G and therefore x ¢ pcly({y}).
Consequently pcly({x}) = pcly({y}).

Theorem 4.12 A topological space (X,7) is pre-@-T; if and only if the singletons are pre- 6 -closed sets.

Proof. Let (X,7) bepre-6-T; and X any pointof X .Suppose ye X\{x}.Then x=y and so there exists a pre-6
-openset Uy suchthat yeUy but x¢U,.Consequently yeUy < X\{X} ie, X\{x}u{Uy:ye X\{X}} whichis
pre- 8 -open. Conversely, suppose {p} is pre-6-closed forevery pe X .Let x,ye X with x=y.Now x=y implies
y e X \{x} .Hence X\{x} is a pre- & -open set containing y but not X. Similarly X \{y} is a pre- & -open set
containing X butnot y isapre-6-T; space.

Definition 4.13 Asubset A of X is called a pre- @ -neighborhood of a point X € X if there exists a pre- § -open set
W of X suchthat xeW cC A.

Definition 4.14 A point Xxe X which has only X as the pre-# -neighborhood is called a point common to all pre-6
-closed sets (briefly pre- 8 -cc)

Theorem 4.15 i a topological space (X,z) is pre-6-Dy, then (X,z) has no pre-6 -cc point .

Proof. Since (X,z) is pre-8- Dy, so each point X of X is contained in a pre-0-D set W =U\V and thusin U . By
definition U # X . This implies that X is not a pre- @ -cc point.

Definition 4.16 A subset A of topological space (X,r) is called a quasi pre-@-closed set (briefly gpt-closed) if
pcly(A) cU whenever AcU and U ispre-8-openin (X,7).

Theorem 4.17 For a topological space (X,7) , the following properties hold:
1. Foreachpoints X and Y in a topological space (X,z), X e pcly({y}) implies y e pcly({x}).
2. Foreach xe X, the singleton {x} is gpt-closedin (X,7).

Proof. (1) Let y¢ pcly(x) . This implies that there exists V € PO(Y,y) such that pcl(V)n{}=¢ and
X\ pel(V) e PR(X,x) which means that x ¢ pclg({y}).

(2) Suppose that {x}cU € PAO(X) . This implies that there exists V € PO(X,x) suchthat xeV < pcl(V) cU . Now,
we have pcly({X}) < pcly(V) = pclgV) cU.

Definition 4.18 A topological space (X,7) is said to be pre-@-Ti if every gpt-closed set is pre- @ -closed.
/4

Theorem 4.19 For a topological space (X,7) , the following are equivalent:

1. (X,r) ispre-0- T%

2. (X,7) ispre-6-T;.
Proof. (1) = (2) : For distinct points X,y of X, {x} is gpt-closed by Theorem 4.17. By hypothesis, X \{x} is pre-6
-openand y e X \{x}. By the same token, xe X \{y} and X \{y} is pre-@-open. Therefore (X,z) ispre-6-T;.

(2) = (1) : Suppose that A is gpt-closed set which is not pre- @ -closed. There exists X € pclyp(A)\ A. Foreach ac A,
there exists a pre-@-open set V, such that aeV, and X¢V,. Since Ac U}V, :aeV,} and UV, :aeV,} is pre-
6 -open, we have pcly(A) = fV,:aeV, }. Since xe pcly(A), there exists ag € A such that x eVaO . But this is a

contradiction. Recall that a topological space (X,7) is called pre-T, [5] if for any distinct pair of points X and y in X,
there exist preopen subsets U and V of X containing X and Y, respectively, such that UV =¢.
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Theorem 4.20 For a topological space (X,7) , the following are equivalent:
1. (X,7) ispre-0-T,,
2. (X,7) ispre-T,.
Proof. (1) — (2): This is obvious since every pre- @ -open set is preopen [11]
(2)=(1): Let X and y be distinct points of X . There exist preopen sets U and V such that xeU,yeV , and

pcl(U)~pcd (V) =D ,[11, Theorem 4.13]. Since pcl(U) and pcl(V) and preregular they are pre- 8 -open and hence
(X,7) ispre-0-T,.

Definition 4.21 A function f:(X,7)—(Y,o) is said to be qusi-preirrasolute if for each xe X and each
V e PO(Y, f (X)), thereis U € PO(X,x) suchthat fU)c pcl(V).

Remark 4.22 A function f:(X,z)—(Y,o) is qusi-preirrasolute if and only if f_l(\/) is pre- 6 -closed (resp.pre- 6
-open)in (X,7) for every pre- 6 -closed (resp.pre- 9 -open) set V in (Y,o) .
Theorem 4.23 it f:(X,7) = (Y,o) is qusi-preirrasolute surjective and E is a pre@-D-setin Y , then the inverse
image of E isapred-D-setin X.
Proof. Let E be a pre-0-D set in Y . Then there are pre-@-open sets U and V in Y such that E=U\V and
U =Y . By qusi-preirrasoluteness of f , f_l(U) and f_l(\/) are pre- € -open in X . Scince U #Y , we have
f1U) = X . Hence fHE)=f1(U)\f (V) isapre-6-D-setin X .
Theorem 4.24 it (Y,o) ispre-0-D; and f:(X,7r)—(Y,o) is a qusi-preirrasolute injection, then (X,7) is a pre-
6-D.
Proof. Suppose that Y is a pre-@-D; space. Let X and Yy be any pair of distinct points in X . Since f is injective
and Y is pre-@- D, there exist pre-@-D-sets U and V of Y containing f(x) and f(y), respectively, such that
f(y)eU and f(x)eV .By the above theorem, f_l(U) and f_l(\/) are pre- @ -D-setsin X containing X and Yy,
respectively . This implies that X is a pre-6-D; space.
Theorem 4.25 For a topological space (X,7) the following statement are equivalent:

1. (X,7) ispre-0-Dy,

2. For each pair of distinct points, X,y in X , there exists a quasi-preirresolute subjective function

f:(X,7) > (Y,o0),where Y is pre-0-D; space suchthat f(x) and f(y) are distinct.

Proof. (1) = (2): For every pair of distinct points of X , it suffices to take the identity function on X

(2= (@) :Let X and y be any pair of distinct points in X . By hypothesis, there exists a surjective quasi-preirresolute
function f ofspace X intopre-0-D; space Y suchthat f(Xx)= f(y).therefor, there exist disjoint pre- 6 -D-sets U
and V of Y containing f(x) and f(y), respectively. Since f is quasi-preirresolute and surjective, by Theorem 4.23,

f_l(U) and f_l(\/) are pre-@-D setin X containing X and Y, respectively. Hence X is pre- - D; space.

5. ADDITIONAL PROPERTIES

Let A be asubsetof atopological space (X,z).Thepre-6 -kernalof A, denoted by PKergy(A),is defined to be the set
G e PAO(X,7): Ac G}, or equivelently to be the set {x e X : pcly(X) " A} ¢

Definition 5.1 A topological space (X,7) is said to be sober pre-0— Ry if({pcly({x}): x e X}=¢
Theorem 5.2 A topological space (X,7) is sober pre-0—Ry if and only if PKerg({x}) = X forany xe X .

Proof. Necessity Let the space (X,7) be sober pre- @—R;. Assume that there is a point y in X such that
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PKery({y}) =X . then y¢G which G is some proper pre- € -open subset of X . this implies that
y e pcly({x}): x e X}. But this is a contradiction.

Sufficiency: Now assume that PKery({x})= X for any xe X . If there exists a point y in X such that
y e(Xpcly({x}): x e X}, then every pre- 6 -open set containing y must contain every point of X . This implies that the
space X is the unique pre- @ -open set containing y , Hence PKery({y}) = X which is a contradiction. Therefore

(X,7) is soberpre-6-Rg.
Theorem 5.3 If the topological space X is sober pre-@-R, and Y is any topological space, then the product X xY
is sober pre-0-Rg.
Proof. By showing that (M{pcly({X, ¥}):(X,y) € XxY}=¢ we are done . We have:
(pcl X ¥} 1 (%, y) € XxY}<= Kpcl g (3) < pelp (¥} : (X, ¥) € X <Y}
=pclo({x}):xe XIxKpclp ¥ :y eY < gxY =¢
Definition 5.4 A function f :(X,7) —(Y,o) is called:

1. R-continuous [6] if for each X e X and each open set V of Y containing f(X), there exists an open subset
U of X containing X suchthat cl(fU))cV .

2. 6-R-continuous if for each xe X and each open set V of Y containing f(X), there exists an open subset
U of X containing X suchthat pcly(fU)) V.

3. R-precontincuous if for each xe X and each openset V of Y containing f(x), there exists an open subset
U of X containing X such that pcl(fU))cV.

4. Preopen [7]if f(U) ispreopenin Y foreveryopenset U of X.
Remark 5.5 For a subset A of a topological space (X,7)
1. Ac pcl(A) ccly(A) since foranyset A, €-R-preconuity implies R-preconuity.

2. Since the preclosure and pre- @ -closure operators agree on preopen on preopen sets Lemma 2.2, if follows that if
f:(X,7) > (Y,0) is R-precontinuous and preopen, then f is @-R-precontinuous.

Definition 5.6 The graph G(f) of a function f :(X,7)—(Y,o) is said to be p @ -c-preclosed if for each point
(X, y) e (XxY)\G(f), there exists subsets U € PO(X,Xx) and V € PEO(Y,y) such that (pcl(U)NV)NG(f)=4¢.

Lemma 5.7 The graph G(f) ofafunction f :(X,7) —>(y,o0) isp8-c-preclosedin X xY if and only if for each point
(X, y) e (X xY)\G(f). there exist U € PO(X,x) and V e PAO(Y,y) suchthat f(pclU))nV =¢.

Proof. it follow immediately from Definition 5.6.

In [6, Theorem 4.1], it is shown that the graph of a R-continuous functioninto a T - spaceis & -closed with respect to the
domain. Here an analogous result is proved for & -R-precontinuous functions.

Aspace (X,7) ispre-T; ([5]), if to each pair of distinct points X and y of X, there exists a pair of preopen sets one
containing X butnot y and the other containing y butnot X.

Theorem 5.8 If f:(X,7)—>(Y,o) is -R-precontinuous quasi-preirresolute and Y is pre-T;, then G(f) is P8
-c-preclosed.

Proof. Assume that (x,y) e (X xY)\G(f) and Y is preopen, there exists an preopen subset V of Y such that
f(X)eV and y¢V . The 6@ -R-precontinuity of f implies the existance of an open subset U of X containing X
such that pclg(f(U)cV . Therefore, (X,y)e pcl(U)x(Y\pclg(f(U)) which is disjoint from G(f) because if
x e pcl(U), then since f is quasi-preirresolute, f(x)e f(pcl(U)) < pcly(f(U)). Note that Y \ pcly(f(U)) is pre-0
-open. It is proved in [6, Theorem 3.1] that a function f :(X,7) —> (Y,o) is R-continuous if and only if foreach xe X and
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each closed subset F of Y with f(Xx)¢ F , there exist open subsets U < X and V cY such that xeU, FcV

and f(U)NV =¢. The following theorem is an analogous result for & -R-precontinuous functions.

Theorem 5.9 Let f:(X,7) —(Y,o) be aquasi-preirresolute function. Then f is @ -R-precontinuous if and only if for
each xe X and each preclosed subset F of Y with f(x)¢ F, there exists an open subset U of X containing x
and a pre- 0 -open subset V of Y with F <V suchthat f(pcl(U))NV =¢.

Proof. Necessity: Let xeX and F be a preclosed subset of Y with f(x)eY\F . Since f is @
-R-precontinuous there exists an open subset U of X containing X such that f(pclg(fU)) cY\F . Let
V=Y\(f(U)), then V is pre- 8 -open and FcV . Since f is quasi-preirresolute, f(pcl(U))c pcly(fU)) .
Therefore, f(pcl(U))NV =¢.

Sufficiency: Let xe X, V be a preopen subset of Y with f(x)eV and let F=Y\V. Since f(x)¢F, there

exists an open subset U of X containing X and a pre- 8 -open subset W of Y with FcW such that
f(pcdU)) "W =. Then f(pcU)cY\W and

pcly(fU) < pclg(F(Y\W))=Y\W <Y \F =V . Therefore, f is 8-R-precontinuous.

Corollary 5.10 Let X and Y are a topological spaces and f:(X,7) —(Y,o) be a quasi-preirresolute function.
Then f is @-R-precontinuous if and only if for each X € X and each preopen subset V of Y containing f(X), there
exists an open subset U of X containing X suchthat pcly(f(pclU))) <V .

Proof. Assume f is @-R-precontinuous. Let xe X and let V an preopen subset of Y with f(X)&V . Then there
exists an open subset U of X containing X such that pcly(f(U)) =V . Since f is quasi-preirresolute, we have
pely (f (pelU))) ccg(pclg(fU)) = pclg(fU)) =V Thus pclg(f(pelU)) <V . The converse implication is
immediate.Recall that a topological space (X,z) is said to be pre-R; ([7]) if for X,y e X with pcl({x})= pcl{y}).
there exist disjoint preopen sets U and V suchthat pcl({x})cU and pcl({y})<V.

Proposition 5.11 Aspace X is pre- Ry if and only if for each preopen set A and each xe A, pcly({X}) < A.

Proof. Necessity: Assume X is pre-R;. Suppose that A is a preopen subset of X and let Xe A, y be arbitrary
element of X\A . Since X is pre- Ry . pclg({y})=pc{y}) = X\A . Hence, we have x¢ pcly({y}) and
y ¢ pcly({X}) . It follows that pcly({X}) = A.

Sufficiency: Assume now that, y e pcly({X})\ pcl({x}) for some xe X . Then there exists a preopen set A
containing Y such that pcl(A)n{G=¢ . but An{G=¢. Then pcla{y}) = A and pcly({y}) "{X}=¢. Hence
X ¢ pclp{y}) . Thus y ¢ pclg({X}) . By this contradiction, we obtain pcly ({x}) = pcl ({x}) foreach xe X .Thus X is
pre-Ry.

Now, we show that the range of a @ -R-precontinuous function satisfies the stronger pre- R; condition.
Theorem 5.12 1f f:(X,7)—>(Y,o) isa @-R-precontinuous surjection, then (Y,o) is a pre-R; space.

Proof. Let V be apreopensubsetof Y and yeV, xe X suchthat y= f(X).Since f is & -R-precontinuous, there
exists an open subset U of X containing x such that pcly(f(U)) =V . Then pcly{y}) < pclp(fU)) <V .
Therefore by Proposition 5.11,Y is pre-R; .

We close this paper with a sample of the basic properties of & -R-precontinuous function concerning composition and
restriction.

Theorem 5.13 It f:(X,z)—>(Y,0) is continuous and g:(y,0)—(Z,n) is 6 -R-precontinuous, then
fog:(X,7)>(Z,n) is 6-R-precontinuous

Proof. Let xe X andW be a preopen subset of Z containing g(f(x)). Since g is @-R-precontinuous, there exists an
open subset V. of Y containing f (x) suchthat pcly(g(V)) =W . Since f is continuous, there exists an open subset
U of X containing X with f(U)cV , hence pcly(g(fU))) =W . Therefore, geo f is 8-R-precontinuous.
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Theorem 5.14 Let f:(X,zr)—>(Y,0) and g:(y,0)—(Z,n7) be functions. if gof:(X,2)—>(Z,n) is 0
-R-precontinuous and f is an open surjection, then g is 6 -R-precontinuous.

Proof.Let yeY and W be apreopen subsetof Z containing g(Yy).Since f is surjective, there exists X e X such
that y=f(x). Since gof is @ -R-precontinuous, there exists an open subset U of X containing X such that
pcly(g(f(U))) =W . Note that f(U) is an open set containing y . Therefore, g is 6 -R-precontinuous.

Theorem 5.151f f:(X,7) > (Y,o0) is @-R-precontinuous, Ac X and f(A)cBePO(Y,o5),then f\A:A—B
is @ -R-precontinuous.

Proof.Let xe A and V be apreopen subsetof B containing f(x) (notthat f(A)cB).Hence V isbe apreopen
subset of Y containing f(X). Science f is @ -R-precontinuous, there exists an open subset U of X containing X
such that pclg(fU))<V . Let G=UNA , then an open subset of A containing X such that
pclg(G) = pely(U) = A. Therefore, fVA:A—B is 8 -R-precontinuous.
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