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ABSTRACT
In this paper, we recall some basic concepts, properties of the spaces and some types of iteration approaches. Also, we

give algorithm - fixed point iteration scheme and examples. Finally, we obtain the solution of nonlinear equations of the
form AX = f using Mann iteration.
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INTRODUCTION

Let X beanonemptysetand T : X — X aself-mapping. We say that X € X is a fixed point of T if T(X) = X and
denote the set of all fixed points of T by F, ={x & X :T(X) = X} orby FixT.

Example 1.1
1 if X =R and T(X) = X*+5x+4, then F, ={-2};
2- if X=Rand T(X)=%x*-X, then F, ={0,2};

3- 1f X=Rand T(X)=x+2, then i, =;

4- if X=Rand T(X)=X, then i =R.

Now we introduce some basic definitions and results on the spaces considered throughout this paper such as, metric
spaces, normed spaces, Hilbert spaces and Banach spaces. We begin with the following definitions:

Definition 1.1 [11] A metric space is a pair (M, d), where M is asetand d is a metricon M ifforall X,y,z e M,
(M,) d is realvalued function on M x M), finite and nonnegative, ie., 0<d(X,y)<oo for all X,y eM;
(My) d(xy)=0=x=y;

(My)  d(xy)=d(y,x) (Symmetry);
(M,) d(x,y)<d(x,z2)+d(z,y) (Triangle inequality).

Definition 1.2 [2] A sequence {Xn} in a metric space (M,d) converges to X if for all &>0, there exists
Ny (€) € N(N := the set of all positive integers) such that d (X, X) < & forall N >n,(&).

Definition 1.3 [11] The sequence {X,} in a metric space (M, d) is called a Cauchy sequence iff d(X,,X,) — 0 as
m,n — oo, i.e., for every & >0, there exists N (&) suchthat d(X,,X.,) < & foral n,m> N(¢&).

Definition 1.4 [11] A metric space (M ,d) is said to be complete if every Cauchy sequence in M converge to a point
in M.

Definition 1.5 [11] A normed space E is a vector space with a norm defined on it. Here, a norm on a (real or complex)
vector space E is a real-valued function on E whose valued at an element X € E is denoted by || X|| and has the
following properties:

(N [Ix[[=0;

(N) Ix[[=0=x=0;

(N3) llex [I=[e |l x I

(N I x+yl=I x|+l yll  (triangle inequality); where Y is an arbitrary vector in E and & is any scalar. A
norm on E defines ametric d on E where

d(xy) =l x=yll xyeE,

and is called the metric induced by the norm. The normed space always denoted by (E,||||).

Definition 1.6 [11] A Banach Space is a complete normed space.

Definition 1.7 [11] Let V be a vector space. The inner product (X, Y) of X,y €V is defined as a function from V xV

into a field K (where K is real or complex R or C) satisfying the following axioms: (I,) (X,y) =(Y,X);
(1,) {ax+py,z) =alX, )+ B{Y,z); (l5) {X,X)>0 and (X,X)=0 iff x=0; for all X,y,zeV and
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a,ﬂ e K. An inner product defines a normon V and a metric d as the following given by

| X||=V{X,X), xeV

Definition 1.8 [11] A Hilbert space is a complete inner product space.

Definition 1.9 [11] (Strong convergence) A sequence (Xn) in a normed space E is said to be strongly convergent (or

convergent in the norm) if there is an X € E such that

lim || X, = x|| = 0.

n—o0

This can be written as follows

limX, =X

n—o0

or simply

X, —> X.
X is called the strong limit of (X,), and we say that (X,) converges strongly to X.

Weak convergence is defined in terms of bounded linear functionals on E as follows.

Definition 1.10 [11] (Weak convergence) A sequence (Xn) in a normed space E is said to be weakly convergent if

thereis an X € E suchthatforevery f € E’,

lim f(x,)=X

n—oo

This can be written as follows
X, —X.
The element X is called the weak limit of (X,,), and we say that (X,) converges weakly to X.

Theorem 1.1 [25] (Brouwer’s Theorem) Every continuous map of a closed bounded convex in R" into itself has a fixed
point.

Definition 1.11 Suppose (M,d) is a complete metric space and T : M — M is any mapping. The mapping T is
said to satisfy a Lipschitz condition with a real number L if

d(Tx, Ty) < Ld(x,y)

holds for all X,y € M such mapping T is called a contraction if L <1 and a nonexpansive if L =1. we call T
contractive if forall X,y € M and X # Y, we have

d(Tx,Ty) <d(Xx,y)

Remark 1.1 Observe that contraction => contractive = nonexpansive = Lipschitz, and a mapping satisfying any of
these conditions is continuous (see [4, 25]).

We now give the important theorem which known as Banach fixed point theorem ( see [3]).

Theorem 1.2 (Banach fixed point theorem). Let T be a contraction mapping of a complete metric space M into itself.

Then T has a unique fixed point X. Moreover, If X, is any point in M and the sequence {Xn} is defined iteratively by
the formula

X, :TXn—1' n=12,..,then |irr]'nxn :)_('

In 1930, J. Schauder gave the generalization of Brouwer’s fixed point theorem which as follows:

Theorem 1.3 ([25])(Schauder’s fixed point theorem) A continuous mapping T that transforms a compact convex set K in
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a Banach space X into itself has a fixed point.

named Computer Modern Roman. On a Macintosh, use the font named Times. Right margins should be justified, not
ragged.

2 Some iterative methods

In this section, we recall some iterative methods and we give some references using these methods to obtain fixed point
theorems.

Consider the equation X = TX. This equation is called fixed point equation, where T is a continuous linear operator on a
set M and X is an unknown element in M. One of the prevalent methods for finding the solutions of the equation

X =TX is so-called a method of successive approximations or Picard iteration. To describe this method, we introduce the
definition:

Definition 2.1 ([4]) (Picard iteration):

Let (M,d)) be a metric space, D © M a closed subset of M (we often have D=M )and T:D — D a self

map possessing at least one fixed point P € FT. For a given X, € M we consider the sequence of iterates {Xn}fz0
determined by the successive iteration method

This sequence is known as Picard iteration.

All the next fixed point iteration schemes are defined in a real normed space (E,||||).

Definition 2.2 [4] (Krasnoselskii iteration )

Let T : E — E be anormed space, X, € E and A €[0,1]. The sequence {X,} given by
Xpy = (A—-A)X, +ATX,, n=0,12,..

will be called the Krasnoselskii iteration.

The Mann iterative scheme was invented in 1953 (see [13]) and was used to obtain convergence to a fixed point for many
classes of mappings see ([1, 4, 5, 6, 10, 16, 17, 19, 20] and others).

Form the next example the idea of considering fixed point iteration procedures with errors comes from practical numerical
computations. This topic of research plays important role in the stability problem of fixed point iterations. In 1995, Liu [12]
initiated a study of fixed point iterations with errors. Several authors have proved some fixed point theorems for Mann type
iteration with errors using several classes of mappings (see [6, 7, 8, 9, 14, 15, 24, 26] and others).

Definition 2.3 [4, 13] (Mann iteration)
The Mann iteration starting from X, € E , is the sequence {X}_, defined by
X.,=0@-a)x +aTx, n=012,..
where {a,}._, <[0,1] satisfies certain appropriate conditions.
3 Algorithm - Fixed Point Iteration Scheme
Let the initial guess be X, such that
X = T(X)
Numerical Example

Example 3.1 Find a root of X* —x—10=0

Proof: Consider T (X) = and the fixed point iterative scheme

10
(x*-1)
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10 .
Xi+1:3—1 | =0,1,2,...,
(%' -1)
let the initial guess X, be 2.0
i |0 1 2 3 4 5 6 7 8
X |2 1.429 5.214 0.071 -10.004 -0.009 -10 -0.00999 -10
I

Table 1: Example 3.1

So the iterative process with T gone into an infinite loop without converging.

1

(x+10)? e
Example 3.2 Suppose T (X) = —————— and the fixed point iterative scheme
X
1
X; +10)?2 :
M:u, i=012,..
X;
let the initial guess X, be 1.8,
i 0 1 2 3 4 5 6 98
X. 1.8 1.908 1.808 1.900 1.8152 1.8935 1.8212 1.8555
1

Table 2: Example 3.2

Example 3.3 Find the root of COSX —Xxe* =0

| COsX L : oL
Proof: Consider T (X) = —— The graph of T (X) and X are given in the figure. let the initial guess X, be 2
eX

0.199 0.803 0.311 0.698 | 0.381 | 0.634 | 0.427 | 0.594 | 0.458 | 0.567 | 0.518 | 0.518

x
[

Table 3: Example 3.3
_ cosx .
That is for T(X) = —— the iterative process is converged to 0.518.
e

4 lterative solution of the equation Ax=f

Let X be a a real Banach space and X its dual. For 1< p < oo, the duality mapping. J ot X o> 2%, s defined
by

3,00 ={f"e X :(x, ) =[KIP 1P = kI3 xeX.

Where (.,.) denotes the generalized duality pairing between X and X . Recall that amap A: X — X is said to be
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accretive if V' X,y € D(A) 3 j,(Xx—y)eJ (X—Y) suchthat

(AX=Ay, J,(x=y))=0 @
and is said to be strongly accretive if A—KI is accretive where K e (0,1) is a constant and | denotes the identity
operatoron X. Let S(T) ={X" € D(A): AX" = f}# & denote the solution set of the equation AX = f.

Theorem 4.1 Let X be areal P —uniformly smooth Banach space and let A: D(A) © X — X be locally Lipschitz
and strongly quasi-accretive operator with open domain D(A) in X such that the equation AX = f has a solution

X e D(A) for f € R(A) arbitrary but fixed. Define A, : D(A) — X by
Ax=Xx-A(Ax—T) V xeD(A)

Then there exist a neighbourhood B of X" and a real number A € (0,1) such that starting with an arbitrary X, € B the

Mann sequence {X, } generated by
X1 = (1_ an)xn +a, Axn )

remains in B and converges strongly to X~ with convergence being at least as fast as geometric progression.

Proof: Since A is locally Lipschitz, there is an >0 such that A is Lipschitz on

B=B,(x,)={xe X :[k—x]|<r}c=D(A) let ke(0,1) and L >1 denote the strong accretivity and Lipschitz
constant of A respectively. Observe that f = AX . Pick an arbitrary X, € B, choose
1
R
a, A= (——)""
L°C

p

and generate the sequence {Xn}nZO as in (1). We now prove that X, € B, ¥ Nn=>0. Suppose that X, € B. Then

[Kner =X = 101 02, ) %, + ) A, =X

=[I(1— )%, +at,[%, —A(Ax, — )] = X|°

=[I(L=a,)x, + o, [x, — A(AX, — AX)]-x°

= [k, =t A(AX, = AXT) = X|°

= [k, =X|P + par, AAAX, — AX, 3 (X, = X)) +af A°C |Ax,, — AX|

= (1- pke, A+ LPaf 2°C )k, —X||°

< (1_ ( pk - LpCp (anﬂ’) p_l)anﬂ“)h(n - X*H P

= (1—(p—1>k(%)p*)|xn —X|P <P,

Hence, since X, € B by choice of the initial guess, it follows by the inductive hypothesis that the sequence {Xn}

remains in B. set

K \piqe
o) Y

p

w=[1-(p-1)k(
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and observe that W € (0,1) since

T ok

LC

k< ——2
(p-1 P2
p

, V1<p<ow

Hence, iterating further from (9), we obtain
[k = X7 < ()" [k, =x]|"
or, equivalntly,

fky =X < Wk, =]

since W' — 0 as N —> o0 the assertions of the theorem follows and the proof is complete.
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