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ABSTRACT

In this paper, we consider a system of rational difference equations in the plane
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where @ € (0, %), b € (0,%) and the initial values X, Vg € [0, ). We will prove that the unique positive
equilibrium point of this system is globally asymptotically stable. We also determine the rate of convergence of a solution

that converges to the equilibrium point (X, 17} of this system.
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1. INTRODUCTION AND PRELIMINARY RESULTS

Let { and [ be intervals of real numbers. Consider a first order system of difference equations of the form.
Xps1 = (X V) Vi1 = 9 ¥ h,n =0,1,2, .. 1.1)

where f:I % J = I,g:1 X ] =] and (Xg.Vg) € I X ], when the function f(x, V) is increasing in X and
decreasing in ¥ and the function g [x, _1-‘] is decreasing in X and increasing in , the systems (1.1) is called competitive.
One can consider a map 1 = (f (x,_v],g(x,_‘r‘]) associated with the system (1.1) and define the notions of
competitive map accordingly.

fv=(uv € Rz, we denote with QL.ICU],.!T, €141,2,3,4}, the four quadrants in R? relative to v, ie.,
Q,(v) ={{x,v)ER:x z2u,y = v}, 0-(v) = {(x,v) € R%:x < u, v = v}, and so on. Define the
South-East partial order = __ on R? by (x, _‘y‘] =_. (5 t) ifandonly if ¥ = 5 and y= t. Similarly, we define the
North-East partial order =, . on R* by (x,v) =,, (5,t) ifand only if x = 5 and y= t. For 4 R? and

T e Rz, define the distance from X to A as dist (x, A):=inf{||x-y||: y € A}. By intA we denote the interior of a set A.

It is easy to show that a map F is competitive if it is non-decreasing with respect to the South-East partial order, that is if
the following holds:

()22 )=F ()= E () w2

For standard definitions of attracting fixed point, saddle point, stable manifold, and related notions see [7, 9, 10] and [16].
When the function f(x, _1-‘] is increasing in X and increasing in }' and the function ¢ [x,_v] is increasing in X and

increasing in V', system (1.1) is called cooperative. Strongly competitive systems of difference equations or strongly

competitive maps are those for which the function f and g are coordinate wise stricly monotone.

System (1.1) where the function f and & have monotonic character opposite of the monotonic character in competitive

system will be called anti-competitive, while system (1.1) where the function f and g have monotonic character opposite

of the monotonic character in cooperative system will be called anti-cooperative. Anti-competitive and anti-cooperative
systems will be called anti-monotone systems.

Competitive and cooperative systems have been investigated by many authors, see [2, 3, 4, 9, 12, 17] and others. The
study of anti-monotone systems started recently in [5]. The rational systems of difference equations play an important role
in modelling in biology and economics, see [6] and [7].

The following result gives a convergence result for a system in R? when there exists an invariant rectangle and the map of
the system satisfies certain monotonicity and algebraic conditions. See [8] and [6, 11].

Theorem 1.1

LetR= [a,b] ® [c,d] and

f:rR=la, b], g: R— [c,d]
be a continuous functions such that:

() f[x, _‘;-‘] is decreasing in both variables and [x, _"|."j is decreasing in both variables for each [x, _‘;-‘] CR;

()If (m1, M1, m2, M2) €R® is a solution of
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M, = g(m,,m,), m, = g(M,, M,) 3

Thenmy = M1andm2 = M2. Then the system (1.1) has a unique equilibrium (X, 17} and every solution
(X, .Vy ) of the system (1.1) with (X,¥y) € R converges to the unique equilibrium (X, V'}. In addition, the
equilibrium (X, 1} is globally asymptotically stable.

In this paper we want to give an example of anti-monotonic system with a unique equilibrium which is globally
asymptotically stable.

In Section 2 we consider the following system of difference equations

Xn

Xps1 = 5 ——

n+1 _L-'_;?xn—a
e n=20,1,2.. (1.4)

V. = —=

Jn+1 xj%_vn—a
where a € (0, =), b € (0,=) and  the initial ~ values Xg, Vy € [0, =) and
-3"5,'?]"” —a = DJ-’,? X, — @ = 0.This system has exactly one posiive equilibium  point

& y) = ((1 + a) 2R (1 + @)Y ':1+b:') which is locally asymptotically stable. We use Theorem 1.1 to show
that the positive equilibrium point (X, ') is locally asymptotically stable.

Finally, in Section 3 we give the rate of convergence of a solution that converges to the equilibrium (_1_;',]_?] of the

systems (1.4) for all values of parameters. The rate of convergence of solutions that converge to an equilibrium has been
obtained for some two-dimensional systems in [13] and [14].

The following results give the rate of convergence of solutions of a system of difference equations

x11+1 = ["d‘ + BI::?L}]XH (1.5)
where &, is a k-dimensional vector, AE kak is a constant matrix, and B:Z+ —> kak is a matrix function
satisfying

[|1B(n)|] - 0whenn — =, (1.6)
where || || denotes any matrix norm which is associated with the vector norm; || || also denotes the Euclidean norm in
R? given by
x| = [I{(x, ¥}I| = vx2 + 42 (1.7)

Theorem 1.2([15]) Assume that condition (1.6) holds. If X, is a solution of system (1.5), then either X, for all large 71 or

. n I|
p=lim__. /x| (1.8)
exists and is equal to the modulus of one of the eigenvalues of matrix 4.

Theorem 1.2([15]) Assume that condition (1.6) holds. If X, is a solution of system (1.5), then either X, = 0 for all

large 1 or

: “n+i
p=lm,_ .—— (1.9)
*n
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exists and is equal to the modulus of one of the eigenvalues of matrix A.
2. DYNAMICS OF THE SYSTEM (1.4).
In this section we consider system of difference equations (1.4).
Theorem 2.1 System (1.4) has the unique positive equilibrium E = [f, j._] which is globally asymptotically stable.

The equilibrium point of the system (1.4) satisfies the following system of equations

V¥ =1+a
T (2.1)
v=1+a
where ¢ is the real number that for ¢ = —1.
From system (2.1) we have
= (l+a)t/+h)
(2.2)

¥ = (1 + a)¥/@+h)

The map T associated to the system (1.4) is

T(x,y) = G':J‘"'Lr:') = -"b'_’;_'-'“ 2.3)

(2,7
xBy—a,
The Jacobian matrix of T is
—-a —pa2yb-t
ivPr-a)2  (yPx-a)Z
JIT': —hE 'I-"b_i —a (24)
ivPr—@2  [xly—m)2

By using the system (2.2), value of the Jacobian matrix of T  at the equilibrium point £ = (X, ¥} is

Jr (%, 7) = (:qu +aj._b{1ta;) (2.5)
The determinant of (2.5) is given by
det]-(%,7) = a* — b* (1 + a)°
The trace of (2.5) is
Tr]-(%,v) = —2a
The characteristic equation has the form
P+ 2al 4+ at - b1+ a) =0

Instead of proving local stability by standard test, which is a fairly complicated task, we will prove global asymptotic
stability which will implies the local stability as well. We will use Theorem 1.1.

First, let
R=[a,b] % [c,d], (x5, vy) ER

and
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f:r—[a, bl, g: R—[c,d]
f{.k} j-’) and § f.:.k', V) are continuous functions in R.

.
It is easy to see that f (.k’, j) =3 and g I::.!C, V) = are decreasing in both variables for each (x, y)E K.
vWr—a -

xPy_a
If (M4, Mfl 2, I 2) £ R is a solution of

{Ml = f(my,m;), my = f(M, M)

(2.6)
M, = g(my,m;), m, = g(M;,M,)
we have:
m m
M, = /2 M, =—"=2_
mimy—a = mims—a
M M @7
m, = u'i y My = ui
J'I:J’fi_ﬂ J'Il:l’fz —a
also, we get:

(my — My)(1 — @) = m; My (m§ — M3)
(my = Mp)(1 = @) = myMy(m} — M)

Assuming that MTE > M, this implies 114> J'Pfl, which is a contradiction. Since T, = J'sz and 1y = J'lffl. The

conclusion of this theorem follows from Theorem 1.1 and the fact that Theorem 1.1 does not give only global attractivity
but global stability as well.

3. RATE OF CONVERGENCE

Our goal in this Section is to determine the rate of convergence of every solution of the system (1.1) in the regions where

the parameters ac [U, =), bic [U, ) and initial conditions Xy and }}; are arbitrary, nonnegative numbers.

fex) [xn—X
€n = 2§ =
e V, = F

i ,"11:

Theorem 3.1 The error vector

of every solution X, + 0 of (1.1) satisfies both of the following asymptotic relations:

" s I|'— -
]-lm]:_.x v ||€]: || =|A; UT(E)) | for some i=1, 2,... (3.1)
And
. En -
111‘1‘1”_,;.:'—+-L = A:-(fT(E)Nforsome i=1,2,... (3.2)
En
where ;t:- (J(T(E)N is equal to the modulus of one of the eigenvalues of the Jacobian matrix evaluated at the

equilibrium JFT' (E :l .

Proof

First, we will find a system satisfied by the error terms. The error terms are given as
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Xy, X —x,x (0 —v?) — alx,, — )

Wi, —a x-a  (fx,—a)(FPE -a)

— T LB Sby a _—
 (Ran-a)(5P3-a) G ) (yhxn—a)(7Px-a) (xy — X)

- ¥ N . a ; T
= — - (31;]'? — lb) T, =k ) (:""]: _j')

(xBvn—a)(zP¥-a) (xR vp—allx?¥—a)

We calculate l;:,b — .?Jb as following:
Xt —xb = x¥ [(—)b— 1] =.‘-b{[1+(%— )]b —1}:1—5{[1 +b(2-1)+

bEP (X, = E) + 722 (x,, — B)2 4 - = BEP 1 (x,, = %) + 0, [(x,, — %)2]

Similarly, we have:
:"'?D _:"_'?b = bj—"b_li}"n _:"_) + OZ[(}.‘J! _:"_)2]

n

Then from relation (3.3), (3.4), (3.5) and (3.6) we get:

_— — —_— I —_— ra - - rs —_—
X ¥ — —Xn x.b_L-"b & v —v! alxp—xl —Xn X0 [y —V ) ]
- - - N i W . &) e i W il N - s N — 3 )
n+1 I'._ _erbl x n— b :I I'._ -'l_.' b ¥ —i1 :I I'._ _erbl x n— i ;I |I‘ -'L.' b X —il :I I'._ _erbl x n— fr) :I I'._ -'l_.' b X —i1 :I
and
. = — v 7bxE L (xp — %) alyn—) Y 704 [y —%) 2]
_p:]:+1 __F" T T N n A ~ N T — =
I'._ x le’l_ _'l_.'n -1 __.I I'._ X -IJ _'l-'-_ i1 __.I II.L x T-IEL _'L.'n - ;I I'._ x -I:J _'l_.'_ fal __.I I'._ X 1“'.:'1 _'l_.'n - __.I I'._ x -I:J _'L.' - ;I
That is
—p=b—1
. — - o |: - —] Kk IV p =
Xn+1 ~ A X b i (j‘q :")

£} i —h— g . e
ixe—a) '.__:"C T—al Ipan—a) \¥r—a)

Then system (3.9) can be represented as:
1 o 1 2
€nt1 N An€y + bJ!EJ!
= C]!E]:!l + d]!EE

2
E]!+1
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(36)

3.7)

(3.8)

3.9)
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)

where
0~ a b A X, xbhyo~?
i (j‘]bx'] _ E)(J_DI - E)J i (j';]l?'x’-]! _ a)(:"_bi - {1)
C. A — J'?J:j?b-i-b_l d — a
b (};J‘?:{]‘ - a){IDJ_ - ajj " (x':;?j'l' — a)(ibj'_ — ﬂ:l
Taking the limmits of {1”, b]:, C” and d” as n— = we obtain
lima, = —a,lim b, = —b, limc,, = —b(1 + a), limd,, = —a,
n—= n—* n—* n—=
that is
a, =—a+%,,b, =-b+p,¢c,= —b(1+a)+ Y dn = —a+4,

where @, — 0, fG’” —0,);,; —0and 5]: — 0asn— =,
Now, we have system of the form (1.1):
ll"3'1:+1 73 (A + B('H))E”

where

—a — b(1 + a) B B,
A(—b(lw) —a)‘B(“)‘<5u %)

and
[IB(n)||—0 as n— ==.
Thus, the limiting system of error terms can be written as:
1 - 2l 1
(EJ:+1 _( a b(1+a) (e,:
€nt1 —b(1+a) —af\e,
The system is exactly linearized system of (1.1) evaluated at the equilibrium
E = ((1 == a)l“flil_uj, (1+ ajl“'“':l_"’:' ) Then Theorem 1.2 and Theorem 1.3 imply the result.
When g — ((1 e T a)la-’(l—bil), we also obtain the following result.

Corollary 3.1
Assume thataE (0, =), bE (0, «). Then the positive equilibrium point
& 7) = ((L+a)0%8 (1 + )/ 0+8))
is globally asymptotically stable. The error vector
. (e& (x)
" EJZ: - Mn

of every solution X, of (1.1) satisfies both of the following asymptotic relations:
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]11151: Vel = ]11151: NVXE+yE= |}L:’(JFT(E))|
and
T
el X2, + 2
1i (e L ¥ Tnti T ons1 |5 (7 (F
0 e, ~ A [Ty - WUrB)

where zﬂi_ (f-g- {E)) is equal to the modulus of one the eigenvalues of the Jacobian matrix evaluated at the equilibrium E.
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