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Abstract

In this paper we will study the new type of triangular representations of the symmetric groups which is called the first
triangular representations of the symmetric groups over a field K of characteristic p=0.
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1. INTRODUCTION

In 1962 H.K. Farahat studied the representation which deals with the partition A = (n — 1,1) of the positive integer n and called it the
natural representation of the symmetric groups [2].

In 1969 M. H. Peel renamed the natural representation of the symmetric groups by the first natural representation of the symmetric
groups and studied the second representation of the symmetric group which deal with the partition A = (n — 2,2) of the positive
integer n [3].

In 1971 Peel introduced the r™" Hook representations which deals with the partitions A = (n — r, 17); r> 1.[4]
In 2016 we introduce in our paper[1] new representations of the symmetric groups we call them the triangular representations of the

symmetric groups and we study the first of them which we call it the first triangular representation of the symmetric groups when p
divides (n-1).

Throughout this paper let K be a field of characteristic zero, and x4, x5, ..., X, be linearly independent commuting variables over K.

2.PRIEMINERIES
Definition 2.1.:

Let S, be the set of all permutations t on the set {xq, X3, ...., X, } and K[xq, X3, ..., X, ] be the ring of polynomials in x4,x5, ..., x, with
coefficients in K. Then each permutation T € S,, can be regarded as a bijective function from K[x4,X, ..., X,] onto K[xq,X, ...,Xp]
defined by(f(x1,Xz, .., Xn)) = f(t(x1), T(X2), o, T(Xp) )V £(X1, X7, o, Xn) € KXy, X3, ..., X, ]. Then KS,, forms a group algebra with
respect to addition of functions, product of functions by scalars and composition of functions which is called the group algebra of the
symmetric group S,[3].

Definition 2.2.:

Let n be a positive integer then the sequence A = (1,2, ..., A )is called a partition of nif A; =2, = --- =X >0andA; + A, + -+
A =n. Thentheset Dy = {(i,j)li=1,2,..,;1 <j < A}iscalled A—diagram .And any bijective function t : Dy — {xq,%5, ..., X,} IS
called a A-tableau. A A-tableau may be thought as an array consisting of 1 rows and A; columns of distinct variables t((i,j)) where
the variables occur in the first A; positions of the i row and each variable t((i,j)) occurs in the i row and the j" column ((i,j)-
position)of the array.t((i,j))will be denoted by t(i, j)for each (i,j) € D;.

The set of all A-tableaux will be denoted by T,. i.e Ty = {t|tis a A — tableau}.
Then the function g: Ty — K[xq,X,, ..., x,] which is defined by g(t) =[1'_, ]'[].A;l(t(i,j))i‘1 ,Vt€ET,.is called the row position

monomial function of Ty,and for eachA-tableau t, g(t) is called the row position monomial of t.So M(Q) is the cyclic KS,, —module
generated by g(t) overKs,,.[5]
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3. THE FIRST TRIANGULAR REPRESENTATIOMOF S,
In the beginning we define some denotations which we need them in this paper.

n

1) Letcl(n)=z X;.

i=1
2) Let o,(n)= Z XiX;.
1<i( j<n

n

3) LetC(n) = xZ (o,(n) — Z xix);1=12,...,n.
o
We denote N to be the KS,module generated by C;(n)over KS,. The set B= {C;(n)|i=1,2,..,n} is a K-basis for N =
KS,C; (n)and dimgN = n .
4) Lety;(n) = Ci(n) — Cj(n); i,j=12,..,n.
we denote N the KS, submodule of N generated by uy; (n).

5) Let 63(n)= Z z xixjxﬁ.

1<i(j<n k=l
k=i, j

Then Z Ci(n) = o3 (n)anddimK(Kcl(n)) = dimK(Kcz(n)) = dimg (Koz(n)) =1.
1=1
Ko (n), Ko, (n)andKo3 (n) are all KS,-modules, since toy(n) = op(n) vk =1,2,3.

Definition 3.1.:

_ (r+2)(r+1)
2

M<n_(r+2)(r+1)

The KS,-module M (n ,r+ 1,1, ...,l)defined by

— 2 2 3 r+1
> ,r+1,r, ...,1> = KSpX1X2 o Xp41Xp42 oo X5r41X3142 - Xn

is called the r'" triangular representation module of S, over K ,where n > w

Remark 3.1.1.:

The first triangular representation module of S, over K is theKS, —module M(n — 3,2,1), the second triangular representation module
of S, over K is theKS, —moduleM(n — 6,3,2,1) ,the third triangular representation module of S, over K is theKS, —moduleM(n —
10,4,3,2,1 ,and so on.

Lemma3.2.:

The setB(n—3,2,1) = {Xixjxlz| 1<i<j<nl1<l<nl=#ij} is a K-basis of M(n-3,2,1)anddimgM(n-3,2,1) =
(G)@—2);n=6.

Theorem 3.3.:

The set Bo(n—3,21) = {xix;x{ —x;x;x3| 1 <i<j<n1<1<nl#ij@jD # (1,23)}s a K-basis of My(n—3,2,1), and
dimgMo(n —3,2,1) = (})(n —2) — 1;n = 6.(see [1])

Theorem 3.4.:N = KS, C; (n) and M(n — 1,1) are isomorphic over KS,, (see[1])
Theorem3.5.:Ny = KS,u;,(n) and My (n — 1,1) are isomorphic over KS,,.(see[1])
Corollary 3.5.1: The KS,-module Ny = KS, uy, (n) is irreducible over KS,,.(see [1])
Proposition 3.5.2:N = Ny®Ko3(n).(see[1])
Proposition 3.5.3:N has the following two composition series
0 c Ny € Nand0 © Ko3(n) c N.(see [1])
Definitions 3.6.;
1. the KS,—homomorphismd : M (n—3,2,1) - M (n— 2,2) is defined in terms of the partial operators by
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n 2
d (xix;xt) = kZ ;T&(Xixjxlz) ,
=1

2. the KS,—homomorphism dwhich is the restriction of d toMy(n — 3,2,1).i.e.
d: Mg(n—3,2,1).» My(n—3,2).
3. the KS,~homomorphism f : M (n—3,2,1) — K which is defined by

f( Z Zn: ki,j,lxixjxlz)= Z z kiji

1<€icjen i1 1<i(j<n 11
1#i,j 1#i,j

Theorem 3.7.; The following sequence of KS,, — modules is exact

0> Kerd SMmn—-321)SMn-22)-0 .. (1)(see[1])

Theorem 3.8.:The sequence (1) is split.

Proof: Define a function

n
@ M(n—22) - M(n—321Dbyp(x;x;) = ﬁ > x;x;xf which is a K S,-homomorphism. Since for any 7 € S, then
1=1

140,

(p(r(xixj)) =q (T(xi)r(xj)) = ﬁ Zn: T(xi)r(xj)xlzlwhere T(x) = xy, ,T(xj) = x,.

1 1 <
= ¢(t(xx)) = mf(xixszz) =T (mz xxxf) =1 (x%)
1=1

=1.]

And do (xl-x]-) = d(ﬁ Z: xixjxlz )= ﬁé: d(xl-xjxl2 )= ﬁ(Z(n —2)x;%) = x;x; .Then
1#i, 1#i,j

dp =1Ion M(n — 2,2). Hence the sequence (1) is split .

Thus M(n —3,2,1) =L @ kerd, where L = ¢(M(n —2,2)).

Corollary 3.8.1.: The dimension of kerd over K of the KS,, — homomorphism

d:M(n —3.2.1) > M(n — 2,2)is""=20=2 (see [1])

Corollary 3.8.2.:The following sequence of KS,, — modules is exact

i d
0 - Kerd » My(n—321)>My(n—-22)-0 ... (2)(see [1])
Corollary 3.8.3.:The sequence (2) is split.
Proof: By theorem (3.8.) we have a KS,, -homomorphism

o:M(n—22) > Mn-3,21) s.t.

<P(xixj) = ﬁ z xixszz Then (P(xixj - xlxz) = <P(xixj) —@(x1%2) = ﬁ Z xixjxlz _ﬁ Z X1Xoxf =
1=1 1=1 1=1

12, ] 14, 141,2

1 n n
Z(n—Z)( Z xl-xjxlz - Z x1%,x7) € My(n — 3,2,1).
11 1=1

I, 1£1,2
i.e.(leO(n_z'z) : Mo(n - 2,2) - Mo(n — 3,2,1) .
Let ¢ = @y, (n—2,2) -Hence @ is a KS,—homomorphisms.t .
_ _ 1 n n
d gy —xix2) = dGo 5 (D) xogaf = D) xixpxf ) =
1=1

=1
14, 141,2
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1 < 1
Z(n—Z)(d( ; xixszz - z x1x2x7))= m(Z(n =2)x;% —2(n — 2)x1x,

I=i,j 1#1,2

_ 1
T 2(n-2)

2n- 2)(xl-xj —x1%xp)) = XX — X1 X2,

Then d@ = I on My(n — 2,2) .Thus the sequence (2) is split i.e.
My(n—321) =Kerd @ @(My(n—22)).

Lemma 3.9.:dimy S(n—3,2,1) = 22201

Proposition 3.10.: S(n — 3,2,1) is a proper submodule of kerd .~ (see [1])

Theorema3.11.:The following sequence over the field K is exact.

0 > My(n—321) > Mn—321) 5K -0 .. (3)(see[1])
Corollary 3.11.1.:the exact sequence (3) is split.
Proof: Define g: K - M(n — 3,2,1) by

__ 205(n) _ o2
g(l)—n(n_l)(n_z) where g3(n) = 1<%;n ; X% X]

=i, j

20;(n)

Then g is a KS,,-homomorphism since 7 g3(n) = a3(n) for any 7 € §,, and 7(1) = 1, thus we get g(t1) = g(1) = 0D

203(n) _
T (n(nfl)(n72)) = 19(D).

Moreover we have fg(1) = f(g(1)) = f( 203(n)

2
n(n—l)(n—Z)) - n(n—l)(n—Z)f(J3(n))

2 20 D®=2) _ 1 Hence fg = I.Therefore the sequence (3) is split.

T n(n-1)(n-2) 2

Corollary 3.11.2.:M(n — 3,2,1)is the direct sum of My(n — 3,2,1)and K a5 (n).

Proof: From the proof of the previous corollary we get that Ko3(n) n My(n — 3,2,1) = 0.

Thus My(n —3,2,1) @ Koz(n) € M(n — 3,2,1). By counting the dimension we get
dimMo(n —3,2,1) + dimy Koy (n) = 0002 g 49 = 202DOD = gy M(n - 3,2,1).

Therefore M(n —3,2,1) = My(n — 3,2,1) @ Koz (n).

Theorem 3.12.: we have the following series
DN0cNycNy®DSn—321)cNDSn—321) cN@kerdc My(n—3,21) @ Kas(n)
2)0c Koy C Koz ®S(n—321)c N®Sm—321)cNDkerd c My(n—3,21) @ Koz(n)
3)0cNycNcN®S(n—-3,21) c N®kerd c My(n—3,2,1) ® Kos(n).
H0cKosm)cNcNPHSn—-3,21) c N kerd c My(n—3,2,1) ® Koz(n).
5)0cS(n—321)cN@®Sn—-321)cN@kerd c My(n—3,2,1) @ Kos.

Proof: By corollary (3.5.1) we have N, is irreducible submodule over KS, and by proposition (3.5.2) we have
N = Ny®Ka3z(n).o3(n) € My (n— 3,2,1)by corollary (3.11.2) which implies that

Kos(n) n My(n — 3,2,1) =0.Thus we get M(n — 3,2,1) = My(n — 3,2,1) @ Koz(n).Moreover we get N N ker d = 0 which implies
that N @ kerd c M(n—3,2,1),and NNS(n—3,21)=0

sinceS(n —3,2,1) c kerd.Thus N@® S(n—3,21)c N @ kerd.
~ Ny,Kos(n) c N .
. Koz(n) nS(n—3,2,1) = 0andN, N S(n — 3,2,1) = 0 which implies that
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Kos(n)®S(m—321)cN®Sn—321)and Ny @ S(n—321)c NPSn-321).

Therefore we get the following series:
D0cNycNgBDS(n—321)cNHSMn—321)cN@kerdcMy(n—3,21) @ Kaz(n).

2)0c Kos(n) c Kas(n) DSm—321)cNPHSn—-321)cNPkerdc My(n—321) D Koz(n).
3Y0cNgcNcN@®S(n—-321)c N@kerd c My(n—3,2,1) @ Kas(n) .
4)0cKos(n)cNcNPSn—-321)cN@kerdc My(n—3,2,1) ® Kaz(n).
5)0cS(n—321)cN@®S(n—-321)cN@kerdc My(n—3,21) @ Kos(n).

Theorem 3.13.: The following sequence of a KS,, -submodule is exact.

0 - kerdl—i> T % S(n—2,2)-0...(4)

where T = KS,, (x13x2 — x1X4X2 + Xpx4%% — xpx3x2 ).

Proof: From the definition of T we get that T < M, (n — 3,2,1) .By corollary (3.8.1) we have

d: My(n—321) — M, (n—2,2)isonto map .

“S(n—22)=KS,(xy —x1)(x4 —x3) € My (n—2,2).Then

(2 —x1) (x4 — x3) = XpX4 — X3x3 — X1X4 + X1 x3a0d

d(x1x3x% — x1%4%2 + X2x4x2 — xx3%2) = 2x5%4 — 233 — 2X1 %4 + 2X1%3 = 2 (%3 — x1) (x4 — x3).Thus d; = a|T and the

image of HIT is S(n—2,2).Then d; = a|T ‘T — S(n—2,2)isonto map where dy (x;x3x% — x1x4%% + xpx4X% — x%x3%2) =

2x7x4 — 2Xx3 — 2Xx1X4 + 2x1%3 . Moreover since the inclusion map is one - to — one and Im i = ker d; . Hence the sequence (4) is
exact.

Corollary 3.13.1.:The exact sequence (4) over the field K is split.
Proof : Let ¢ : S(n—2,2) - Tbe defined as follows :
1

2(n-4),

k=r,s,tl,

o (x, — x5)(x — x) = Z (xrxtx,f — XX X — XoXeXP + xsxlx,%).Then for any T €S, we get o(t(x, — x5)(x —
1

x)=@ rar— rxs rxt— rxl~p xrl—xslael—x/1=

ﬁz (2@ e, (2 ) (T ) () (e + (e, ) (o), )

k#r,stl,

n

__ ! 2 2 2 2
= oD > t(xpxexf — xexpxf — xoxxE + x52x0%F).
k=1

kzrs,tl,

1 n
= 2 ¢ Y (exex — xpxixf — XXX + Xex1XF)).
k=1

k#r.s,tl,

=1 (x, — x5)(x; — x;).Thus ¢ is a KS,, —homomorphism. Moreover we have

1 \ 2 2 2 2
dipQ — x)(xe — x) = dy (Z(n_4) Y (xexext — xpxixf — xoxexg + xgx,x%))
k=1

k=r,s,t,l,

n

1 1
=2 % > (xexexi — xpxiXE = xgxeXE + XX XE)) = 2 =D (o — %) — x0)) = (6 = %) — x0) .
k=1
k=r,s.tl,

=~ dye = I Hence the sequence (4) is split. Thus we get that = kerd; @ T,
whereT = ¢ (S (n—2,2)).

Proposition 3.13.2.:5 (n — 3,2,1) is a proper KS,, —submodule of T.
Proof: since T = KS, (X1x3xZ — X1X4X2 + X2X4%8 — xpx3x2 )

andS(n — 3,2,1) = KS,, A (xq,%7,x3)A(x4,x5). Then
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y = AQx1,x2,%3) Alxg, x5).= (2 — x1)(x3 — %1) (X3 — x2) (X5 — X4)
= (xax3 — x1%2 — X1 X3 + x) (X3X5 — X3X4 — X2X5 + XpX4)

=y = xeSx?% - x2x4x§ - X3XSXZZ + x3x4x22 - x1x2x3x5+x1x2x3x4 + xlex% - x1x4x§ - x1x5x32, + x1x4x§ + XpX3X5 —
X1X2X3X4 + x3x5x12 - x3x4x12 - x2x5x12 + x2x4x12

=(xax5X5 — XpX4X5 + X1 X4X5-X1X5X5 ) + (X1 X5X5 — X125 + X3x4%F-x3X5%5 ) +(X3x5%7 — X3x4%F + Xp24%F — xpx5%7 )ET.
Hence (n — 3,2,1) < T . Moreover since d; = d|T , then we get kerd; c kerd.

v kerd = kerd.
~ kerd; c kerd,and by definition of d; we get that d;(y) = 0 which implies that
S(n—3,2,1) c kerdy c T.Thus S(n — 3,2,1) is a proper KS,, — submodule of T.
Theorem 3.14.:We have the following series
0c S(n—-3,2,1) ckerd; cT c My(n—3,2,1) € M(n — 3,2,1)
whereT = KS;, (X;X3XZ — X1X4X2 + XpX4X2 — XpX3X2 ).
Proof: By [3] we get that S (n — 2,2) is irreducible submodule over S, .
v dy: T — S(n—2,2)is epimorphism.

T/kerdl =~ S(n — 2,2)which implies that T/kerdl is irreducible module over KS,, .Thus we get the following series

0ckerd;cT cMg(n—3,21) cM(n—-321).
Moreover sinceS(n — 3,2,1) c kerd; , then we get the following series
0cS(n—-321) ckerd,cT € My(n-—3,2,1) € M(n—3,2,1).
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