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ABSTRACT 

In this paper, we study the existence of solutions for quasilinear degenerated elliptic operators Au+g(x, u, ∇u) = f, in 

unbounded domains 𝒪, where A is a Lerray-Lions operator from the Weighted Sobolev space W0
1,p

(𝒪, ω) to its dual, 

while g(x, s, ξ) is a nonlinear term which has a growth condition with respect to ξ and no growth with respect to s, but it 

satisfies a sign condition on s, and f ∈ W-1,p'(𝒪, ω*). 
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Introduction 

Let 𝒪 ⊂ ℝN , be a domain (not necessarily bounded) with boundary ∂𝒪. Let A be the non linear operator from the 

Weighted Sobolev space W0
1,p

(𝒪, ω) into its dual W−1,p ′
(𝒪,ω∗)  defined as 

Au = - div(a(x, u,∇u)) 

where a: 𝒪 × ℝ × ℝN → ℝN  is a Carathéodory  vector-function satisfying: 

|ai(x, s, ξ)|≤ βωi1/p (x) [ c1(x) +σ1/p'|s|q/p' +  ωj
1/p′ (x)|ξj |

p−1N
j=1 ]; for i = 1,...,N,              (1.1) 

[a(x, s, ξ)−a(x, s, η)](ξ−η)>0∀ξ ≠ η ∈ ℝN                                                          (1.2) 

a(x, s, ξ).ξ≥ α  ωi|ξ i |
p

N
i=1 ,                              (1.3) 

where c1(x) is a  positive function in Lp'(𝒪), and α, β are positive constants. 

Let g(x, s, ξ) is a Carathéodory function satisfying 

g(x, s, ξ)s≥ 0                                           (1.4) 

|g(x,s,ξ)|≤ b(|s|)( ωi|ξi|
p + c(x)N

i=1 ),                                                    (1.5) 

where b : ℝ+ → ℝ+ is a continuous increasing function and c(x) is positive function which in L
1
(𝒪). 

The purpose in this paper is to prove the existence of solutions for quasilinear elliptic equations of the type 

 
Au + g(x, u, ∇u) = f  in 𝒪

u ∈ W0
1,p

(𝒪, ω)
                               (1.6) 

Where Au= - div(a(x,u,∇u)) is a Lerray-Lions operator from the weighted Sobolev space W0
1,p

(𝒪, ω) into its dual 

W−1,p ′
(𝒪, ω∗) and f ∈ W−1,p ′

(𝒪, ω∗) in unbounded domain. 

The study of elliptic equations proved very important given their application in various fields of physics, biology, 
astronomy. The case of nonlinear elliptic equations whith second order of Lerray-lions type has been the subject of 
numerous studied since the early fifties years. 

In the bounded domainsΩ, it is well known that equation Au=f is solvable by Drabek, Kufner and Mustonen in [6] in the 

case where f ∈ W−1,p′
(Ω, ω∗) and in [1] where f ∈L1(Ω), see also [3], where A is of the form -div(a(x,u,∇u)) 

+a0(x,u, ∇u). In the case where a(x,u,∇u) is replaced by A(x,u)∇u (problems with diffusion matrix) and f ∈ L1(Ω), 
existence and a partial uniqueness result have been established on the Sobolev spaces H0

1(Ω) in D.Blanchard and 

O.Guibé [5]. The problem (1.6) is solvable by Akdim, Azroul and Benkirane [2] in bounded domain. 

The paper is organized as follows: In section 2, we precise some basic properties of Weighted Sobolev space. In section 
3, we prove some technical lemmas concerning some convergences in Weighted Sobolev space. In section 4,we study 
the existence of a solution (1.6) in unbounded domain. 

Preliminaries 

Let 𝒪 ⊂ ℝN  be a domain (not necessarily bounded) whith boundary ∂𝒪 and ω = {ωi(x) : 0≤ i ≤ N} be a vector of 

weight functions, i.e. every component ωi(x) is a measurable function which is strictly positive a.e. in 𝒪. Furthermore, we 

suppose in all our conditions that 

ωi ∈ Lloc
1 (𝒪),                                                      (2.1) 

ω
i

−1

p−1 ∈ Lloc
1 (𝒪),for any 0 ≤ i ≤ N.                                                                            (2.2) 

We define the weighted space Lp(𝒪, γ), where  γ is a weighted function on 𝒪, by Lp(𝒪, γ) =   u = u(x), uγ
1
p ∈

Lp(𝒪). 

We denote by W1,p(𝒪, ω) the space of all real − valued functions  u ∈ Lp(𝒪, ω0) such that the derivatives in the sense 

of distributions satisfies 
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∂u

∂xi
∈ Lp(𝒪, ωi) for i = 1,… , N, 

which is a Banach space under the norm 

  u  = 0∫𝒪|u(x)|pω0dx +  ∫𝒪  
∂u(x)

∂xi
 
p
ωi(x)dxN

i=1 1

1

p
.                                              (2.3) 

Since we shall deal with the Dirichlet problem, we shall use the space X = W0
1,p

(𝒪,ω) 

defined as the closure of C0
∞(𝒪) with respect to the norm (2.3). Note that,C0

∞(𝒪) is dence in W0
1,p

(𝒪, ω) and 

 X,  .  1,p,ω  is a reflexive Banach spaces. 

We recall that the dual space of weighted Sobolev spaces W0
1,p

(𝒪, ω) is equivalent to 𝑊−1,𝑝′(𝒪, ω∗), where ω∗ =

2ωi
∗ = ωi

1−p ′
, i = 0, … , N3 and where p’ is the conjugate of p i.e. p’=

p

p−1
. 

The expression 

 |u| =   ∫𝒪  
∂u

∂x i
 
P

ωi(x)dxN
i=1  

1

p

                                     (2.4) 

is a norm defined on X and it’s equivalent to (2.3). 

There exists a weight function σon𝒪 and a parameter q, 1 < 𝑞 < ∞, such that the Hardy inequality: 

 ∫𝒪|u(x)|qσdx 
1

q ≤ c   ∫𝒪  
∂u

∂xi
 

P
ωi(x)dxN

i=1  

1

p

,                                               (2.5) 

holds for every u ∈ X with a constant c > 0 independent of u. 

The imbedding X ↪ Lq (𝒪, σ)                                                                     (2.6) 

determined by the inequality (2.5) is compact (see [6], [4], [7]). 

Main Results 

Let 𝒪 =  𝒪l , 𝒪l
 ⊆ 𝒪l+1 ⊆ 𝒪l+1

      ⊂ 𝒪,∞
l=1 each 𝒪l ⊂ ℝN  is a bounded domain with boundary ∂𝒪l . Let A be the non 

linear operator from W0
1,p

(𝒪l , ω) into its dual W−1,p ′(𝒪l , ω
∗) defined as 

Au = −div(a(x, u, ∇u)) 

Where a: 𝒪l × ℝ × ℝN → ℝN is a Carathéodory vector-function satisfying: 

|ai(x, s, ξ)| ≤ βω
i

1

p (x)  c1(x) + σ
 

1

p ′
 
|s|

 
q

p ′
 

+  ω
j

1

p ′(x)  ξj 
p−1

N
j=1  , For i = 1,…,N,                  (3.1) 

,a(x, s, ξ) − a(x, s, η)-(ξ − η) > 0∀ξ ≠ η ∈ ℝN                                               (3.2) 

a(x, s, ξ). ξ ≥ α ωi ξi 
pN

i=1 ,                                                (3.3) 

where c1(x) is a positive function in LP ′
(𝒪l), and  are some strictly positive constants. 

Let g(x, s, ξ) is a Carathéodory function satisfying 

g(x, s, ξ)s ≥ 0,                                                 (3.4) 

|g(x, s, ξ)| ≤ b(|s|) . wi|ξi|
pN

i=1 + c(x)/,                     (3.5) 

where b : ℝ+ → ℝ+ is a continuous increasing function and c(x) is positive function which in L1(𝒪l). 

Lemma 3.1. [2] Let F: ℝ → ℝ be uniformly Lipschitz, with F(0)=0. Let u ∈ W0
1,p

(𝒪l,ω), then F(u) ∈ W0
1,p

(𝒪l,ω). 

Lemma 3.2. [2] Let (un) be a sequence of  W0
1,p

(𝒪l, ω) such that un ⇀ u weakly in W0
1,p(𝒪l , ω). Then, Tk(un) ⇀ 

Tk(u) weakly in W0
1,p(𝒪l , ω). 
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Lemma 3.3. [2] Let g ∈ Lr(𝒪l , γ) and let gn ∈ Lr(𝒪l, γ),  with .  gn 
r,γ

≤ c, 1 < 𝑟 < ∞ 

If gn(x) → g(x) a.e. in 𝒪l , then gn ⇀ g in Lr(𝒪l , γ),  where ⇀ denotes weak sequence and γ is a weight function on 

𝒪l . 

Lemma 3.4. [2] Let (un) be a sequence in  W0
1,p

(𝒪l, ω) such that un ⇀ u weakly in W0
1,p(𝒪l , ω) and  

∫𝒪l
,a(x, un , ∇un) − a(x, un , ∇u)-∇(un − u)dx → 0.  Then, un → u in W0

1,p(𝒪l , ω).                            (3.6) 

Theorem 3.1. [2] if f ∈ W−1,p ′
(𝒪l , ω

∗) there exists a solution of the problem 

 
Au + g(x, u, ∇u) = f in 𝒪l ,

u ∈ W0
1,p(𝒪l ,ω).

                    (3.7) 

Existence Result in Unbounded Domains 

Theorem 4.1. Let 𝒪 =  𝒪l , 𝒪l ⊆ 𝒪l
 ⊆∞

l=1 𝒪l+1 ⊆ 𝒪 l+1 be bounded domains in 𝒪, if  f ϵ W−1,p ′
(𝒪, ω∗), there 

exists a solution of the problem  

 
Au + g(x, u, ∇u) = f in 𝒪,

u ∈ W0
1,p(𝒪, ω).

                        (4.1) 

Proof: Let *uk+ be the sequence of solutions of (3.7) in W0
1,p(𝒪k , ω), (k ≥ 1). Since g verifies the sign condition, using 

(3.3) we obtain  α  ∫𝒪l

N
i=1 ωi  

∂uk

∂x i
 
p

≤  f, uk ,                  (4.2) 

i. e.  α uk p ≤  f X∗ uk , then  uk ≤ β1 ,                  (4.3) 

for all k ≥ l and β1 is independent of k. 

Let u k , for k ≥ 1,  denote the extension of uk  by zero outside  𝒪k , which we continue to denote it by  uk .  

From (4.3), we have  uk ≤ β1 , for  k ≥ l. 

Then, *uk+ has a subsequence  ukm
1   which converges weakly to u1, as m → ∞, in  W0

1,p(𝒪1,ω).  

Since  ukm
1   is bounded W0

1,p(𝒪2 ,ω), it has a convergent subsequence  ukm
2   converging weakly to u2 

in W0
1,p(𝒪2,ω). By induction, we have 2ukm

l−13 has a subsequence 2u
km

l 3 which weakly converges to ul in W0
1,p(𝒪l ,ω) ; 

i.e., in short, we have ukm
l ⇀ ul  in W0

1,p(𝒪l ,ω), l ≥ 1. 

Define u: 𝒪 → ℝ  by u(x) ≔ ul(x), for x ∈ 𝒪l (Here, there is no confusion since ul(x) = um(x) for any m ≥ l. 

Let M be any fixed (but arbitrary) bounded domain such that M ⊆ 𝒪. Then, there exists an integer l such that M⊆  𝒪l. We 

note that, the diagonal sequence {ukm
m ; m≥l}  converges weakly to u=ul in W0

1,p
(M,ω) as m→ ∞. We still need to show 

that u is the solution. It is sufficient to show that u is a solution of (3.7)  for an arbitrary bounded domain M in 𝒪. 

Since  ukm
m →ul  in W0

1,p
(M, ω) ,we can pass to the limit in <A ukm

m  ,v>+∫𝑀g(x, ukm
m , ∇ukm

m )v =<f,v> 

and we obtain <Au,v>+∫𝑀g(x, u, ∇u)v =<f,v>as m→ ∞ for any v∈ W0
1,p

(𝒪,ω) ∩ L∞(M) [2]. 

This concludes the proof of Theorem 4.1. 
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