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ABSTRACT
In this paper, we prove some Poincare type inequalities of the Heisenberg group target space in the case of
2m1 <p<2. In order to overcome the obstacles which are due to the nonlinear structure of the group laws, there are
m +

some techniques in the arguments for proving the results.
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1. INTRODUCTION

We firstly recall that the Heisenberg group H" (see [1],[2]) is the Lie group whose underlying manifold is
C"xR,n e N endowed with the group law algebra g = R?"*! " and with a nonablian group law:

(z,t)(Z t)=(z+7 ,t+t +2Imzez), (1.1)

n
. n . _ _ ]
where for Z,Z € C", and Z¢z = E Zij. Setting ZJ- =Xj +ij, then (><1,x2,---,xn,yl,yz,---,yn) form a real
j=1

coordinate system for H". In this coordinate system the vector fields

0 0 0 0 .
X=—+2yjay Y=__2XJE’ J=112!”'1nl (12)

i j
6}XJ ayj
and T :a generate the real Lie algebra of left-invariant vector fields on H". It is easy to check that

0

[X j Y = —45jk —, J,k=1,2,---,n, and that all other commutators are trivial. Furthermore, for the group, there are
a natural dilation defined by
5, (X, y,t) = (Ax, Ay, A%t), A1>0, (1.3)

and ametric d(u,V) defined by (see [2],[3])
1

d(u,v)gw|= [((xV —%,)2+ (Y, — Y.+t —t, +2(%,Y, —xuyv)z]z. (1.4)

In particular, a homogeneous gauge | u |Hn is defined as

1

[0¢ 4y + 14 = (2 +5)*,

We may see that H ) possesses the nonlinear structure about the group law which is one of the differences between H "

and general Riemann manifold. The fact that H" is a singular space can be intuitively understood also in the light of a
recent result of Christodoulou (see [2]) who proved that the Heisenberg group can be constructed as the continuum limit of
a crystalline material.

Let Qc R'“(m > 2) be a bounded and connected Lipschitz domain. For 2 < p < oo, Capogna and Lin ([4]) have

provided the characterizations for the Sobolev space wtep (Q, Hn), proved the existence theorem for the minimizer, and

established that all critical points for the energy are Lipschitz continuous in the 2-dimensional case. In [5], for the Sobolev
maps of the Heisenberg group target, the following Poincare type inequality is obtained.

Theorem 1.1. (see [5]) Let O be a bounded and connected Lipschitz domain in R™ and P > 2. Then there exists a

constant C depending only on €2, m,Nand P, such that for every function U = (X, y,t) = (z,t) eW"?(Q, H"), the
inequality

jQ (du(h), 4,))Pdh <C,E, ,(u) =C, jQWz P (h)dh (L5)

holds, where 4, = (4, 4, 4) and 2, =ﬁjﬁ f (hydh.

<p<a

One of the main purposes of this paper is to derive a Poincare type inequality in the case of 1
m+

The statements of these results are similar to the ones in the classical case. However, since the metric possesses the
nonlinear structure of the group laws, we require a few of techniques in the proofs for our Poincare type inequalities.
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This paper is organized as follows. In Section 2, we state some preliminaries and lemmas. In Section 3, we prove some

Poincare type inequalities in the Heisenberg group target in

2m
<p<?2.
1 p

2. PRELIMINARIES AND LEMMAS

In this section, to state our theorems, we need to introduce some notations, definitions and basic lemmas.

Definition 2.1. Let 1< p <oo.Afunction U= (Z,t) :Q — H" isin L”(Q, H") if for some h, € Q, one has
jQ (d((h),u(hy))"dh <. 2.1)

afunctionu = (z,t) : Q — H"is in the Sobolev space W"? (€, H") ifu € L"(Q, H") and

E,oU)= sup Iimsupjﬂf(h)euyg(h)dh<oo, (2.2)

feCy(Q),0<f<l 20

where

. ()~ Lh_ql_g(d(u(h)’u(q») do, (@)

c gm—l

E, (U) s called an p -energy of U on 2.

Lemma 2.1. (see [4]) Letl< p<oo, U=(Z,1):Q—>H". Thenu=(z,t) =(X,y,t) e L°(Q,H") if and only
ifze L°(Q,R™),te L"*(Q).

Lemma 2.2. (see [4]) Letl< p < oo, U =(Z,t) eW"P(Q,H"). Thenz eW"?(Q, R*") and
E,(u) 2 ]IVz I, .
i1

Definition 2.2. Let 2 R™ be a bounded and connected Lipschitz domain, 0 < p <1. A measurable function

f :QQ —> Ris called a p -integrable function ifJ.Q|f |P dx < +o0. Denote f e L (QQ).

Definition 2.3. Let f € L} (Q)NL(€2), 0< p <1.Ifthere exists a function g € L. (€2) N L° () such that

Loc
jQ f D*gpdx = (-1 IQ godx, Vo e CZ (Q), 2.3)
we say that ( is the K -th weak derivative of f.

Definition 2.4. Let 0<p<1l. A measurable funcion f eW"P(Q) means f el (Q)NL"(Q) and

Loc
Due Ll (Q)NLP(Q).

2m
Now we discuss the properties of WP (€, H") in the case 1 <p<L2
m +

m . p<2.0fu=(z,t) =(X,Y,t) :Q — H" satisfies
m+1

D x,yeW"(Q,R"),

Lemma 2.3. Let

3|Page Jan 18, 2014



L

mp
m-p

(2 teW'(Q)and Vt =2(yVXx—xVy) ae.inQ,r = 5

Then we have E_ ,(U) <o,

Proof. From Definition 2.1, we get

E,ou)=sup Ilmsupj f(h)'[ I((Mj
h-q|=¢ c

feCy(Q),0<F<l &0 [

gm—l

2 & &

By using Cp -inequality ([6]), we have

E,o(U)<  sup nmsupj f(h)j

2(h) - z(q)\ LLACII

feCy(Q),0<f<l &0 lh-al=¢
+ sup Ilmsupj f(h)j t(h) —Zt(q) (2.4)
feCo(Q)0<f<l &0 lh—ql=¢

& &

where
p
= sup Ilmsup_[ f(h)j z(h)—z(q)| daffﬁ)dh 2.5)
feCy(Q),0<f<1 &0 I~ Q|€ & | &
and
J= sup Ilmsupj f(h)f ‘t(h) t(a)
feCo(Q)0<f<l -0 lh—ql=
(2.6)

To prove E | , (U) < 400, we only need to show | <+ooand J < +oo.

Firstly, we prove that | < o0, Bpr -inequality, we have

X = x@)| do, (@) 4,

-1
& g™

+  sup Ilmsup_[ f(h)I y(h)—y(q)|pdo-§19) dh.

feCy(Q),0<f<l &0 h— q"g‘ P &

I < sup Ilmsupjf(h)j

feCy(Q),0<f<l  £-s0 Ih-al=¢

Case 1: 1z € C'(Q, R*"), then
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p
X =xh+ea))’y
&

< sup IimSUDJ.Qf(h)Lm

feCy(Q)0<f<l 20

+ sup limsup[ f(h)]_,,

feCo(Q),0<f<l 650

p
&

Substituting the Taylor polynomial in the integral above we obtain

I< sup limsup jg f (h) L Vx(h) |”| cosé, | d wdh

feCy(Q),0<sf<l &0

+ sup limsup jQ f (h) L Vy(h) |°| cosé, | dwdh

feCo(Q)0<f<l &0

Mda)dh
g 1

+ sup limsup[ f(h)[_,,

feCo(Q)0<f<l &0

where @, is the angle between VX(h) and @, and 6, is the angle between Vy(h) and .

Since Iimsup'fsm

£—0

@‘dw =0,and f Cy(@), X(h), y(h) € CH(Q, R"), we have | <+
&

Case 2: 12 = (X, y) € L?(Q, R®"), consider a moliifier y,(h) = 5ml(gj with y € C;(B,(0)) and

J.Rm xdh=1.setz5(h) =z * y; = (X;,Y,). Since szl < p <2,bythe C -inequality we get

| 2(h) = 2(q) [P< 2( z;(h) = z(h) |” +] 25 (h) — 25 () |° +1 2(a) — 2(A) *)-

For afixed & > 0, using the properties of Z;(h) , one has

2,(@)-2(@)|" do. (@) _,

lim . | :

50 Jjh-gl=¢

and

Zb‘(h) i Z(h)|p do—g(q) dh

lim{ f(h)

5§->0JQ

e |

2, (h) - 2(h)

&

p
<limo dh=0.

50 m‘lj.g

By the results in case 1, we have

z; () —2,(q)

&

p
do,(a)
- dh < +oo.

sup  limsup _[Q f (h).[lh_qlzg &

feCy(Q),0<f<l &0

Thus, we obtain | < 40,

Secondly, we prove that J < +00.

Case 1: If Z € C'(Q),R™"),t € C*(Q), substituting the Taylor polynomial in the integral above we obtain
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J=sup IimsupJ'Qf(h)mel g ((Vt(h) —2y(h)Vx(h) + 2x(h)Vy(h), ®))

feCo(Q),0<f<l &0

+e7? (o(g-z)—2y(h)o(g-2)+2x(h)o(g-2))\5 dwdh.

On the other hand, since t e W"*(Q), and Vt € L*(Q) = L'(QY),

__mp ,2—m£p£2,|Q|<+oo,and Vit =2(yVx —xVy), we have J =0.
2Zm—p m+1

Case 2:X, Y, satisfy the conditions (1) and (2) in Lemma 2.3. By the C -inequality we have
[t (@) — &, (1) —t, (@) + 2y (RX() = x(@)) — 2y, (M) (X, (1) — X, (@)
<2x(0)(y() - y(@)) — 2%, @)Y, (h) - Y, (@)
<ty () =t ()" +]t, (@) —t(@)]? + K (5, h, ),

where

K(8,h,q) = 2]y(h)(x(h) - x(@)) - ¥, ()(x; ()
=X, (@) +x(M)(y(h) - y(a)) —x, (a)(ys(h) - yg(Q))Ig :

Sincet GWM(Q), |Q| < +00, noting that0 < f <1, using the Sobolev embedded theorem, for a fixed & > 0, we

obtain that
| P
!SIE?J J.Q f (h)jlh—qI:Jté‘ (h) n t(h)| 2d o, (q)dh
- e
<Clim[ fM], , [t.() - t)fisdo, (@an =0
and
P
lim[ fM)] . [t:@-t(@)]2do, (@)dh

mp
< i . = 2m-p =0.
Climf fM] . It:@-t@[x-+do,(a)dh=0
Similarly, it follows from the Sobolev embedded theorem and Poincare inequality that

lim jQ f (h) jl .. K(6.h.q)do, (g)dh =0.

To sum up the above arguments, Ep’Q(u) < +oo,

2m p<2.iafu=(z,t)=(x,y,t)eL"(Q,H")and

Lemma 2.4. Let X,y € C'(Q,R"),t e C*(QY), <
m+1

E, .o (U) <+oo. Then we have
@ XyeW"(QR"),

mp

@ teW" (Q)and Vt=2(yVXx—xVy)ae.in Q, where I = 5 .
m-—p

Proof. SinceU = (X, y,t) € L°(Q,H"), E, ,(u) < +0, and
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[ d® u(n),u(@)dn = [_|(z(h) - 2(@))* + () ~ t(e) + 2(y(@)x(h) — x(@) y())?| “chn,

we get that X, Y € L*(QQ,R"), t e L”*(Q) and

= sup Ilmsupj f(h)J Z(h)_z(q)|pdg‘f(?)dh<oo,

feCy(Q).0<f<l &0 h-gl=¢ & | g™
J=sup IlmsupJ' f(h).[ ‘M +2 (h)M
feCy(Q),0<F<l  £50 h-al= g

ox(hy Y= y(q)‘ QCACHFN

Part 1. Prove VX, Vy € L?(QQ,R"). with a change of variables we can write

J‘Ih—CII

By using Taylor formula Z(h + gw) = z(h) + &(Vz(h), ®) + 0(&?), we get that

h) — d
Ilh_qlgz() 2(q)|” Z(Q) I

s
According to E , , (U) < +o0, we obtain that VX € L”(€2, R"). Similarly, we get Vy € L*(Q2, R").

z(h)—z(h+ ga))| do
£

2(h) - 2(a)|" OIG(Q) |
& 8 Sml

(Vx(h), w) + O(g)| dw.

Part 2. Prove Vt € L”?(Q, R"), and Vt = 2(yVx — xVy) a.e. in L**(Q). since X,y € C'(Q,R"), t € C'(Q)

and J < 400, by the Taylor formula, we have
< Vt(h)-2y(h)Vx(h) +2x(h)Vy(h), ® >
wp [ 1y, [FYA 2OV + 20OV ()
feCy(Q),0<f<1 &

- (0(52) — 2y(h)0(6‘2) + 2X(h)0(82)) |§ dwdh < +oo.

2
&

For arbitrary &, this yields Vt = 2(yVX — XVy) and t e W""?(Q).

mp

By the embedded theorem, we obtain X, Y € L™ " (€, R"). Using Cp -inequality and Holder inequality, we deduce

oy vx(h) - x(n)Vy(h)[-sdh

m—p

<G, [fgly(h) o dhjzmp (] mxmr dh)zm"“p

2.7)

m-p

+C, ( [ x(h) e dh]zmp (J vy dh)z”‘mp.
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mp

This implies that Vt € L™ P (QQ).

Part3. Provet & L (0),andr = TP Let t(h) =t,(h) +t,(h), and t,(h) =t(h)e 1, , t,(h) =t(h)e Iy

where Q, ={h|[t(h) |<k},and I, (h) =1lithe D, 1,(h) =0 ifh ¢ D, Kis a fixed positive number.

it =t,, ie. |t|<K, thent € L'(€). By using the results in Part 2, we have t € W**(€2), By the embedded theorem,
mp

we gett € L™1(Q) \y L>™P (QQ). This implies thatt € W ().

P,
If t =t,, according toV|t|p/2:§|t|2 teVt, and0 < p < 2,then

P
p/2 P2t
jQW|t| |dh < k? jQWt|dh<+oo. 2.8)

mp mp

Thus, te LX™D(Q) \y L*"P(Q).

Using LP - theory and the mollifier method, we get easily that

Corollary 2.1. IfE | ,(U) <+00, we then have X, Y eWP(Q,R").

In order to study the properties about the functiont(h) in the general cases, we need the following lemma.

Lemma 2.5. Letu = (X, y,t) eW"?(Q, H”),rj—Tl < p<2, U; = (X5, Y, ts).One has
Limjo|ait5—2(ygaix5—xdaiy5)|p’2dh =0, 2.9)

Where 0, fileansees.

Proof. Sinceu = (X, y,t) eW"P(Q, H"), bythetact || f [° —| g[°| <] f —g|” with 0< p <1, we have

u=(xy,t) e L’(H"),E, ,(u) <-+o0, and

t(h)~t(@)|> do, (@) 4,

E,oU)> sup limsup L f (h)J.lh—qlzs

feCy(Q),0<f<l &0 & &
p
p_ P_ -2p
p(2+25-p) B B
. STy t(h)|2 " -]t 2 do
> sup I|msupj f (h)e 2P2P .[ [t @] ;_(lq) dh,
feCo(Q)0<f<l &0 Y€ lh—ql=¢ & &

where 0 < <1, E, o (U) <+oo implies that

dh < 4o0. (2.10)

e -t
. —11q
sup I'mSUPIQf(h)Lh,q|=E .

feCy(Q),0<f<l &0
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P L P
Furthermore, we get| t(h) |2 ﬁe L2 ﬂ(Q). LetT;(h) = [| t(h)|? ﬁj . If & sufficiently small, it follows from (2.10)
s

that

P
T;(h)=T,(q)|p-2s dar‘;iq) dh < 400

sup Ilmsupj f (h)j

feCy(Q),0<f<l &0 Ih—gl=¢ c c

and

T,(0) ~T,(@)[ do,(a) .
&

gm—l

sup IlmsupJ' f(h)|

feCy(Q).0<f<l &0 Ih-al=¢

p
=C(m,p) sup [ F(h)|VT,(h)["* <.
feCy(Q),0<f<19
P g e
By using the Sobolev theory we get|t(h) |2 “eW P #(Q). By the Sobolev embedded theorem, we have
mp(p-25)

|t(h) |2 f e Do (), or t(h) e LM PP (),

On the other hand,

t (h) —t,(q) _t(h)-t(q)
2 2y,(h)

Xs () =%,()
&

+2y(h)M+2X§(h)M_2X(h) M‘z 1

. t(;(Q)—t(Q)‘sdh+I ‘2y5(h) X5 () = X5 (q)
Q & Q &

P

) f L) —t(h)jz
Q &

(2.11)

_2y(h)M+ 2X5(h)M—2X(h) M‘z |

For fixed & > 0, by the properties of the mollifier function and Holder inequality, we then deduce from (2.11) that

Ja

g(h)—t(h)‘?
&

M‘dh 5 0(5 —0)
L &
and

(@) —t(q)]?
&

L(0) 1@ _t(q)‘dh 5 0(5 —0).
Q £

Ja

By Lemma 2.4, we then deduce from (2.11) that

[ oy, (205 gy X0 x@

w2, () YW =Ys (@ 5 1y M‘z dh = 0(5 — 0).
& &

2Y;
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Thus, we get lim K (&) = 0. Using the definition of WP (€, H"), one has
60

Jodua.

Thus, we have

tth)-t(q) x(h) —x(q) y(h) - y(OI)Ig do.(q) , _
S 2y () T () dh = o(¢).

| P

. P
L'LT(]) IQ|ait§ —2(Y,0:%; = Xéaiy§)| 2dh =0.

Lemma 2.6. Letu = (X, y,t) e W"P(Q, H"), Zml < p<2.0ne hast eW" (Q) and Vt =2(yVx — xVy),
m+
a.e.in QQ, where I = mp .
2m-p

mp(p—25)
Proof. Let Us = (Xy,Y;,t5), ¢ €Cy(Q), t(h)e L 2(asRE2) (QQ). Using Lemma 2.5, one gets

[_ta,phydn =—2_(x)ay(h) - y(h)ox(n)e(h)dh.

ie., Vt = 2(yVXx —XxVy). By Lemma 2.4, we conclude X,y € W"?(Q,R"). This implies from Sobolev embedded
mp mp

theorem that Vt € L>™ P (€Q). On the other hand, by Lemma 2.5 and its proof, we gett € L*" P (Q), which implies

mp

1
thatt eW 2™ P(Q).
3. POINCARE TYPE INEQUALITIES OF HEISENBERG GROUP TARGET FOR

m
<p<?2
m+1 P

Theorem 3.1. (Poincare type inequality) Let € be a bounded and connected Lipschitz domain

inR™, Al

< P < 2.Then there exists a constant C depending only on ©,n,m and P, such that for every

functionU = (X, Y,t) = (z,t) eW"?(Q, H"), the inequality

J, (). 4)) dh<C[ vz|” (h)dh, @)
1
olds, where A, = (4., 4,,4)and A, =——| f(h)dh.
holds, where 4, = (4,, 4,4 )and IQIJQ()

Proof. Obviously, 4, € WP (Q,H™). From (L.4), using C, —inequality, we have

(@), 2))° =[|20) — 2, |+t~ 4 + 2(A,y(h) — 2, () ]*
» (3.2)
<[ 1x(n) = 4, IP + 1 y(h) = 4, P +1t(h) ~ 4 + 20, y(h) — 2, x()) |

By the Poincare inequality in the classical case, noting that
2(A4y(h) — A x(h)) =24, (y(h) - 4,) - 24,(x(h) — 1),

we obtain
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[ (d(h), 4,))"dh
) Dﬂ (X) =2, "+ y(0) =2, +t(h) = 4 + 24,y ()~ 2,x(1)) £ )dh
<C[ Wx|? (dh+C[ Wy [ (h)dh+C| [Vt+2(A,Vy—2,VX) |§ dh.

By virtue of Lemma 2.6, using the Holder inequality, noting| VX |<| Vz | and| VY || VZ |, we have

[ (d@(h),2,))"dh

<C[ Wx[P dh+C[ vy|* (h)dh+C.[Q|Vy(x_;LX)_Vx(y_ﬁy)|2 "

< C_[QIVXlp dh+CJ‘Q|V)/|p dh+C(IQ|VX |§| y—4, |§ dh+L2IVy |§| ot |§ dh]
<C[ N OHEE. |, 1oy " iy #C ([T Oy vy 1 o

scjng P (h)dh,

where C is dependent on 2, m,nand p.

Corollary 3.2. Let B(h,,r) = R", < P < 2. Then for any U er’p(B(ho,l’), H"), we have

oo, @), AYPAn<Cr? [ V2P (M (3.3)
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