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Abstract:
In this paper, we discuss the (1,2) - domination in the total graphs of C, , P, and Ky n
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1. Introduction

By a graph G = (V,E), we mean a finite, undirected graph without loops or multiple edges. A subset D of V is a
dominating set of G if every vertex of V-D is adjacent to a vertex of D. The domination number of G, denoted by {G) is
the minimum cardinality of a dominating set. A (1,2) dominating set in a graph G is a set S having the property that for
every vertex v in V-S there is at least one vertex in S at distance 1 from v and a second vertex in S within distance 2 of v.
The order of the smallest (1,2) - dominating set of G is called the (1,2) - domination number of G denoted by 1,2 (G).

For a given graph G,let T(G) be a graph with vertex set V(G)UE(G). Two vertices X, y in the vertex set of T(G) are
adjacent in T(G) in case one of the following holds (i) x,y are in V(G) and x is adjacent to y in G. (ii) x,y are in E(G) are x,y
are adjacent in G (iii) x is in V(G), y is in E(G) and x,y are incident in G. That is, the total graph T(G) of a graph G is the
graph whose vertex set is V(G) CE(G) and two vertices are adjacent whenever they are either adjacent or incident in G.

2. (1,2)- domination in Total graph of C,

Consider the following examples Vi
Vi
C3 .
e
T(C3): 3
€ €3
vV, V3
Vs €, V3
€

Hence in T(Cgs), {e1, vs} is a dominating set and also (1,2) dominating set.

AT(C)) =2 and yaz[T(C3)] =2

] Vi e, vy
Gy o ®
€ SE!
VZ. o V3
€,

In T(Ca4), {€e1, v3} is a dominating set and also (1,2) dominating set.

7[T(Ca)] =2 and yaz [T(Ca)] = 2. Vi
3! e A es
Cs: e es T(Cs):
Vs
Vv, V2
Vs
(5] €y & €4
V3 Va
vi® & o, e
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In T(Cs), {e1, va} is a dominating set and also (1,2) dominating set.

Y[TC)]=2 and yaz[T(C)] =2

C6: T(Cé) H

e, es

{e1, v4 vs} is a dominating set and also (1,2) dominating set.

Cy: g T(Cy):

{e1, v4 vs} is a dominating set and also a (1,2) dominating set.

Cs: T(Cs) :

Vi €s Vg

e, ey
Vs, A
€6
€,
Ve
V3
€s
(SE!
Vs
V4 €4

{e1, v4 vs, vs} is a dominating set and also a (1,2) dominating set.
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Cg .
Vi €9 Vo
€g
€1
Vg
V2
€7
€
V7
V3 €6
€3
Ve
Vg €4 €s
Vs

T(Cg) .

ISSN 2347-1921

{e1, v4 Vs, vs} is a dominating set and also a (1,2) dominating set.

C10:

Vi

V3
€3

Vg

Vg es

Ve

T(Cu)) .

{e1, v4, vs, vs, vio}is a dominating set and also a (1,2) dominating set.

From the above examples, we have the following theorems.

Figure 1. n-cycle and its Total Graph

Theorem 2.1
n
TC)I= | = .
7[T(Ch)] {ZJ
Ca
':"/:\ &
u*,/ \\
/ |
Vit |
’
A
v
Proof:

It can be easily observed that y [T(C3)]=2, y[T(C4)]=2, ¥[T(Cs)]=2 and y[T(Cs)]=3.
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Let V(Cy) = {vi1, vz.., va} and E(Cn) = {e1, €z.., ex} in Which e
vn} A ey, ez.., en} and

ET(C) ={eieiri/I<i<n}uee; U{vivis/I<i<n}uvpvy e vier /1< i < n-1}u{eviyAvi e/1< i< n}. The
total number of vertices in 7(Cy,) is 2n and each vertex is of degree 4. The cycles of 7(C,) are C; = eviri€+1 (1< i < n-
1), C; = epervy, Ci = vivies6i(1< i < n-1), C, = vuvien In T(C,), each e;is adjacent to e+ and ey is adjacent to e,. Also

vi is adjacent to vix1 and v, is adjacent to v,. Now we can find the dominating set of T(C).

The minimum dominating set

D—{Dl =1{e,V,, V5.

D=y, 5

—if n=2k+1
2

N i n=2k
2

N 1

——=if n=2k+1
2 2

n
Hence y[T(Cn)= {EJ for all values of C,.

Theorem 2.2

[T(Cn)] = L
Y12 nl = 2

Proof:

v, }if n=2k
D, ={e,V,,Vg,....V,, } if n=2k+1 wherek=3,4,5,....

ISSN 2347-1921

vi vi1z. By the definition of total graph N T(Cy)] = {vi, va...,

It can be easily observed that y#1.2[T(C3)]=2, 112[T(C4)]=2, y1,2[T(Cs)]=2 and y12)[T(Ce)]=3.Let V(Cy) = {v1, Va,..., Vn} and
E(Cn) = {es, ez,..., en} in which e; = v; vi+1. By the definition of total graph V[T(Cy)] = {v1, V2,..., Van}Afe1, €,..., en} and

E[T(Cn)] = {ei ein/1S i< n}uener U{Vi Vie/ TS T S n Yuvva Aei Vis/1< i < n-1 Yo {envi}Avi e/1< i€ n}. The total number of
vertices in T(Cy) is 2n and each vertex is of degree 4. The cycles of T(C,) are Ci = eyvis1€i+1 (1< n-1), Ch = enervy, Ci=
Vivisa€i(1 i £ n-1), C'y = vavien. Every minimum cardinality dominating set is also a (1,2) - dominating set in T(Cn).Hence

[T(Cn)] = n
Y1,2) n)| = 2 .

3. (1,2) domination in Total graph of P,

Consider the following examples

Ps:
Vi

€1
\'p)

€,
V3
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is a domin
{va}is
In T(P3),

=2
T(Ps3)]
AT(P)l=1and yaz [

e

Therefor

T(Py):
Vi
P4 S
€1

Vs

€,

V3

€3

\Z!

i et.
inating s
i 1,2) dom
,Vatisa (
ting setand {vi, v»
inati
is a dom
{v2, es}
In T(P),

=3
T(Pa4)]
[T(P4)] =2 and yq.) [T(

ey

Therefor

Vi
Ps:
€1
V)
\'b)
Vi
e, 5
Vs /
€3
\Z!

{ 4 { 1 i et.
P s a domin inal INg s
i 1,2) do
’ V5}| (
i gsetand V1, V3
inatin
i S a m t
n V2, V. }
| ( 5)1

=3
T(Ps)]
[T(Ps)] = 2 and y .2 [T(

ey

Therefor

(13 »
e, :
€3
e, .
= L L V6
@ :
Pg 5 v4
V3
\p)
A1
T(Pg)
€5
€4
€3
€,
€1

i et.
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Vi Vs V3 Vg Vg Vg V7

T(P):

e, e, SE} €y (S13 SF3

{v2, v4, v} is a dominating set and { v1, V3,Vvs,v7}is a (1,2) dominating set.

e, e, e3 (S [S13 (S ey
[ L L L L ® L ®
Pg .
Vq V) V3 Vg Vg Vg Vs Vg
T(Ps):
e, e, €3 (S €5 €g €y

{V2, Va4, Ve, Vg} is a dominating set and { V1, V3,Vs,V7}is a (1,2) dominating set.

e e, (S (S €5 €¢ ey €g
Po: ° ° ° ° . ° ° ° °
Vi V) V3 Vg Vg Vg Vs Vg Vg
T(Py):
e e, €3 €4 €5 €¢ (S €g

{v2, V4, Ve, Vg} is a dominating set and { vi1, Vs,Vs,v7,Vo}is a (1,2) dominating set.

P : €1 € €3 €4 €s €6 €7 €s €9
: [ @ @ @ @ 4 L ® L o
T(P10):
Vi vV V3 Va Vs Ve \ Vs Vg Vio
e e e3 (S (S13 (S (S €g €9
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{v2, Va, Ve, Vs, V10} is @ dominating set and { vi, Vv3,vs,v7,vo} is a (1,2) dominating set.

P11 .
€ € €3 €4 €s €6 €7 €g €9 €10
[ 4 L 4 L 4 L 4 L L 4 L L 4 L 4 L 4 g
T(P11):
Vi Va V3 Vy Vs Ve V7 Vg Vg V1o Vi1
€1 €, €3 €, €s € €y €g €9 €10

{v2, Va, Ve, Vs, V10} is @ dominating set and { va, Vvs,Vs,v7,Vo,v11}is a (1,2) dominating set.
From the above examples, we have the following theorems.

Theorem 3.1

[T(Pn)] = LEJ
V4 n 2

Proof : Itis easy to observe that }T(P3)] =1, AT(P4) =2, fT(Ps)] =3

Let P, be a path on n vertices where n > 5.

4 ,
v r(f,. )
21 3 Ve
V—‘ ?
Vi
e"n
€, 1
V;
e, Vi1
>
Va

Figure 2. Path and its Total Graph

Let V(Pn) = {v1, V2,..., Vo} and E(Py) = {e, e»,..., en}. By the definition of total graph, V[T(Pn)] = V(Pn) U E(Pn), E[T(Pn)] ={vi
e/1< i nju{eivin/12i £ n-1) u{vivii/1Si < n}u{ei en/1<i < n-1}. The cycles of T(Py) are Ci = vivisiei (1< i < n), and Cj
= eieir1Vie1 (1< i < n-1). In T(Py) va and v, are non- adjacent. Also e; and en.1 are non adjacent. Each vertex vi, 2 <j < n-1,
and e, 2 <j < n-2 are of degree 4. Now we can find the minimum dominating set. For n = 2k,  {vz, V4, ... , Va} IS @
dominating set and for n = 2k+1, {vz, Vg, ..., Va1} is @ dominating set. Therefore the minimum dominating set

D, ={v,,v,,...v,} if n=2k
D, ={v,,v,,...v,  }if n=2k+1

D=

n-2 n
|D1|:T+1=—
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n-1-2 n-1
| Do = ————+1=—r—
2 2
D ifn=2k
Hence |D| = 2 1
D2 ifn=2k+1
2 2

n
Hence }fT(Pn)] = | —
ATl MZJ for all values of P,

Theorem 3.2

[T(Pn) = n
71,2) n 2
Proof

It is easy to observe that #1,2[T(P3)] = 2, 12.2[T(P4)] = 3, 11.2[T(Ps)] = 3.
Let P, be a path on n vertices where n >5.

Let V(Pn) = {V1, V2,..., Vn} and E(Pn) = {ex, €z,..., €n}. By the definition of total graph, V[T(Pn)] = V(Pn) VE(Pn), E[T(Pn)] = {vi
e/1< i€ nju{ei vis/1<i £ n-1)

v{vivii/1s i< n}u{eieir/1<i < n-1}. The cycles of T(P,) are Ci = viviwa€i (1< i < n), and C'i = eieis1Virr (1< i < n-1). In T(Pn)
vi and v, are non- adjacent. Also e; and e,.1 are non adjacent.

Now we can find the (1,2)- dominating set.

For n= 2k, {v1, Vs, ..., Va1} Will form a (1,2)- dominating set and for n = 2k+1, {va1, vs, ..., vn} Will form a (1,2) dominating set
for T(Pn).

Therefore the minimum dominating set
S ={v,v;,...v,,} if n=2k
S, ={v,,V,,..,v. }if n=2k+1

IS, if n=2k
S| =
ST 1S, if n=2k+1

n-1-1 n
| S1 = +1=—
2 2
n-1 n-1+2 n+1
| Sz = +1= =
2 2 2

g if n=2k
[ S|=
”7” if n=2k+1

[T(Pn)] = 1
N1,2) n)l = 2

524|Page Dec 7, 2013



4. (1,2)- domination in Total graph of K; ,

Kz : y T(Kiz) :
e e,
\Z
Vi
K3 T(K13): v
\
vV, V3 Vg
K14 T(K14):
v
e, e 3 €y
\Z
K15 v T(Ky,s):
SIVAS 3\€1 Qs
Vi Vol V3 Vg Vs

In the above examples the central vertex {v} is a dominating set and {v, e;} is a(1,2) - dominating set.

Theorem 4.1
7[T(Kyn)] =1
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Figure 3. Star graph and its Total Graph

Proof :

Let V (Kin) ={v, V1, Va,..., Vn} and E(Kyn) = {e1, e2,..., €n}. By the definition of total graph V[T(Kin)] = {v}u{ei/1<i<n}ui{v
/1< i < n }in which the vertices. ey, ey, ..., eninduces a clique of order n. Also the vertex v is adjacent with v; (1<i<n). In T
(K1,n), the central certex {v} dominates all other vertices. Hence fT(Kin)]=1

Theorem 4.2

7a2T(Kyn )]l =2
Proof:

Let V (Kyn) = {V, V1, Va,..., Vo} and E(Kz,n) = {€1, €2,..., en}. By the definition of total graph V[T(Kyn)] = Mo {ei/1<i<n}u
{vi/1<i < n }in which the vertices. ei, ey, ..., eninduces a clique of order n. Also the vertex v is adjacent with v; (1<i<n). In
T (K1,n), the central certex {v} dominates all other vertices. Hence }T(K1n)] = 1. So we can form a (1,2) - dominating set by
selecting the central vertex v and any one of ej,(1<i< n). Hence ya1,2 [T(K1n)] = 2.

5. Relation between domination number and (1,2) domination number in the total graph of C,,
P, and Ky

Theorem 5.1
In T(C,), domination number equals (1,2) - domination number.
Proof :

By theorem 2.1 and 2.2, we have this result.

Theorem 5.2
In T(Py), domination number is less than or equal to (1,2) - domination number.
Proof:
This result is obvious from theorem 3.1 and 3.2.
Theorem 5.3
In T(K1,n), domination number is less than (1,2) - domination number.
Proof :
This is clear from theorem 4.1 and 4.2.
6. Conclusion

In the paper, we found the domination number and (1,2) domination number of total graphs of C,, P, and Ky . It
can be seen that domination number is less than or equal to the (1,2)- domination number in all cases which conincides
with the result of [5].
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